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ABSTRACT. Let S be a g-monoid with quotient group q(S). Let F(S) (resp.,
F(S), f(S)) be the S-submodules of q(S) (resp., the fractional ideals of S, the
finitely generated fractional ideals of S). Briefly, set f := £(.5), g := F(S5), h :=
F(S), and let {x,y} be a subset of the set {f, g, h} of symbols. For a semistar
operation x on S, if (E+ E1)* = (E+ E2)* implies E1* = E* for every E € x
and every E1, Ea € y, then « is called xy-cancellative. In this paper, we prove

that a gg-cancellative semistar operation need not be fh-cancellative.
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1. Introduction

A subsemigroup S 2 {0} of a torsion-free abelian additive group is called a
grading monoid (or, a g-monoid) (D. Northcott [12]). We will use, for g-monoids,
the following terminologies: module, ideal, valuation, star operation analogously to
them for rings (cf., [4]). Thus, let S be a g-monoid, and let X be a non-empty set.
Assume that, for every s € S and z € X, an element s + x of X is defined so that
0+ z = z and, for every s; and s9 in S, (s1 + s2) + & = s1 + (s2 + x), then X
is called a module over S (or, an S-module). For the general theory of g-monoids,
we refer to [5] and [7]. The additive group q(S) := {s — s’ | s,s’ € S} is called the
quotient group of S. Let F(S) be the set of S-submodules of q(S). An element E
of F(S) is called a fractional ideal of S if s+ E C S for some s € S. Let F(S) be
the set of fractional ideals of S. A fractional ideal I is called an ideal of S if I C S.
Let £(S) := {E € F(S) | E is a finitely generated fractional ideal}. A mapping
x: F(S) — F(9), E — E* is called a semistar operation on S if it satisfies the
following properties for every = € q(S) and E, F € F(9):

(1) (z+ E)* =z + E*;

(2) E C E* and (E*)* = E™;

(3) E C F implies E* C F*.
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Set f := £(S), g := F(9), h := F(9), and let {x,y} be a subset of the set {f, g,
h}. For a semistar operation x on S, if (E + E;)* = (E + F)* implies E,* = Ey*
for every E € x and FEq,FEs € y, then % is called zy-cancellative. A mapping
* F(S) — F(S), E — E* is called a star operation on S if it satisfies the
following properties for every = € q(S) and E, F € F(S):

(1) S*=5;

(2) (x+ E)" =x+ E;

(3) E C E* and (E*)* = E*;

(4) E C F implies E* C F*.

We refer to M. Fontana and K. A. Loper [1] and F. Halter-Koch [6] for star and
semistar operations and their Kronecker function rings.

The mapping E — q(S) from F(S) to F(S) for every E € F(S) is a semistar
operation, called the e-semistar operation on S. Also, a star (resp., semistar) op-
eration x on S is said to have finite type, if E* = |J{F* | F € {(S) with F C E}
for every E € F(9) (resp., E € F(9)). Let T be a totally ordered abelian additive
group, and let v be a mapping from q(S) onto I'. If v(a+b) = v(a) 4+ v(b) for every
a,b € q(S), then v is called a valuation on ¢(S). T is called the value group of v,
and the set V := {a € q(S) | v(a) > 0} is called the valuation semigroup belonging
tov. If V2 S, then V is called a valuation oversemigroup of S.

Let {V\ | A € A} be a non-empty set of valuation oversemigroups of S. Then
the mapping E +— (ycp(E + Vi) from F(S) to F(S) is a semistar operation on
S, called the semistar operation defined by {Vy | A € A}. This semistar operation
is fh-cancellative (cf., [4, Theorem 32.5)). If {V | A € A} is the set of all valuation
oversemigroups of S, the semistar operation defined by the set is called the b-
semistar operation on S.

In this paper, we prove that a gg-cancellative semistar operation need not be

fh-cancellative.

2. Preliminary results

Various implications hold among the cancellation properties of semistar opera-

tions:

Proposition 2.1. ([3], [8], [9], [10], [11]) Let x be a semistar operation on a g-

monoid S.

(1) * is hh-cancellative if and only if x coincides with the e-semistar operation.
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We have the following diagram of implications:
hh=hg=hf = gh = gg =— gf
4 3 I

th = fg = ff

(2) A gh-cancellative semistar operation of finite type need not be hh-cancellative.
A gf-cancellative semistar operation of finite type need not be gg-cancellative.
An fh-cancellative semistar operation of finite type need not be gf-cancellative.
A gg-cancellative semistar operation of finite type need not be gh-cancellative.

(3) A gf-cancellative semistar operation need not be fg-cancellative.

Remark 2.2. ([2, Lemma 3]) We have a simplified diagram of implications in the

case of finite type semistar operations:
hh=hg=hf = gh = gg — gf = fth=fg=Aff.
3. A gg not fh semistar operation

Throughout the section, let w1, us, ug, - - - be an infinite set of indeterminates over
a torsion-free abelian additive group L. Define Sy := {a + k1us + -+ + kpu, | a €
L,0 < k; € Z, and 0 < n € Z}. Then Sy is a g-monoid, and Sy 2 M :=
{a+kiui+- - +kpuy | k; > 0 for some i} is the unique maximal ideal of Sy. Let q(.Sp)
be the quotient group of Sy. We have q(Sy) = {a+lius+---+lyu, | a € L,1; € Z}.

First, we review the following.

Lemma 3.1. ([11]) Let S be a g-monoid, and let Sy be the above g-monoid.
(1) For every E € F(S), we have E* = {x € q(S) | nz € nE for some positive
integer n}, where nE :={x1+ - -+ z, | every z; € E}.
(2) The b-semistar operation on S has finite type.

(3) On Sy, the b-semistar operation is gg-cancellative and not gh-cancellative.

Lemma 3.2. ([4, Proposition (32.4)]) Let S be a subset of F(S) with S > q(S) such
that, for every x € q(S) and every E € S, x + E € S. For every H € F(S), set
H*:=(\{E €S| ED2H}. Then the mapping H — H* is a semistar operation
on S.

The semistar operation x in Lemma 3.2 is said to be defined by the set S.
Let Hy := (u1 — u2,us — ug,---), and let Fy := (u1,us2), where, for a subset
X C q(So), (X) denotes the Sp-submodule of q(Sp) generated by X. Let S :=
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{G?, x4+ Ho® q(So) | G € F(So), x € q(Sp)}, and let » be the semistar operation on
Sp defined by S.
Let v be a valuation on q(Sp) non-negative on Sy with value group I'. Let

v(u;) = ; for every i. Then we denote v = v < uy, ug, ug, - > =< Y1,%2, V3, * >

Lemma 3.3. We have the following:
(1) FO g (ul,UQ,Ug, N ) Q Ho, and HO ¢ F(So)
(2) 0 ¢ Hy".

Proof. (1) For every 4, we have u; = u;11 + (u; — uj1) € So + Ho € Hy. Suppose
that Hy € F(Sp). Then there is € q(Sp) such that © + Hy C Sy. We may
set x = ljuy + -+ + lyu, with every [; € Z. We have u, — u,+1 € Hp, hence
T+ Up — Uny1 € So, hence liug + -+ + LUy + Uy — Upy1 € Sp; a contradiction.
(2) Let {a; | i =1,2,---} be a set of positive real numbers such that o; > ;41
for every i. Define the valuation v (and its valuation oversemigroup V') to the real
numbers R by v = v < ug,ug, -+ > = < a1,as, -+ >. Then 0 € Hy 4+ V, hence
0¢ Hy'. g

Lemma 3.4. We have the following:
(1) We have Hy* = Hy®, hence 0 ¢ Hy*.
(2) We have G* = G® for every G € F(S).

Proof. (1) Set {z, | 0 € X} := {x € q(So) | Ho C « + Hp"}. Since Hy & F(Sy)
by Lemma 3.3(1), there is no element G € F(Sy) such that Hy C G®. Hence
Hy* =N, (zs + Ho). Since Hy C z, + Ho’, we have Hy® C (z, + Hb)? =
To + (Ho)? = x5 + Ho®. It follows that Hy* = H,".

(2) Set {Gx | A € A} == {G’' € F(Sy) | G C G'*}, and set {z, | 0 € ¥} :=
{x € q(Sy) | G C x+ Hp"}. Then G* = N, Gx* N, (2o + Hy"). Since G C G,°,
we have G? C (GAb)b = G,", hence Na G\’ = GY. Since G C z, + Hob, we have
G® C (o + Ho")® = 25 + (Ho®)" = 2, + Ho®, 1., G® C N, (2, + Ho"). Tt follows
that G* = G*. O

Lemma 3.5. % is a gg-cancellative semistar operation on Sy.

Proof. Let G € (G + G')*, where G,G’ € F(Sp). By Lemma 3.4(2), we have
G C (G + G")°. By Lemma 3.1(3), we have 0 € (G')?, hence 0 € (G')*. O

Lemma 3.6. Let Fy + Hy C x + Hob, and let © = ljuy + laug + - - - + lu, with
every l; € Z. Then we have
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(1) Eweryl; <0.
(2) (Fo+ Ho)* = Hy'.

Proof. (1) Suppose the contrary. There are the following cases.

(i) The case p; := 13 > 0. We have —z + Fy + Hy C Hy®. Define the valuation
v (and its valuation oversemigroup V) to Z by v = v < uj,us,ug, -+ > = <
1,0,0,- -+ >. Then we have (—piuj —loug—- - - —lpu, )+ (u2)+(ug) € Hy’ C Hy+V,
hence —p; > min v(Hp) = 0; a contradiction.

(ii) The case py := I3 > 0. We have —x + Fy + Hy C H,®. Define the valuation
v (and its valuation oversemigroup V) to Z by v = v < ug,us,ug, ug, -+ > = <
0,1,0,0,- - >. Then we have (—lyu; —poug — -+ —lpu,) 4+ (u1) + (ug —ug) € Hy C
Hy+V, hence —py — 1 > min v(Hy) = —1; a contradiction.

(iii) The case p, := l, > 0 for some a > 3. We have —x + Fy + Hy C Hob.

Define the valuation v (and its valuation oversemigroup V) to Z by v = v <
U, Uy oy Ugy Ugt1, - > = < 0,0,---,1,0,--- > Then we have (—lju; — loug —
o= Palta — ) 4 (u1) + (Ua—1 — us) € Ho” € Hy+ V, hence —p, — 1 > min
v(Hp) = —1; a contradiction.

(2) Set {xx | A € A} == {z € q(So) | Fo + Ho C = + Ho"}. By Lemma 3.3(1),
we have (Fo + Ho)* = (), (2x + Ho"). By (1), we have —xy € Sy for every A, hence
Hyb C ay + Hy'. Tt follows that (Fy + Ho)* = Hp". O

Lemma 3.7. The semistar operation * on Sy is not fh-cancellative.

Proof. By Lemma 3.6(2), we have Fy C (Fy+Hp)*. On the other hand, by Lemma
3.4(1), we have 0 ¢ Hy". O

Lemma 3.5 and Lemma 3.7 imply the following.
Proposition 3.8. A gg-cancellative semistar operation need not be fh-cancellative.
We finish with an easy note.

Remark 3.9. We have that S§ = So, M* = M, and that x is not of finite type.

Further, the restriction of x to F(Sy) is a star operation on Sp.
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