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Abstract

In this paper we introduce a weighted Hardy space .. This space which gives a generalization of some complex Hilbert spaces like, the

Dirichlet space & and the Bergman space <7, it plays a background to our contribution. We use the Tikhonov regularization method and
determine the extremal functions associated to the difference and primitive operators Ty, and Ly on jﬁ; Moreover, we deduce approximation

inversion formulas for these operators.
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1. Introduction

Tikhonov regularization, named for Andrey Tikhonov, is a method of regularization of ill-posed problems. In statistics, the method is also
known as ridge regression, it is particularly useful to mitigate the problem of multicollinearity in linear regression, which commonly occurs
in models with large numbers of parameters [1]. In general, this method related to the Levenberg-Marquardt algorithm for solving nonlinear
least squares problems. Tikhonov regularization has been invented independently in many different contexts. It became widely known
from its application to integral equations from the work of Andrey Tikhonov [2, 3, 4] and David L. Phillips [S]. Some authors use the term
Tikhonov-Phillips regularization.

Before the applications to the Tiknohov regularization, we shall examine the concept of the Moore-Penrose generalized inverses from the
viewpoint of the theory of reproducing kernels. Here, we will be able to realize the natural and powerful method of the theory of reproducing
kernels for the best approximation problems that lead to the Moore-Penrose generalized inverses.

Let E be an arbitrary set and let Hg be a reproducing kernel Hilbert space admitting the reproducing kernel K on E. For any Hilbert space H
we consider a bounded linear operator 7' from Hg to H. Then the following problem is a classical and fundamental problem which is known
as best approximate mean square norm problems

. 2
Jint {UTF s} (.0

where h € H is given. If there exists Fj(h) € Hx which attains this infimum, the problem (1.1) is called solvable otherwise it is called
unsolvable. If Hy is a reproducing kernel Hilbert space admitting a reproducing kernel K(p,¢) on a the set E then whether the problem (1.1)
is solvable or not, the following problem

. 2 2
Jint LA+ 177 = Rl (1.2)

is always solvable for all A > 0 and we obtain a method for determine the extremal function Fi‘ T(h) € Hg which attains the infimum (1.2).
The problem (1.2) is called the Tikhonov regularization for the problem (1.1) and if the problerh (1.1) is solvable then we have

Fy p(h) — Ff(h) as A —07,

in Hk and Fj (h) is the element which attaints the infimum (1.1).
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Let H be a Hilbert space and T : 73 — H be a bounded linear operator. The main goal of the paper is to find the minimizers for the
following extremal problem:

inf {/1 2 L Tf—h 2},
P 115 +ITf =l

where h € H and A > 0. Here JHp are a weighted Hardy spaces of analytic functions. These spaces and some important operators on them
were studied in detail by Shields [6] and later by many followers and, for instance, we can and in [7] a standard reference for them. We
expect that the results of this paper will be useful when discussing the extremal function associated to the bounded linear operator 7. As
applications, We come up with some results regarding the weighted Bergman space .27, and the weighted Dirichlet space 2.

Let D :=D(0,1) = {z € C: |z] < 1} be the open unit disk. The Hardy space ¢ (see [9, 8]) is the set of all analytic functions f in the unit
disk D such that

21 X
1) Ra0 <
0

2
113 = 55
It is a Hilbert space when equipped with the inner product

2T . _
(f:8) o = %/ f(e®)g(ei®)do.

0

In this paper, we introduce the weighted Hardy space .73, which is the set of all analytic functions f in the disk D, with f (2) =YL pand",
such that

||f||23fqg = Z Balan|* < oo,
n=0

where 8 = {f,} is a positive sequence so that

limsup(B,)~"/" = 1.

n—o0

It is a reproducing kernel Hilbert space that gives a generalization of some complex Hilbert spaces like, the Dirichlet space & (see
[10, 11, 12, 13, 14]) when B, = n, and the Bergman space 7 (see [16, 15]) when 3, = #

This space is the background of some applications. Especially, by using the theory of extremal functions and reproducing kernels [17, 18, 19],
we examine the extremal function associated to the operator Ty defined for f € 3 with f () =YL pand", by

=)

Taf(z) = Z (Xnan+12",
n=0

where o = {a, } is a sequence satisfying, there exists ¢ > 0 such that

\(Xﬂﬁc“%, neN.
n

More precisely, for any h € jﬁ; and for any A > 0, the infimum

: 2 2
Jint {2115 + 17—l

is attained at one function F;’ ,. (%) called the extremal function, and given by
o

_ o (Xnﬁnhn Z,H,l
=0 MBrt + Balaw)?

We establish also the extremal function associated to the operator Lg defined for f € 5 with f(z) = X7 anz", by

F/I*,Ta (h)(2) z€D.

an—1
7,
n

Laf(z) == Z Oy
n=1
where a = {a, } is a sequence satisfying, there exists ¢ > 0 such that

ﬁnfl

loty| <eny/—>—, n>1.
B

n

Moreover, we establish best approximate inversion formulas for the operators T and Ly, on 3. Finally, we come up with some results

regarding the extremal functions associated to the difference operator Zf(z) := %( f(z) = £(0)), and the primitive operator Zf(z) :=
f[o,z] f(w)dw, for the weighted Bergman space %, and the weighted Dirichlet space 9y, respectively.

The paper is organized as follows. In Section 2 we introduce the weighted Hardy space .7, and we prove that the space .73 is a reproducing
kernel Hilbert space (RKHS). In Sections 3 and 4, we examine the extremal functions for operators 7Ty and Ly on ,%%; and we establish
best approximate inversion formulas for them. Next, in Section 5, we give some examples of extremal functions for the difference operator
and the primitive operator, on the classical Hardy space .77, on the weighted Bergman space .¢%,, and on the weighted Dirichlet space 2y,

repectively. Finally, in Section 6 we give a conclusion and perspective.
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2. Tikhonov regularization problem on 73

Let D be the disk with center 0 and radius 1. We consider a sequence § = {f,}, with B, > 0, such that

limsup(B,)~"/" = 1.

n—yoo

The weighted Hardy space .7} is the set of all analytic functions f in the disk D, with f(z) = ¥.7_q a2", such that
1f13, = X Bulan]® < oo. @.1)
n=0
It is a pre-Hilbert space when equipped with the inner product
<f7 g><9ﬁ; = Z ﬁnana7
n=0

where f,g € 3 with f(z) = Y.7_ganz" and g(z) = Y7o bn?".
We denote by K the kernel in 7#j defined by

e n

Kgz) =Y, %, zeD.

n=0

Lemma 2.1. If f € Hp, then

@I < (Kp() 21l €D

Proof. Let f € Hp with f(z) = ¥;7_oaxz". From the Cauchy-Schwarz inequality, we have

|Z|2n

- 12 1/2
f(Z)IS{ZOﬁn] [Oﬁnmnz} = (Kg (122D 21 f L

n=

which gives the result. O

Theorem 2.2. The weighted Hardy space %’i; is a Hilbert space; and the set { 2 } 0 forms a Hilbertian basis for this space.
n=

N

Proof. Let {f,},cn be a Cauchy sequence in %73 From Lemma 2.1, we have

| futp(@) = Fa (D) < (K (1)) frtp = fll 7y -

This inequality shows that the sequence {f;, },cn is pointwise convergent to f. Since the function z — (Kﬁ (|z|2))1/2 is continuous on D,

then { f, }en converges to f uniformly on D. Consequently, by Weierstrass uniform convergence Theorem [20] we deduce that f is analytic
in D. On the other hand, there exists ng € N, such that for all n > ng we have ||f,, — f H%”ﬁ < 1. And this we deduce that

£l < g = Fll oty + 1o gy, < 1 M1 ll gy < oo

Hence f € 7. O

From Lemma 2.1, the map f — f(z), z € D, is a continuous linear functional on Hp. Thus from Riesz theorem [21], 73 has a reproducing
kernel (see [7], Theorem 2.10).

Theorem 2.3. The kernel k; given for w,z € D, by

ke(w) = Kg(zw) = i‘b (En)" (2.2)

is a reproducing kernel for the weighted Hardy space g, meaning that k; € g, and for all f € 3, we have {f, kﬁ;ﬁ = f(z2).

Proof. Itis easy to see that k; is analytic in D. And from (2.1) and (2.2) we deduce that
2 o 2 2
kN30, = X B =Kp(|z[7) <eo.
n=0 Fn
On the other hand, if f € J# with f(z) = ¥,7_anz", then
<f7k2>% = Zanzn:f(z)7 ZED7
n=0

which completes the proof. O
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If B, = 1 the corresponding weighted Hardy space is the Hardy space . (see [21, 22, 23]), which is the set of all analytic functions f in the
unit disk ) such that

1 2 .

2 i0y2

= dO < co.

1B =57 | Lre®)Pa0 <o

It is a Hilbert space when equipped with the inner product

_]
Y

/ 7 f(e®)g(e®)de.

The Szego kernel k; is given for w,z € D, by

(f,8) 2 :

k)= Y (@w)' =

ot 1—2zw

If Bp = 1 and B, = n, n > 1, the corresponding weighted Hardy space is the Dirichlet space 2 (see [11, 12, 13, 14]), which is the space of
square-integrable analytic functions on D, with inner product,

8)g = FOE0+ [ OFDTE, = wtin

This Hilbert space [10, 21] has the reproducing kernel
= (2w)" 1
k =1 —— =141 —, D.
(W) +n;1 ; +log o) we

If B, = ﬁ the corresponding weighted Hardy space is the Bergman space <7 (see [16, 15]), which is the space of square-integrable analytic
functions on D, with inner product,

—— dxdy .
(f8or = [ SRS, 2= xtiv
D b1
This Hilbert space [21] has the reproducing kernel
o 1
k,(w) = n+1)(zw)'= ——, z,weD.

Let H be a Hilbert space, and let 7' : 5 — H be a bounded linear operator from .73 into H. For any & € H and for any A > 0, the Tikhonov
regularization problem associated to the operator 7 is given by

inf {RIf13 +ITf = hl }- 23
A MW + 1T = hlly @3)
Building on the ideas of Saitoh [17, 18, 19] we examine the extremal function associated to the Tikhonov regularization problem (2.3).
Theorem 2.4. For any h € H and for any A > 0, the Tikhonov regularization problem (2.3) has a unique minimizer given by
Fip(h) = A+ T*T) "' T*h. (2.4)
Proof. Let A > 0. We denote by (.,.) 2,2 the inner product defined on the space g by

(f.8)0a.t =2A{f.8) ot +{Tf, T)n-

The two norms |.[| s and [|. |5, 4, are equivalent. In particular, from Lemma 2.1, we have

Ko (127 /2
f(Z)|<(ﬁ(;|)> Iflay f € HpzeD.

Then the space .73, equipped with the norm I, Sy has a reproducing kernel kj ,. Therefore, we have the functional equation
(M+T*T)ky , =k;, z€D, (2.5)
where [ is the unit operator and T* : H — jﬁ; is the adjoint of T'. Therefore and from Saitoh ([17], Theorem 2.5, Section 2), we have

Fy p(0)(z) = (b, Tk, ).

On the other hand by (2.5) we deduce that

Ey r(W)(2) = (T*hJy ) oy = (TR, (M +T°T) ') sy = (A +T°T) " T h,ke) -

Hence

Fy 7()(2) = (M +T°T) ' T*h(z),

which gives the desired result. O

The next Sections of this paper are devoted to the Tikhonov regularization problem (2.3) and its application to the theory of reproducing
kernels, in some particular cases.
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3. Tikhonov’s extremal function for 7},

Let Ty be the operator defined for f € /3 with f (z) =YX gand", by

=)

Taf(2) ==Y Onni 12", 3.1
n=0

where a = {a, } is a real sequence satisfying, there exists ¢ > 0 such that

\aﬂgd%, neN. (3.2)

In this section we solve the Tikhonov-Phillips regularization problem associated to 7y. We establish the estimate properties of its minimizer
function Fy T, (h)(z). And we deduce approximate inversion formulas for the operator Ty. These formula are the analogous of Calderén’s
reproducing formula for the Fourier-type transforms [24, 25, 26]. A pointwise approximate inversion formulas Ty, are also discussed.

Lemma 3.1. We have
(i) The operator To maps continuouslyfrom HAp into Ap, and ||Tof|| 5, < cl|f|| -
(ii) For f € Hp with f(z) = ¥;_ganz", we have

> o108,
Tif(e) = Y, Zotbrot ;f" L2,
n=1 n

(iti) For any h € g and for any A > 0, the problem
inf {A[1f11%, + ITaf — hli%, }
festy B B

has a unique minimizer given by

Ff 7, (0)(2) = (022
where

s Otn(f)n'H
Y, (w) = — W' web.
Z( ) n;() 2'ﬁnJrl +.Bn(an)2

Proof. (i) If f € A} with f(z) = ¥,7_anZ", then
1Taf2 = ¥ Bulanlani < Y. Bulanl® < 111,
n=0 n=1

() If f,g € A3 with f(z) = X7 ganz" and g(z) = Y7o baZ", then

<T(xf7g>3ﬁ; = Z O Bty 1bn = Z Oy 1 Bu—1anbn_1 = (f, To’:g>3fﬁv

n=0 n=1
where
o Oy — 1ﬁn l
T; 8\Z Z B b,_1 7.
n—1 n
And therefore

= (o
TTaf Z nl Bn 1 nZn-

n—=

(iii) We put i(z) = Y hp2" and o (h)(z) = Xy_cnz". From (2.4) we have (A1 + Ty T“)FI,TG (h)(z) = T4h(z). By (i) we deduce that

—_

anflﬁnflhnfl

cg=0, ¢,= , o n>1.
0 " l1311+Bn—1(05n—1)2
Thus
> o Bk

Fo (W)=Y 21 F 1 — (h W) (3.3)
Ln Q) = L gt = %)
where

) =\n+1
) = Y

T — AW
n=0 AﬁnJrl +ﬁn(an)2

The lemma is proved. O
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The extremal function F;Ta (h) given by (3.3) satisfies the following properties.

Lemma 3.2. [fA > 0and f,h € g, then
(D) |F} 7, () ()] < 53 (Kp (12*) 2 (1A ] .
(it) |[TaFy, 7, (1) (@) < 577 (Kp (J2] D)2l

(iii) |F} 7. (Ta /)@ < 55 (Kg (1217) /2111 5.

(i9) 1} 7, () 4, < 2 11
Proof. Let A >0and h € g with h(z) = Xy hnz". From (3.3) we have
Fy 1, (@) < ¥l o5 |12l o -

And by using the fact that (x4 )% > 4xy we obtain
B i 5 OCn|Z‘”+1 2 - L ‘2('1+1)
n=0 " [ ABus1 + Bu(an)? 4r = Bt

This gives (i). On the other hand, from (3.1) and (3.3) we have

- (O‘n)zﬁnhn

lz

1 2
| KR,

HMS

TOCF;,T‘, (h)(z) = = mzn = <h,¢’z>%,
where
D (w) = 3 Mwn.

n=0 Aﬁn+1 + ﬁn(an)2
And by (3.2) we deduce that

2|,|n oo 2 C2
”(I)ZHz}ﬁ; Z ﬁn m < 41 Z (an) |Z|2” < 7Kﬁ(|2|2)

A
This gives (ii). Furthermore, if f € S with f(z) = ¥ a,z" we have

an l ﬁn 1an n_
FA Ta TOtf Z )Lﬁ11+ﬁn l(an 1)2Z _<f7gz>%7

where
R e
Q0 = X 8 B (P B

And by (3.2) we conclude that

— 1 n— 2 n— " 1 ad n— n— n
||Qz\|%:zg[%} < g X BBt i< Sk o)

n=1

This gives (iii). Finally, from (3.3) we have

* an—lﬁn—l|hn—l| :|2
F. n
175 7, ()3, = ZB L’Lﬁﬁﬁ,ﬂ(anq)z

Using the fact that (x+y)? > 4xy we obtain

1 & 1
* 2 2 _ 2
17 1, (Wl < Hn;lﬁn—ﬂhn—l\ = HW’H%’

which gives (iv) and completes the proof of the lemma.

We establish approximate inversion formulas for the operator 7.

Theorem 3.3. If A > 0and f,h € 3, then
. . * 2 o
(0) AILTBLHTOCF/LT‘Z(h) _hH% =0,

(ii) lim ||} 7, (Taf) = foll g, =0, where fo(z) = f(2) = £(0).

34

(3.5)



Konuralp Journal of Mathematics 147

Proof. Let A > 0and h € S with h(z) = ¥7_ hn2". From (3.4) we have

o *anJrlhn n

ToF5 - (h)(2) —h(z) = Z (3.6)

WFin MO = b g a2
Therefore

A Bt

ToFy —h —_——

ITaF.z, (1) =5, = Z n Llﬁnﬂ + Bul0m)2
Again, by dominated convergence theorem and the fact that

2B | r 2
TR | < Bulhal?,
P 2B + Bula?| =P
we deduce (i). Finally, let f € /¢ with f (z) = Xo_panZ", then from (3.5) we have
_Arﬁnan

F o (Tof)(z 2 (3.7)

A, Ta( * Z Aﬁn+anl(an71)2
So, one has

\ Aalan| 7

1, (Taf) = fol g = X B [ :

15 1, (Taf) = foll ¢ Z’l "L ABy A+ B (06 1)?
Using the dominated convergence theorem and the fact that

ABlan] r 2
_ | < an|”,

P | 2B Br (7] =P
we deduce (ii). O

We deduce also pointwise approximate inversion formulas for Tg.
Theorem 3.4. IfA > 0and f,h € K, then
i) lim TaF; - (h)(z) = h(z),
(i) tim ToFy 7. (h)(z) = h(z)
ii) lim F; .. (T, = .
(i) lim F; 7. (Tuf)(&) = fo2)

Proof. Let f,h € Ay with f(z) = L7 anz" and h(z) = X7 hx2". From (3.6) and (3.7), by using the dominated convergence theorem and
the fact that

A h A
Pt < e, gt < e,
AP+ Br(on) ABn+ Br—1(0-1)
we obtain (i) and (ii). O

4. Tikhonov’s extremal function for L,

Let L be the operator defined for f € 3 with f(z) = X anZ", by

Lof(2) Z Gn=1on @.1)

where o = {a, } is a real sequence satisfying, there exists ¢ > 0 such that

\a,,|gcn,/%, w1, @2)

For the operator Ly we establish the same applications given in Section 3.

Lemma 4.1. We have
(i) The operator Lo maps continuously from Hp into Ap, and HLafHk% < c||f||(%.
(i) For f € A with f(z) = L;7_oanZ", we have

oo

% -Hﬁ +1
U&f Z L ”lﬁ an+lz 9
n

had 2
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(iii) For any h € Hp and for any A >0, the problem
inf {A11f1%, + |Laf —hli%, |
fe% B B

has a unique minimizer given by
F;,La (h)(z) = <h7‘PZ>ﬁ2737
where
noy, (Z)"! .
T a oW, web.
Z An2p, +ﬁn(an)

Proof. () If f € s with f(z) = X7 anz", then
0|
ILaf 15 = Z ﬁn‘ Slan1 P < ¢ Z Balanl> = 11 £11 5
n=0

(i) If f,g € A with f2)=Xo ganZ" and g(z) = Y by2", then

o

an—14
<L(xf: Z anﬁn = bn = Z O(n+1ﬁn+1 n+1 <f7LTxg>,%7
where

o O 1 Bt
L* _ n+ b n
«8(2) ,;)7(%4)[3” 12

And therefore

* _ - (an+l)2ﬁn+1 n
LyLaf(2) —;)7(” g,

(iii) We put A(z) = Y>_ h,2" and . (h)(z) = Xy_pcn2". From (2.4) we have (/II+L:§¢LOC)F£‘_L(Z (h)(z) = L§h(z). By (ii) we deduce that

(n4+1)0 1 Br1hng1

cn = , neN.
" A 1)2Ba+ B (0 )?
Thus
% na,,ﬁnhn 1
F, h)(z) = —————7 = (h,¥ , 4.3)
L@ = L o = Tt~ ¥
where
n 1
Z ; o (2) o

An Bn 1+ﬁn(an)

The lemma is proved. O

The extremal function Ff’ L (h) given by (4.3) satisfies the following properties.

Lemma4.2. [fA > 0and f,h € Hp, then
(D) 1} 1, (@) < 575 (Kp (1)) [1hl] g,
(ii) ILaFy ; (W)(2)] < 55 (Kp (12*)"211A] .

(iii) |Fy 1 (Laf) @) < 55 (Kp (1) 21111l 7.

() 1F 1, ()15, < 27 113,

Proof. Let A >0andh € g with h(z) = Yoo hnz". From (4.3) we have

ISWROIIES Ik 23 P P7S
And by using the fact that (x+ y)? > 4xy we obtain

2
noy|z*! o |z >
_— < — = — .
|\P H.}Z‘fg Zﬁ” lnzﬁn71+ﬁn(an)2 — 42{ Z 41Kﬁ(‘z‘ )
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This gives (i). On the other hand, from (4.1) and (4.3) we have

an ﬂnhn
Lo Fy =(h, P 4.4
o l-,La Z An2B,_ 1+n/3n(05n) (n, Z>9{737 (4.4)

where

o)’ (2)" n
Z Anzﬁn 1+nﬁn(an) v

n=1

And by (4.2) we deduce that

2|,|n oo
19, = 3 Br | g L

nzﬁn 1+ nﬁn(an

< £ K2P).

This gives (ii). Furthermore, if f € 53 with f(z) = ¥ anz" we have

=

* _ (Os1)*Bur1an
Fieaal)@ = X 30178, 4 Bort (G

"= (%) .5)

where

1 2Bn+ﬁn+l(an+l)2 ﬁ ’

And by (4.2) we conclude that

Z (0n41)?Bur1 (2)" w'
“A(n+

2

o 1 (O‘n+1)2ﬁn+1\z\" ] I & (Otn+1)2ﬁn+1 2 ? 2
Q> =Y - <y okl Padly oo o = g .
19:I5 = X 5, Ll(nﬂ)zﬁﬁﬁnﬂ(anﬂ)z L Wl p(1)

This gives (iii). Finally, from (4.3) we have

2
(n+1) 041 Buti|Ant1|
F; B { 3 '
17 1, )5, = Z " 21+ 1D)2Bn + st (01 )2

Using the fact that (x+y)? > 4xy we obtain

2
1771, 0013, = g7 X Bl < B

which gives (iv) and completes the proof of the lemma. O

We establish approximate inversion formulas for the operator Lg.

Theorem 4.3. If A > 0 and f.h € g, then

(i) Jim, |LaFy ,, (h)—h* ||2%;3 =0, where h*(z) = L1 T1h(z),
.. . * 2

(i) 1im [IF; , (Laf) ~ f134, =O.

Proof. Let A > 0and h € g with h(z) = Y7o ha2". From (4.4) we have

— —ABu—1h
LaFy p,(h)(z) =h"(z) = n; #WZ”, 4.6)
where
=L
Therefore

”LaF?L,La( —h H% Z Bn [lnﬁnq +ﬁn(an)2

Again, by dominated convergence theorem and the fact that

kﬁn—l |hn|
Anf,_i + [3,,(0{,,)2

we deduce (i). Finally, let f € %’j; with f(z) = X;r_oan<", then from (4.5) we have

2
B, } < Bl

N >, —A(n+1)"Bra, n
P a0 10~ B i

“4.7)
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So, one has

* 2 An+ l)zﬁn|an‘
”FLLa (L(Xf) _fH% Z ﬁﬂ [ n+ 1)21311 + ﬁﬂ+1 (OCnJrl)2

Using the dominated convergence theorem and the fact that

A(n+1)2By|an| 2 .
A-(}’l—i- l)zﬁn+ﬁn+l(an+l)2] < ﬁn‘an| s

we deduce (ii). O

Bn

We deduce also pointwise approximate inversion formulas for L.
Theorem 4.4. If A > 0and f,h € K3, then
i) lim Lo F; ; (h)(z) = h'(z2),
(i) im Lok (h)(2) =1’ (2)
i) im F; , (L = .
(ii) Pt A,La( af)(@) = f(z)

Proof. Let f,h € p with f(z) = L7 anz" and h(z) = X7 hn2". From (4.6) and (4.7), by using the dominated convergence theorem and
the fact that

AP 1|hn| n n Aln+1) Bn‘an| n n
A i bl S <|h , < la, ’
T B < g < el
we obtain (i) and (ii). .

5. Applications

In this section we examine the extremal functions associated to some particular cases of the weighted Hardy space .73, when Tg is the
difference operator &; and when Ly, is the primitive operator &, respectively.
5.1. The difference operator. Let 2 be the difference operator defined by

If f(2) = X_gan2", then Zf(2) = Lo an12"-
In the following we determine the extremal function Fy L A > 0, for some particular cases of the space Hp.

a) The Hardy space /7. In this case 3, = 1, see [21, 22, 23]. We obtain the following results.
(i) The operator 2 maps continuously from 7 into 5%, and || 2] s < || f|| -

(ii) For f € 57 we have
7 f(2)=2f(2), Z2"Pf(z) = f(z) - (0).
(iii) For any h € . and for any A > 0, the problem

. 2 Iy ATY
flenjfgo{lengJrH—@f h”%”}

has a unique minimizer given by

zh(z)
A+17

Ff’@(h)(z) =

I'(n+a)

b) The weighted Bergman space «7,. In this case 3, = where v > —1 and (a), = Ta) » S€€ [15]. We deduce the following

results.
(i) The operator 2 maps continuously from .7, into 7, and

12F ety < (V42)2]|f ]l -
(i) For f € o, with f(z) = Y7 a,z" we have

n!
(V+2)u’

o n+v+1 "
Z ——ap-1%,

=

791 Z VAL

(iii) For any h € 4%, and for any A > 0, the problem

inf 3§ A[fI[%, +2f—h|>
ot {AF1%, + 1927~y |
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has a unique minimizer given by F;' ,(h)(z) = (h,'¥;) o, , Where

¥ (w) =

= (v4+2), )" w
n;)(/1+1)(n+1)+v+1"r7!'

c) The weighted Dirichlet space 2y. In this case fy =1, B, = (v + 1)
results.
(1) The operator 2 maps continuously from %2, into %y, and

1211z, < (v+ 121 fllz,.

(ii) For f € 9y with f(z) = ¥;»_a,Z" we have

vt ) ,n>1,where v > 0, see [10, 12]. We deduce the following

n+v
@* *aoz—Q— Z )a,,,lz",

7T =zt Y wanzﬂ

n=2 n

(iii) For any h € 9y and for any A > 0, the problem
inf {2113, +12f —hl%, }
fegv v v
has a unique minimizer given by F}' ,,(h)(z) = (h,¥;) 5, , where

(V+ 1), ()" w"

A+ 1) +n(n+v+1) n

z 1
A+l VLA

&

=

|

+
u[*’]z

5.2. The primitive operator. Let & be the primitive operator defined by

PIE) = [ fwd

J[0,2)

where [0,2] = {1z, 1 € [0, 1]}. If f(z) = Egan2". then 2f() = Ly 422"

n=1 n
In the following we determine the extremal function F. /l 7 A > 0, for some particular cases of the space jﬁ;

a) The Hardy space .7#. We obtain the following results.
(i) The operator &7 maps continuously from 5 into S, and || Zf|| s < ||f|| s¢-

(i) For f € A with f(z) = X7 an2" we have

o

Z n+1

* 7man+1n *
7@ =L BN PP

(iii) For any h € . and for any A > 0, the problem

. 2 2
nt (A7 +127 i |

has a unique minimizer given by F; 4, (1)(z) = (h,'¥;) », where

_ oy @
w)—n; An?+1

b) The weighted Bergman space <7,. We deduce the following results.
(i) The operator & maps continuously from .27, into <#,, and

12 f e, < (v42)T 21 £l s,

(ii) For f € o7, with f(z) = Y~ a,2" we have

o sl
33* — n+ n
f2) ,;)7”+V+2Z’

* o - An n
Z '@f(z)_n;) i+ Dntvi2)"

(iii) For any h € 4%, and for any A > 0, the problem

. 2 o 2
nt (A, +122f - hly )
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has a unique minimizer given by F; ,(h)(z) = (h,'¥;) o, , where

i V+2n( )n 1 wh
An(n+v+1)+1 nl’

c) The weighted Dirichlet space 2,. We deduce the following results.
(i) The operator & maps continuously from &2, into %y, and

12 fll2, <fllz,-
(ii) For f € 9y with f(z) = ¥;»_a,2" we have

= (n+ Dapy
gZ* — n+l n
; n+v+1)Z

Eeic _a0+znn+v+1) z

n=1

(iii) For any h € 9y and for any A > 0, the problem

inf {
1D,

has a unique minimizer given by F; ,,(h)(z) = (h,'¥;) »,, where

+2f -3, }

_w Lo (v+a@™' W
\PZ(W)_l+1+v+1r§’zl(n—l)(n+v)+l n!’

6. Conclusion

The concrete results of Section 5 are the goal to give best approximation problems in numerical analysis. In the future work, by using
computers, we shall illustrate numerical experiments approximation formulas for the difference and primitive operators in D in some
particular cases of the weighted Hardy space 75, when A —0.
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