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Abstract. A Lorentzian para-Sasakian (LP-Sasakian) space form is a kind of para-Sasakian manifold with con-
stant φ− holomorphic sectional curvature. The presented paper is on the curvatures of semi-invariant submanifolds
of an LP-Sasakian space form. Firstly, the definition of a semi-invariant submanifold of LP-Sasakian space form is
given and an example is presented. Then, some important results on Ricci and scalar curvatures have been obtained
by using the Gauss equation related to curvatures. Furthermore, by suffering from these results, the conditions of a
distribution is being Einstein have been examined. Finally, semi-invariant products of Lorentzian para-Sasakian
manifolds have been considered and an important inequality for the second fundamental form is proved.
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1. Introduction

In differential geometry, a pseudo-Riemannian manifold is a generalization of a Riemannian manifold in which
the metric tensor must be a non-degenerate bilinear form. A Lorentzian manifold in which one dimension has a sign
opposite to the other three dimensions is an important notion of theoretical physics. In [15], Takashi studied on the
Sasakian manifolds a class of contact manifolds with Lorentzian structure. By following Takashi’s work, Duggal
investigated contact structure and space-time manifolds [6]. In continuation, this notion has been studied by several
authors [7, 8, 16].

In [14], Sato introduced almost para-contact metric manifold. The metric of an almost para-contact metric structure
is a Riemann metric. Adati and Matsumoto [1] studied on para-Sasakian manifolds, which could be considered as
a special case of almost para-contact manifolds described by Sato. In [10], Matsumoto defined Lorentzian almost
para-contact (LAPC) manifolds and the Lorentzian para-Sasakian (LP-Sasakian) manifolds. The most basic feature
is distinguished almost para-contact metric manifolds from LAPC manifolds is that metric of the LAPC structure is
a Lorentzian metric and the characteristic vector field is a timelike vector field. Many authors have been studied on
LP-Sasakian manifolds [3–5, 9, 11–13, 17]. It is well known that, a space form which a kind of manifold with constant
sectional curvature is an important model of manifolds with special structures such as complex and contact. In contact
geometry, an other notion of sectional curvature have been defined by using contact structure. This notion is referred
as φ− holomorphic sectional curvature and it is used for classifying contact manifolds. An LP-Sasakian space form N

*Corresponding Author
Email addresses: ramazan.sari@amasya.edu.tr (R. Sarı), inanunal@munzur.edu.tr (İ. Ünal)

https://orcid.org/0000-0002-4618-8243
https://orcid.org/0000-0003-1318-9685
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is an LP-Sasakian manifold with constant φ−holomorphic section curvature k. The curvature of an LP-Sasakian space
form N is given in [2] by,

R(U,V,W,Z) =
k − 3

4
{g(U,Z)g(V,W) − g(U,W)g(V,Z)}

+
k + 1

4
{g(φU,Z)g(φV,W) − g(U, φW)g(φV,Z)

+2g(φU,V)g(φW,Z) + g(V,Z)η(U)η(W)
−g(U,Z)η(V)η(W) + g(U,W)η(V)η(Z)
−g(V,W)η(U)η(Z)}

for all U,V,W,Z ∈ Γ(T N), where R is curvature tensor N(k). A semi-invariant submanifold is a kind of submanifolds
of contact structure with invariant and anti-invariant distributions. These distributions gives significant geometric
properties about submanifolds.

In this paper, curvature properties of a semi-invariant submanifold of an LP-Sasakian space form are studied. Firstly,
the definition of a semi-invariant submanifold of an LP-Sasakian space form is given and an example is presented.
Then, using Gauss equation related to curvatures used for obtaining some important results on Ricci and scalar curva-
tures. Moreover, by suffering from these results conditions of distributions being Einstein have been examined. Finally,
semi-invariant products of Lorentzian para-Sasakian manifolds have been considered and an important inequality for
second fundamental form is proved.

2. Lorentzian Para-SasakianManifolds

This section is devoted to basic concepts on LPAC metric manifolds. A differentiable manifold N with a triple
(φ, η, ξ) satisfying the following conditions is called a Lorentzian almost para-contact (LPAC) metric manifold

φ2 = I + η ⊗ ξ, η(ξ) = 1,

and
g (φX, φY) = g (X,Y) + η(X)η(Y), g (ξ, ξ) = −1,

where η is a 1−form, φ is a tensor field of type (1, 1), ξ is a vector field and g is Lorentzian metric. The characteristic
vector field ξ is never space-like and a light-like on N, i.e it is a time-like vector field.Then, for a local basis {e1, ..., e2n, ξ}
of T N,

g(ei, e j) = δi j and g(ξ, ξ) = −1,
that is, e1, ..., e2n are space-like and ξ is a time-like vector field.

An LPAC metric manifold is normal if

N = [φ, φ] + 2dη ⊗ ξ = 0,

where, N Nijenhuis tensor field. An LP-contact metric manifold is a normal LAPC metric manifold. LP-Sasakian
manifolds are special classes of normal LPAC metric manifolds. An LP-contact metric manifold N is an LP-Sasakian
manifold if and only if

(∇Xφ) Y = −g(X,Y)ξ − η(Y)X
for all X,Y ∈ Γ(T N).

3. Semi-Invariant Submanifold of Lorentzian Para-SasakianManifold

In this section, a short introduction to semi-invariant submanifolds of an LP-Sasakian manifold is given.
A submanifold N of an LP-Sasakian manifold N is called a semi-invariant submanifold if the followings are satisfied:

(i) φDx = Dx for any x ∈ N, that is D is invariant under φ,
(ii) φD⊥x ⊆ T⊥x N for any x ∈ N,that is, D⊥ is anti-invariant under φ,

(iii) T N = D ⊕ D⊥ ⊕ sp{ξ},
where D and D⊥ are distributions on N and ξ is tangent to N. For a local orthonormal frame {e1, ..., e2p, e2p+1, ..., e2m, ξ},

D = sp{e1, ..., e2p}, D⊥ = sp{e2p+1, ..., e2m}, (3.1)

where dimD = 2p and dimD⊥ = q.
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Example 3.1. R2n+1, with

ηα =
1
2

dzα −
n∑

i=1

yidxi

 , ξα = 2
∂

∂zα
,

and

φ

 n∑
i=1

(
Xi
∂

∂xi
+ Yi

∂

∂yi

)
+ Z
∂

∂z

 = n∑
i=1

(
Yi
∂

∂xi
− Xi

∂

∂yi

)
+

n∑
i=1

Yiyi
∂

∂z

with the metric

g = η ⊗ η +
1
4

 n∑
i=1

dxi ⊗ dxi + dyi ⊗ dyi


is an LP-Sasakian manifold which is a canonical example. Let N be a submanifold of R9 such that

X (x, y, u, l, s) = 2 (x, u, 0, 0, y, 0, l, 0, s) .

The local frame of T N from a basis of T⊥N is given by

e1 = 2
∂

∂x1
, e2 = 2

∂

∂y1
,

e3 = 2
∂

∂x2
, e4 = 2

∂

∂y3
, e5 = 2

∂

∂z1
= ξ,

and

e∗1 =
∂

∂x3
, e∗2 =

∂

∂y2
.

Suppose that D1 = sp{e1, e2} and D2 = sp{e3, e4}. Therefore, D1 is invariant and D2 is anti-invariant distribution. Thus,
N is a semi invariant submanifold of R9.

Let ∇ and ∇ be Levi-Civita connections N and N, respectively. The Gauss and Weingarten equations are given by

∇XY = ∇XY + h(X,Y),

∇XV = ∇⊥XV − AV X

for all X,Y ∈ Γ(T N) and V ∈ Γ(T⊥N), where AV is the Weingarten endomorphism, h is the second fundamental from
of N and ∇⊥ is the connection in the normal bundle. Therefore, it is obtained that

g(h(X,Y),V) = g(AV X,Y).

A submanifold is said to be totally geodesic if second fundamental form vanishes.
The curvature tensors of N and N has the following relation,

R(U,V,W,Z) = R(U,V,W,Z) + g(h(U,W), h(V,Z)) − g(h(U,Z), h(V,W)) (3.2)

for all U,V,W,Z ∈ Γ(T N), where R and R the Riemann curvature of N and N, respectively.

4. Semi-Invariant Submanifolds of a Lorentzian Para-Sasakian Space Forms

An LP-Sasakian space form is an LP-Sasakian manifold with constant φ−holomorphic section curvature k. The
curvature of an LP-Sasakian space form is given in [2] by,

R(U,V,W,Z) =
k − 3

4
{g(U,Z)g(V,W) − g(U,W)g(V,Z)} +

k + 1
4
{g(φU,Z)g(φV,W) − g(U, φW)g(φV,Z)

+2g(φU,V)g(φW,Z) + g(V,Z)η(U)η(W) − g(U,Z)η(V)η(W) + g(U,W)η(V)η(Z)
−g(V,W)η(U)η(Z)} (4.1)

for all U,V,W,Z ∈ Γ(T N), where R is curvature tensor N(k). In this section, curvature properties and Einstein conditions
on distributions of a semi-invariant submanifold N of an LP-Sasakian space form N(k) are studied.
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If (4.1) and (3.2) are used, N has constant φ-sectional curvature k if and only if

R(U,V,W,Z) =
k − 3

4
{g(U,Z)g(V,W) − g(U,W)g(V,Z)} +

k + 1
4
{g(φU,Z)g(φV,W) − g(U, φW)g(φV,Z)

+2g(φU,V)g(φW,Z) + g(V,Z)η(U)η(W) − g(U,Z)η(V)η(W) + g(U,W)η(V)η(Z)
−g(V,W)η(U)η(Z)} + g(h(U,Z), h(V,W)) − g(h(V,Z), g(U,W)), (4.2)

where R is the Riemannian curvature tensor. By using (4.2) the following result is stated;

Proposition 4.1. Let N be semi-invariant submanifold of N(k) and D⊥ is anti-invariant distribution. Therefore, for all
U,V,W,Z ∈ Γ(D⊥)

R(U,V,W,Z) =
k − 3

4
{g(U,Z)g(V,W) − g(U,W)g(V,Z)} + g(h(U,Z), h(V,W)) − g(h(V,Z), g(U,W)). (4.3)

Theorem 4.2. Let N be semi-invariant submanifold of N(k) with totally geodesic anti-invariant distribution. Then,
invariant distribution is an Einstein manifold with scalar curvature τD⊥ =

k−3
4 q(q − 1).

Proof. From (4.2) the Ricci curvature is given by

S (W,Z) =
2m∑

i=2p+1

R(Ei,W,Z, Ei)

for all W,Z ∈ Γ(D⊥). Hence, by using (4.3) it is obtained that

S (W,Z) =
k − 3

4

2m∑
i=2p+1

{g(Ei, Ei)g(W,Z) − g(Ei,Z)g(W, Ei)} .

Thus, D⊥ is Einstein and τD⊥ =
k−3

4 q(q − 1). □

Now, by using (4.2) for invariant distribution, it is obtained that;

Proposition 4.3. Let N be semi-invariant submanifold of N(k) and D is invariant distribution. The curvature of D is
given by

R(U,V,W,Z) =
k − 3

4
{g(U,Z)g(V,W) − g(U,W)g(V,Z)} +

k + 1
4
{g(φU,Z)g(φV,W) − g(U, φW)g(φV,Z)

+2g(φU,V)g(φW,Z)} + g(h(U,Z), h(V,W)) − g(h(V,Z), g(U,W)) (4.4)

for all U,V,W,Z ∈ Γ(D).

Theorem 4.4. Let N(k) be an LP-Sasakian space form and N is semi-invariant submanifold of N(k). If the invariant
distribution D is totally geodesic then it is Einstein.

Proof. The proof follows from (4.4). □

Theorem 4.5. Let N(k) be an LP-Sasakian space form and N is a semi-invariant submanifold of N(k). If the invariant
distribution D is totally geodesic then scalar curvature τD of D is given by

τD = p
3(k + 1) + (k − 3)(2p − 1)

2
.

Proof. For all X,Y ∈ Γ(D), by using (4.4), the Ricci curvature of D is given by

S (X,Y) =
3(k + 1) + (k − 3)(2p − 1)

4
g(Y,Z),

which gives proof. □

Theorem 4.6. Let N(k) be an LP-Sasakian space form and N is semi-invariant submanifold of N(k). If φ-sectional
curvature of invariant distribution D is −k then it is totally geodesic.



Lorentzian Para-Sasakian Manifolds 468

Proof. From (4.2), curvature of D is given by

R(W, φW,W, φW) =
k − 3

4
{g(W, φW)g(φW,W) − g(W,W)g(φW, φW)}

+
k + 1

4

{
g(φW, φW)g(φ2W,W) − g(φW,W)g(φ2W, φW)

−2g(φW, φW)g(φW, φW)} + g(h(W, φW), h(φW,W)) − g(h(φW, φW), h(W,W))

for all W ∈ Γ(D). Then, it is obtained that

R(W, φW,W, φW) = −k − 2 ∥h(W,W)∥2 ,

which proves assertion. □

5. Semi-Invariant Product in a Lorentzian para-Sasakian Space Form

A semi-invariant submanifold N in a Lorentzian para-Sasakian space form N(k) is called a semi-invariant product
if the distribution D ⊕ sp{ξ} is integrable and N is a locally Riemannian product N1 × N2, where N1 and N2 are leaf of
D ⊕ sp{ξ} and D⊥, respectively. Moreover, N is proper semi-invariant product if pq , 0. In this section, it is assumed
that the dimension of distributions are pq , 0.

For any U ∈ ΓD and V ∈ ΓD⊥, by using (4.2) it is obtained;

Proposition 5.1. Let N(k) be an LP-Sasakian space form. If N is a semi-invariant product of N(k), then

R(U, φU,V, φV) = 2
(
∥h(U,V)∥2 −

k − 1
4

)
for any unit vector fields U ∈ Γ(D) and V ∈ Γ(D⊥).

Theorem 5.2. Let N(k) be a Lorentzian para-Sasakian space form. If N is a semi-invariant product of N(k), then h is
satisfied the following inequality,

∥h∥2 ≥ pq(1 − k) + 2qp.

Proof. It is obtained that

∥h∥2 =
2p∑

i, j=1

∥∥∥h(Ei, E j)
∥∥∥2
+

2m∑
k,l=2p+1

∥h(Ek, El)∥2 + 2
2p∑
i=1

2m∑
k=2p+1

∥h(Ei, Ek)∥2 + 2
2m∑

k=2p+1

∥h(Ek, ξ)∥2 .

By virtue of (3.1) it implies that,

∥h∥2 = pq(1 − k) + 2qp +
2p∑

i, j=1

∥∥∥h(Ei, E j)
∥∥∥2
+

2m∑
k,l=2p+1

∥h(Ek, El)∥2 ,

which gives the assertion. □

Proposition 5.3. Let N(k) be an LP-Sasakian space form. If N is a semi-invariant product of N(k), then

R(U,V,W,Z) = 0

for all U,V ∈ Γ(D ⊕ sp{ξ}) and W,Z ∈ Γ(D⊥).

Proof. The proof follows from (4.2). □

Corollary 5.4. Let N(k) be an LP-Sasakian space form. If N is a semi-invariant product of N(k), then

R(U,V,W,Z) = 0

for all U,V ∈ Γ(D) and W,Z ∈ Γ(D⊥ ⊕ sp{ξ}).
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Conclusion

Lorentzian manifolds have potential for applications in many fields of mathematics and physics. In particular
it is applicable to the theory of relativity. Manifolds with structures such as complex and contact are also significant
working area for theoretical physics and mathematics. LP-Sasakian space forms has Lorentzian metric and para-contact
structure with constant sectional curvature. In this manner, LP-Sasakian space forms are interesting subject. This
study is on LP-Sasakian space forms. Semi-invariant manifolds of such manifolds have been investigating. Einstein
conditions and curvature properties of invariant and anti-invariant distributions have been studied. The results obtained
will be a source for future studies on the subject.
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