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ABSTRACT 
 

A control chart is a tool for representing and to monitoring a process. A control chart also detects shifts in a process and 

abnormal conditions in a process. If a process is monitored by c control charts, c control charts may not be applicable due to 

the uncertainty of the attribute data. Because process requires certain information. Many papers about fuzzy control charts, 

which are constructed based on information techniques with type-1 fuzzy sets, exist in literature. The fuzzy c control chart 

based on the fuzzy rule method is constructed in this paper for the first time. The proposed control chart is applied to real 

world data. 
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1. INTRODUCTION 

 

Statistical process control (SPC) is a large class of methodology for evaluating and monitoring the 

industrial production process to determine the special causes of each variation. Control charts are the 

most common SPC function to represent and monitor a process. Control charts detect assignable 

causes and take into account corrective actions. These are the major contributions of control charts. In 

traditional control charts, data that comes from a process or measurement system includes mainly 

operator and gauge errors which assume a crisp value. But this data includes “uncertainty” or 

“vagueness”, because the data are collected by operators. Also, uncertainty arises in real life 

applications too. In this situation, fuzzy control charts are useful tools for monitoring the process. 

 

There are some papers on fuzzy variable control charts and their applications. Rowlands and Wang [1] 

El-Shal and Morris [2] Zarandi et al [3] Erginel [4] Şentürk and Erginel [5], Şentürk [6], Erginel et al 

[7]. There are some publications on fuzzy attribute control charts and their applications in literature: 

Raz and Wang [8] Wang and Raz [9]. Kanagawa et al. [10] Gülbay et al [11] Gülbay and Kahraman 

[12] Gülbay and Kahraman [13] Şentürk et al [14] showed a theoretical structure for fuzzy control 

charts with applications. 

 

Additionally, many researchers studied “fuzzy rule based method” to construct their fuzzy control 

charts. Kaya and Kahraman [15] proposed firstly the fuzzy rule method for evaluating the fuzzy 

control charts in their paper. Their method is based on some rules which define all possible patterns of 

a process. Also, they applied the suggested method for fuzzy X
~

- R
~

 control charts by using a 

symmetric triangular fuzzy number. Erginel [16] developed a fuzzy p control chart based on both 

constant sample size and variable sample size and a fuzzy np control chart using decision rules. 

Therefore, rather in control and rather out of control decisions can be considered when in monitoring 

the process. Khademi and Amırzadeh [17] proposed a direct fuzzy approach to fuzzy X
~

- R
~

control 

charts by using a nonsymmetrical fuzzy number. They defined fuzzy unnatural pattern rules based on 

the fuzzification of the crisp rules.  
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Modelling the fuzzy control charts approach contributes to more a accurate way of monitoring and 

evaluating the process because it takes into account of the imprecision of the membership function of 

the data. The control charts based on the fuzzy rule method in the literature were constructed only for 

X
~

- R
~

control charts and only for p-np control charts. The novelty of this study is firstly to present a 

fuzzy rule c control chart based on decision rules for the process of state conditions. The proposed 

fuzzy rule c control chart abstains from some well-known defuzzification methods such as fuzzy 

mean, fuzzy mode, fuzzy midrange and fuzzy median. In addition, the fuzzy rule c control chart based 

on decision rules is implemented with real world data. 
 

This paper is summarized as follows: Theoretical structure of Fuzzy Rule c~ -Control Chart is given in 

section two. The third section is the application section. Also, a conclusion is presented in the fourth 

section. 

 

2. FUZZY RULE c~ -CONTROL CHART 
 

The quality characteristic is represented as a qualitative form. Attribute control charts are used to 

evaluate the process for example, p (fraction of nonconforming), np (nonconforming units), c (number 

of nonconformities) and u (nonconformities per unit) control charts. The classical c-control chart 

limits proposed by Shewhart are given in the following equations [18]. A control chart for 

nonconformities with 3-sigma limits is defined as follows. 
 

              𝑈𝐶𝐿𝑐 = 𝑐 + 3√𝑐  

  𝐶𝐿𝑐 = 𝑐                                                                                            (1) 

              𝐿𝐶𝐿𝑐 = 𝑐 − 3√𝑐                          

where UCL is the upper control limit, CL is the center line and LCL is the lower control limit of c 

control chart.  
 

If c is not known from the population, c can be estimated from the sample, like; 
  

    𝐸[𝑐] = 𝑐 ̅                                                                            (2) 
and     

𝑐̅ =
∑ 𝑐𝑖
𝑚
𝑖=1

𝑚
                                                                            (3) 

 

where the expected value of c equals to the mean of the nonconformities in sample. 
 

2.1. Fuzzy Rules c~  -Control Chart for Triangular Fuzzy Number 
 

Fuzzy set theory is very helpful for dealing with the kind of vagueness of human thought and language 

found in a Statistical process control. In this study, a number of nonconformities will be expressed 

using triangular fuzzy numbers (TFN). Let U be the universe of discourse,  uU ,0 .The triangular 

fuzzy number is defined as );;(
~

rlmA    also is formulated; 
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where m  is the center (mode) ; l  is left spread ; r  is right spread. 

 

The demonstration of triangular fuzzy numbers will be as. ),,();;(
~

rmlrmmlm aaaA   and it 

is shown in Figure 1 [19]. 

 
x

µ(x) 

1

am aral  
Figure 1. Representation of a sample by triangular fuzzy numbers TFN case 

 

Fuzzy numbers ),,( rml aaa are represented as ),,(
jrjmjl aaa ccc for each fuzzy observation on the 

number of nonconformities control chart. The center line of number of nonconformities control chart

LC
~

, is mean of fuzzy samples, and it is shown as ),,(
rml aaa ccc are the fuzzy averages of the number 

of nonconformities.  
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where: mj ,...,2,1           

By considering the formulations of c-control limits and fuzzy numbers based on triangular 

membership functions, the fuzzy center line and the fuzzy upper and fuzzy lower limits of the fuzzy 

rule c~ -control chart are given as follows: 

 

                                        )3,3,3()
~

,
~

,
~

(
rrmmllramala aaaaaaccc ccccccLCULCULCU                  (6) 

                                        ),,()
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,
~

,
~

(
rmlramala aaaccc cccLCLCLC                                                            (7) 

                                       )3,3,3()
~

,
~

,
~

(
lrmmrlramala aaaaaaccc ccccccLCLLCLLCL                   (8) 

The fuzzy control limits are defined for a fuzzy rule c~ -control chart for a TFN case. Also this study 

represented the process control decision rules for a fuzzy c~ -control chart. The rule method is based on 

rules that do not require any transformation techniques. These rules are detailed for the TFN case, and 

three rules are determined to control a process. 

Rule -1 for fuzzy c~ -control chart: Rule-1 consider the cases in which the fuzzy number of 

nonconformities lies absolutely between the fuzzy control limits or outside the fuzzy control limits, 

This situation is shown in Figure 2.  
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Figure 2. Rule -1 for a fuzzy c~ -control chart for a TFN case 

 

Rule-2 for fuzzy c~ -control chart: Rule 2 evaluates the case in which the fuzzy number of 

nonconformities is partially included by either control limit as shown in Figure 3. If the percentage 

area of a number of nonconformities that remains inside the fuzzy control limits is equal to or greater 

than a predefined acceptable percentage (𝛽∗), then the process can be accepted as ‘process rather in 

control’; otherwise it can be stated as ‘process rather out of control’.  
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Figure 3. Rule -2 for a fuzzy c~ -control chart for a TFN case 

 

Rule -3 for fuzzy c~ -control chart: Rule 3 analyses of the case in which the fuzzy number of 

nonconformities that closes the outside to either of the control limits is a partially included 

corresponding control limit as shown in Figure 4. 
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Figure 4. Rule 3 for a fuzzy c~ -control chart for a TFN case 

 

3. APPLICATION 

 

In this section, a fuzzy rule c~ -control chart application is made on an incorporated company which 

serves as an armature supplier in TURKEY. The values are obtained from products with a burr defect 

consisting of samples of 60 units in 24 periods. While collecting data from the process, some 

uncertainty or vagueness arises from the process or measurement system. These uncertainties are 

based on the process and measurement system, which can lead to some difficulties in obtaining crisp 

values from the process. In this situation, fuzzy control charts are useful tools for evaluating fuzzy data 

and fuzzy set theory specifically addressing the development of concepts and techniques for dealing 

with sources of uncertainty or imprecision. In this application, the fuzzy number of nonconformities 

are modeled with a fuzzy rule c~ -control chart using triangular fuzzy numbers. Collected fuzzy data 

are shown in Table 1 as triangular fuzzy numbers. 
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Table 1.Triangular fuzzy numbers for fuzzy rule c~ -control chart 

 
Sample 

lac
 mac

 rac
 

1 2 3 3 

2 3 5 6 

3 2 4 5 

4 1 2 4 

5 1 2 3 

6 1 2 2 

7 1 3 5 

8 1 2 3 

9 1 2 4 

10 2 3 5 

11 1 3 4 

12 4 5 6 

13 3 4 5 

14 2 4 6 

15 1 5 7 

16 2 3 4 

17 1 4 6 

18 3 6 9 

 

78.1
lac        44.3

mac        83.4
rac                                              (14) 

 

The fuzzy upper and lower control limits and fuzzy center line of the fuzzy c~ -control chart are 

calculated by using Eg(6-8) and given in the following equations. 
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The fuzzy upper and lower control limits and fuzzy center line of the fuzzy c~ -control chart are given 

in Table 2.Additionally, the process conditions are determined in accordance with the defined rules are 

showed in Table 2. 
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Table 2. Fuzzy rule c~ -control chart limits and process condition 

 
Sample )

~
,

~
,

~
(

ramala ccc LCULCULCU

 

)
~

,
~

,
~

(
ramala ccc LCLCLC

 

)
~

,
~

,
~

(
ramala ccc LCLLCLLCL

 

Process 

condition 

1 (5.77,8.99,11.4) (1.78,3.44,4.83) (-4.79,-2.11,0.84) in control 

2 (5.77,8.99,11.4) (1.78,3.44,4.83) (-4.79,-2.11,0.84) rather in control 

3 (5.77,8.99,11.4) (1.78,3.44,4.83) (-4.79,-2.11,0.84) in control 

4 (5.77,8.99,11.4) (1.78,3.44,4.83) (-4.79,-2.11,0.84) in control 

5 (5.77,8.99,11.4) (1.78,3.44,4.83) (-4.79,-2.11,0.84) in control 

6 (5.77,8.99,11.4) (1.78,3.44,4.83) (-4.79,-2.11,0.84) in control 

7 (5.77,8.99,11.4) (1.78,3.44,4.83) (-4.79,-2.11,0.84) in control 

8 (5.77,8.99,11.4) (1.78,3.44,4.83) (-4.79,-2.11,0.84) in control 

9 (5.77,8.99,11.4) (1.78,3.44,4.83) (-4.79,-2.11,0.84) in control 

10 (5.77,8.99,11.4) (1.78,3.44,4.83) (-4.79,-2.11,0.84) in control 

11 (5.77,8.99,11.4) (1.78,3.44,4.83) (-4.79,-2.11,0.84) in control 

12 (5.77,8.99,11.4) (1.78,3.44,4.83) (-4.79,-2.11,0.84) rather in control 

13 (5.77,8.99,11.4) (1.78,3.44,4.83) (-4.79,-2.11,0.84) in control 

14 (5.77,8.99,11.4) (1.78,3.44,4.83) (-4.79,-2.11,0.84) rather in control 

15 (5.77,8.99,11.4) (1.78,3.44,4.83) (-4.79,-2.11,0.84) rather in control 

16 (5.77,8.99,11.4) (1.78,3.44,4.83) (-4.79,-2.11,0.84) in control 

17 (5.77,8.99,11.4) (1.78,3.44,4.83) (-4.79,-2.11,0.84) rather in control 

18 (5.77,8.99,11.4) (1.78,3.44,4.83) (-4.79,-2.11,0.84) rather in control 

 

The process conditions are determined by the defined rules and are given in Table 2. According to the 

Table 2, twelve point are “in control”. The situation is obtained by using Rule 1 (comparison 

rallar caca LCLcLCUc
~~

 ). Also, 6 points are in the “rather in control” situation. The condition of 

the process is gathered by using the first condition of Rule 2.

)
~~

~

1(
lallar

lr

lar

caca
aa

ca
LCUcLCUcif

cc

LCUc





 . In using these rules, *  is assumed as 0.60. 

 

If  is greater than * , the process is “rather in control” at this point. Thus, for the 2th point, 12th point, 

14th point, 15th point, 17th point and 18th point are “rather in control”. Therefore, the process should be 

reconsidered. 

 

4. CONCLUSION 

 

If the process is monitored by Shewhart’s control charts, than these traditional control charts assume 

that the data has crisp values. However, the process is not always crisp. Uncertainty comes from the 

measurement system or environmental conditions. Thus fuzzy control charts are inevitable tools for 

monitoring the process. In the literature, fuzzy control charts are used to evaluate the process by using 

transformation techniques. In these situations, decisions include only “in control” or “out of control”. 

However, “rather in control” and “rather out of control” decisions can be considered for process 

decisions in the fuzzy control chart based on the rule method. Also, the operator can be included in the 

process decision by changing the beta level. The fuzzy c control chart based on fuzzy rule method is 

constructed for the first time in this paper and is applied to real world data.  In further research, fuzzy c 

control charts can be modelled by using interval type-2 fuzzy sets theory when the data are an interval 

type-2 fuzzy number. 
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