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ABSTRACT.  In this study, we obtain the relationship between two different generalized Fibonacci polynomials
(Fi,(?) and Fy,(s)). We discuss some of the special cases of Fy,(f) and Fy,(s), and we show that the obtained
results are valid in these special cases. Since Fy,(s) is a new polynomial obtained by a different selection of the
coefficients of the core polynomial used to define Fy, (), our results will provide a new perspective on this issue.
This perspective allows us to generalize classical results, such as the relationship between number sequences, the
connection between this relationship and the coefficients of the core polynomial, and the method of obtaining these
sequences using matrices.
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1. INTRODUCTION

Some of the research on Fibonacci-like numbers and polynomials focuses on the determinant, permanent, and
matrix representations of these sequences. In recent years, it has become more important to reveal the relationship
between these sequences and to obtain new approaches with the help of this relationship. Among the important ar-
guments used to derive these relationships are generalizations of these sequences. Considering that the most famous
of these sequences is the Fibonacci sequence, it is obvious that the generalizations of this sequence will also be the
focus of attention. In 1999, Machenry [13] gave one of the most important generalizations of the Fibonacci sequence
and obtained important properties of this generalization in [14, 15]. MacHenry [13] defined generalized Fibonacci
polynomials, where #; (1 < i < k) are constant coefficients of the core polynomial

P(x;t1, 1, s ty) = X =X = = 1,
which is denoted by the vector t = (1,12, . .., #%). Fi,(¢) is defined inductively by
Fia(t)=0,n<0,
Fro® =1,
Fin@® = t1Fin1(0) + ... + GFj -1 (D).
In order to understand the importance of the generalized Fibonacci polynomials, the literature should be examined
carefully. Many of the important sequences that have a large area of research are special cases of this polynomial

sequence. Some of these sequences are the Fibonacci sequence, Pell sequence, Tribonacci sequence, Tripell sequence,
Triangular numbers, Padovan sequence, Tetranacci sequence, Pentanacci sequence, etc. Therefore, the properties
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obtained for generalized Fibonacci polynomial will also be valid for many sequences and polynomials. Although the
results obtained in this study are valid for all these sequences and polynomials, we will only give some of them as
conclusions. For this reason, we find it useful to remind the definition of some sequences.

The Fibonacci(F,), Pell(P,), Tribonacci(T,) and Tripell(¢p,) sequences are defined by the recurrence formulas

Fo=F, 1 +F, 2, Fy=1F =1,
P,=2P, 1 +P,2,Py=1,P =2;
Tn=Tw1+Th2+Ty3,To=1T =1,T,=2;

1Pn = 2tpn-1 + 1Pn-2 + 1pn-3,1po = 1,1p1 = 2,1py = 5.

When the literature is examined, it is seen that there are many studies on such sequences. Several studies have
focused on determining the relations between sequences [2—4, 8, 18, 19] and as well as deriving the terms of these
sequences using determinant [1,5,7,9-12, 17]. Providing a new perspective that encompasses both areas of study will
make a significant contribution to the literature. In addition, focusing on the general form of number sequences will
offer opportunities to derive additional results. The motivation of our research is to examine Fibonacci-like sequences
within a certain classification framework. In this direction, the main purpose of our study is to consider two different

sequence classes and to reveal the relationship between these sequences. In addition, it is to show that the general and
special cases of matrix representations can be obtained with the help of these relations.

2. MaAIN REsuLTS

In this section, two different generalized Fibonacci polynomials are discussed. This difference is obtained as a
result of taking the coefficients of the core polynomial differently. It is clear that different relations will be obtained
by choosing the coefficients of the core polynomial differently. Here, we will deal with the different selection of the
first coefficient. By obtaining the relations with the new polynomial resulting from this difference, it will be possible
to obtain new relations between many number sequences.

Theorem 2.1. Lett = (t1,t2,...,tp) and s = (t1 + 1,12, ..., ). Then,
Fin(s) = Fro(®).Frn-1(8) + -+ + Fin1(0).Fro(s) + Frn(0). 2.1

Proof. We proceed by induction on n. The result clearly holds for n = 1. Let us suppose the result is true for all
positive integers less than or equal to n, and prove it for n+ 1. From the definition of generalized Fibonacci polynomial
and, the equation Fy ,,(s) = (t; + 1).Frn-1(s) + - - - + tx.Fyn—(s) is valid. Using this equation, we get
Fine1(8) = (01 + 1).Fin(s) + -+ + . Fipgr1(5)
= (t1 + D.[Fro®)-Fin-1(8) + Fi1(D)-Fipn-2(s) + - -
+ Fion-1(0)-Fro(s) + Fin(O) + 12.[Fio(0)-Fin-2(s)
+ Fi1(0)-Fin-3(s) + -+ + Fiop2()-Fieo(s) + Fiep-1(0)]

+ 1 [Fro®)-Frn-k(8) + Fi 1 (0)-Frp-g—1(s) + - - -
+ Frni(D)-Fro(s) + Fipir1(0]

= Fro®.[(t1 + D.Frn-1(8) + + -+ + 1. Fi i (5)]
+ Fia(0.[(t + 1) Frpa(s) + - + i Frpi-1(5)]

+ Frn-1(0-[(t1 + 1).Fro(s) + 2] + Fip(D).(71 + 1)

= Fro(®)-Frn(s) + Fi1(0).Fip-1(8) + - + Frn1(D).(71 + 1)
+ Fin(®.1+ 101 Fn(®) + -+ + 5 F i1 (1)

= Fro(®)-Frn(s) + Fi1(0.Fp-1(8) + - + Frn1()-Fp1(s)
+ Fin(®)-Fro(s) + Fipe1(0).
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Therefore, the equation holds for all positive integers n. O
Corollary 2.2. Let T, be the nth term of the Tribonacci numbers and tp, be the nth term of the Tripell numbers. Then,
tpn =Totpp-1 + Trtppo+ -+ Ty_1.tpo + T,.

Proof. If wetaket = (1,1,1)and s = (2,1, 1) in Theorem 2.1, we obtain the desired result. O

Corollary 2.3. Let a, be the nth term of the sequence A002605 and b, be the nth term of the sequence A007482 in [16].
Then,

b, =ay.b,_1 +ay.by_o + -+ a,_1.by + a,.
Proof. 1f we take t = (2,2) and s = (3, 2) in Theorem 2.1, we obtain the desired result. |

Corollary 2.4. We present the following sequences, the special case of the generalized Fibonacci polynomial, by
specifying their relationship.

Fia() Fin(s)
k=2 Fibonacci sequence Pell sequence
k=2 Pell sequence Sequence A006190 in [16]
k=2 | Sequence A006190 in [16] Sequence A001076 in [16]
k=2 | Sequence A002605 in [16] Sequence A007482 in [16]
k=3 Tribonacci Sequence Tripell Sequence
k =3 | Sequence AO77835 in [16] Sequence A0T7831 in [16]
k=4 Tetrabacci Sequence Sequence A103142 in [16]
k=5 Pentanacci Generalized Pell Numbers(P(n,5,5))

3. APPLICATIONS

Number sequences and polynomials have many applications from physics to chemistry, economics to social sci-
ences. Matrix and determinant applications are a few of them. The determinant representations of Fibonacci type
sequences and polynomials have an important place in the literature and results are obtained with different approaches.
When the literature is examined, although there are dozens of studies on this subject, some studies want to obtain a
more general situation. In [12] and [7], the authors gave several determinantal representations of the generalized Fi-
bonacci polynomials. The following theorem will allow us to approach this fact in a different way and obtain it possible
to make determinant representations of many sequences and polynomials. In continuation, we show that new results
can be obtained by considering the method in [6].

Theorem 3.1. Let n > 1 be an integer, t = (t1,t2,...,t), s = (t; + 1,t2,...,1;) and the n X n lower Hessenberg matrix
sequence A, = [a; jli j=12,..n be defined by
Fro(?) -1 0 0 0
Fii(®  Fio®) -1 0 0
Ay =| Fio)  Fra()  Fro®) . 0
: : ) -1
Fin1(®) Fip2@® - Fra() Fro@®)
Then,

detA, = Fk,,,_l(s).

Proof. We proceed by induction on n. The result clearly holds for n = 1. Let us suppose the result is true for all positive
integers less than or equal to (n — 1), and prove it for n. From Equation (2.1), we get A, - [1, Fro(s), . .., Fraa(s)]" =
[0,0,...,0, Fr,_1(s)]”. By Cramer’s rule we get

detAn—l'Fk,n—l(s)

Fk,n—Z(s) = detA
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Then,
detA,.Fi ()
Fron — e kel
k, I(S) detAn_l
From the induction hypothesis we obtain detA, = Fy ,—1(s). O
Theorem 3.2. Let n be any integer such thatn > 1,
1 0 0
—(An-1) 0
1
Then,
1 0 0 0 0 0
Fio(s) 1 0 0 0 0
Fk,l(s) Fk’()(S) 1 0 0 0
A" =
Fia(s)  Fra(s)  Fio(s) 0 0
: : - . 1 0
L Fin-2(8)  Frna(s) -+ Fra(s) Frol(s) 1
Proof. The proof follows directly from the previous theorem and the equation (2.1). O

Using Theorems 3.1 and 3.2, we can obtain different results for many number sequences and polynomials. Some of
these are the relationships between two sequences, obtaining one as a determinant of the other, and obtaining the other
using terms of one. We present some of them below.

Corollary 3.3. Let T, be the nth term of the Tribonacci sequence, tp, be the nth term of the Tripell sequence and the

.....

T, -1 0 0 0
W T, -1 0 0

C,=| T, T, To - O
: : - |
Tt Tyy - T1 To
Then, detC,, = tp,_;.
Proof. Tf wetaket = (1,1,1)and s = (2,1, 1) in Theorem 3.1, we obtain the desired result. m]

Corollary 3.4. Let T, be the nth term of the Tribonacci sequence, tp, be the nth term of the Tripell sequence and the

1, i=]
cij=9 Ty, i—j=m>0,
Then, (a)_l = [dijli j=12,...n are obtaied by

1, i=],
dij=3 tpm-1, i—j=m>0,
0, i—j<0.

Proof. If wetaket = (1,1,1)and s = (2, 1, 1) in Theorem 3.2, we obtain the desired result. m]
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Corollary 3.5. Let a, be the nth term of the sequence AO02605, b, be the nth term of the sequence AO07482 in [16]
and the n X n lower Hessenberg matrix sequence B, = [b; jl; j=12,... be defined by

a -1 0 0 O

B,=| aa a1 0
-1
ap-1 dp—2 -+ 41 Qo
Then, detB,, = b,_;.
Proof. 1f we take t = (2,2) and s = (3,2) in Theorem 3.1, we obtain the desired result. m|

Corollary 3.6. Let a, be the nth term of the sequence A002605, b, be the nth term of the sequence AO07482 in [16]
and the n X n lower triangular matrix sequence B, = [bjjl; j-12..., be defined by

_ 1, i=j,
b,‘j = —Ampm—1, i— ] =m> 0,
0, i—j<0.
Then, (B,)™" = [uil; j=12....n are obtaied by
1, i=j,
Ujj = bm—l’ i—j:m>0,
0, i—-j<0.
Proof. 1f we take t = (2,2) and s = (3,2) in Theorem 3.2, we obtain the desired result. a
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