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A SECOND-ORDER NUMERICAL METHOD FOR

PSEUDO-PARABOLIC EQUATIONS HAVING BOTH LAYER

BEHAVIOR AND DELAY PARAMETER

Baransel GUNES1 and Hakkı DURU2

1,2Department of Mathematics, Faculty of Science, Van Yuzuncu Yil University, Van, TÜRKİYE

Abstract. In this paper, singularly perturbed pseudo-parabolic initial-boundary

value problems with time-delay parameter are considered by numerically. Ini-
tially, the asymptotic properties of the analytical solution are investigated.

Then, a discretization with exponential coefficient is suggested on a uniform

mesh. The error approximations and uniform convergence of the presented
method are estimated in the discrete energy norm. Finally, some numerical

experiments are given to clarify the theory.

1. Introduction

Singularly perturbed problems are defined by a small parameter ε multiplying
the highest order derivative term in the differential equation. The solutions of
them typically include the boundary or interior layers depending on the situation
of the problem. Because of the existence of the layers, the solution shows a mul-
tiscale character, i.e., the solution behaves stable and slowly away from the layer
region while it behaves unstable and rapidly in the layer region. Therefore, the con-
ventional numerical approaches do not produce the reliable results and ε-uniform
computational techniques are required [19,24,35,37,43,45,47,51] (see, also the ref-
erences therein). To examine singular perturbation problems and their applications
more comprehensively, one may refer in [19,24,35,37,43,45,47,51].

Intercalarily, many mathematical models of real life situations in science are ex-
plained with the singularly perturbed delay differential equations (SPDDEs). Their
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applications can be found in processes for metal plates, spread of HIV and bacte-
rial infections, control theory, population dynamics, neurobiology, thermo elastic-
ity, hydrodynamics of liquid helium, mechanic systems, laser optics and financial
mathematics [10, 20, 31, 38, 57, 61] (see, also the references therein). In the liter-
ature, SPDDEs have been investigated widely by many authors and different nu-
merical methods have been introduced. These include: Reproducing kernel method
[16,28,29], initial value technique [59], numerical integration method [27,50,57], Nu-
merov method [15], the method of hybrid difference schemes [13,14], discontinuous
Galerkin method [64], collocation methods [39, 60, 63], Ritz-Galerkin method [34],
hp−finite element method [46], fitted mesh technique [33, 42], domain decomposi-
tion approach [56], cubic spline methods [36], finite difference methods [5,7,9,22,53]
and so on [11,25,44,48,49,54].

In this paper, we consider the singularly perturbed linear initial-boundary value
pseudo-parapolic problem with time-delay on the domain D̄ = Ω̄ × [0, T ]; Ω̄ =
[0, l] , Ω = (0, l), D = Ω× (0, T ]:

Lu ≡ L1

[
∂u

∂t

]
+ L2u+ c (t)u (x, t− r) = f (x, t) , (x, t) ∈ D, (1)

u (x, t) = φ (x, t) , (x, t) ∈ Ω̄× [−r, 0] , (2)

u(0, t) = u(l, t) = 0, t ∈ (0, T ] , (3)

where

L1

[
∂u

∂t

]
= −ε

∂3u

∂x2∂t
+ a (x)

∂u

∂t
,

L2 [u(x, t)] = −ε
∂2u

∂x2
+ b (x, t)u (x, t) ,

and 0 < ε ≪ 1 is the perturbation parameter; the functions a, b, c, f and φ are
sufficiently smooth, r > 0 is delay parameter and a(x) ≥ α > 0. The problem (1)-
(3) have been studied on Boglaev-type adaptive mesh by conducting linear basis
functions and energy inequalities in [32]. Also, G. Amiraliyev and Y. Mamedov [4]
have proposed an exponentially difference scheme for solving the problem (1)-(3)
without delay parameter.

Pseudo-parabolic or Sobolev type problems have had an important role in the
literature. For scientific background and existence-uniqueness results of pseudo-
parabolic problems without singular perturbation and the delay parameter, one
may refer in [55, 58]. I. Amirali et. al [1] have constructed two-level difference
scheme for semilinear pseudo-parabolic initial-boundary value problems with de-
lay parameter (Please, see also a series of the papers [2, 3, 8]). C. Zhang and Z.
Tan [65] have used linearized compact finite difference methods for solving non-
linear delay Sobolev partial differential equations. On the other hand, latterly,
various numerical schemes have been proposed for parabolic type problems with
singular perturbation case. L. Govindarao and J. Mohapatra [30] have suggested a
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numerical scheme comprised of implicit-trapezoidal scheme on temporal direction
and hybrid type scheme on spatial direction for solving singularly perturbed delay
parabolic initial-boundary value problems. In the paper [6], a fully discrete scheme
has been generated on Shishkin mesh to solve singularly perturbed Sobolev initial-
boundary value problem with initial jump. S. Kumar and M. Kumar [40] have
discretized singularly perturbed nonlinear delay parabolic type partial differential
equations on a generalized Shishkin mesh by using quasilinearization techniques.
M. M. Woldaregay et. al [61] have developed a numerical approach by using Crank-
Nicolson technique for temporal discretization and exponentially fitted difference
scheme for spatial discretization to analyse parabolic convection-diffusion problems
with layer behavior. N. A. Mbroh et. al [41] have designed a numerical discretiza-
tion using fitted operator finite difference method on spatially direction and Crank
Nicolson finite difference approach on time direction. S. Yadav and P. Rai [62]
have constructed a higher-order difference method consisting of hybrid scheme on
Shishkin mesh and implicit Euler method on a uniform mesh to examine singularly
perturbed delay parabolic turning point problems of convection-diffusion type. Au-
thors in [10,12] have provided the standard finite difference scheme on piecewise uni-
form fitted mesh to analyze singularly perturbed delay parabolic initial-boundary
value problems. L Govindarao et. al [31] have established a fourth-order numerical
scheme on Shishkin-type mesh by using Richardson extrapolation to examine sin-
gularly perturbed delay parabolic reaction-diffusion problems. A. B. Chiyaneh and
H. Duru [17,18] have formulated difference schemes to resolve singularly perturbed
Sobolev initial-boundary value problems with time-delay parameter. S. Elango
et. al [23] have provided finite difference scheme on the rectangular piecewise uni-
form mesh by using trapezoidal rule for solving singularly perturbed partial delay
differential equations with integral boundary condition. F. W. Gelu and G. F.
Duressa [26] have suggested B-spline collocation technique on Shishkin mesh to ob-
tain a numerical approximation of singularly perturbed delay parabolic problems of
reaction-diffusion type. In [21], singularly perturbed Sobolev type initial-boundary
value problems with Robin boundary condition have been discretized on a uniform
mesh.

Our focus in this study is to present a robust and stable finite difference scheme
on a uniform mesh for solving problem (1)-(3). With in this mind, we use the
interpolating quadrature rules and exponential basis functions (see [4]).

The rest of this paper is as follows: In Section 2, some priori estimates for
the continuous problem are given. The finite difference scheme is constructed on a
uniform mesh in Section 3. Section 4 presents the stability and convergence analysis
of the proposed scheme in the discrete energy norm. Two numerical examples are
solved and the computed results are tabulated in Section 5. Lastly, the paper ends
with a brief conclusion.
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2. A Priori Bounds

In this section, we give the asymptotic behavior of the analytical solution and
its derivatives.

Lemma 1. The solution u(x, t) of the problem (1)-(3) satisfies that

ε

∥∥∥∥∂u∂x
∥∥∥∥2 + α ∥u∥2 ≤

{[
ε

∥∥∥∥∂φ (x, 0)

∂x

∥∥∥∥2 + ∥φ (x, 0)∥2
]
eCt

+

∫ t

0

c∗ ∥φ (x, s)∥2 eCtds+

t∫
0

∥f∥2 eCtds


where ∥.∥ = ∥.∥L2(0,l)

, C is a generic positive constant and c∗ = max
t∈[0,T ]

|c(t)| .

Proof. The proof of the lemma can be found in the paper [32]. □

Lemma 2. Under the assumptions a ∈ C2 [0, l], b ∈ C2
(
D̄
)
, f ∈ C

(
D̄
)
and

|a(0)− b(0, t)| ≤ Cε, |a(l)− b(l, t)| ≤ Cε, (4)

asymptotic expansion of the solution of the problem (1)-(3) can be written in the
form

u (x, t) = u0 (x, t) + ϑ0 (ξ, t) + w0 (η, t)

+
√
ε [u1 (x, t) + ϑ1 (ξ, t) + w1 (η, t)] +R∗ (x, t) , (5)

where the functions u0 (x, t), u1 (x, t), ϑ0 (ξ, t), w0 (η, t), ϑ1 (ξ, t), w1 (η, t) are the
solutions of the following problems:{

a(x)∂u0

∂t + b(x, t)u0 + c(t)u0 (x, t− r) = f(x, t),
u0(x, t− r) = φ(x), −r ≤ t ≤ 0;{

a (x) ∂u1

∂t + b (x, t)u1 + c(t)u1 (x, t− r) = −
√
ε
[

∂3u0

∂t∂x2 + ∂2u0

∂x2

]
,

u1 (x, t) = 0,−r ≤ t ≤ 0;
−ε ∂3ϑ0

∂t∂ξ2
+ a (0) ∂ϑ0

∂t − ε∂2ϑ0

∂ξ2
+ a(0)ϑ0 + c(t)ϑ0 (x, t− r) = 0,

ϑ0(ξ, t) = 0, −r ≤ t ≤ 0;
ϑ0(0, t) = −u0 (0, t) ; ϑ0(

l√
ε
, t) = 0,

−ε ∂3ϑ1

∂t∂ξ2
+ a(0)∂ϑ1

∂t − ε∂2ϑ1

∂ξ2
+ a(0)ϑ1 + c(t)ϑ1 (x, t− r)

=−ξ ∂b
∂x (0, t)ϑ0 − ξa′(0)∂ϑ0

∂t ,
ϑ1(ξ, t) = 0, −r ≤ t ≤ 0;
ϑ1(0, t) = −u1 (0, t) ; ϑ1(

l√
ε
, t) = 0,

−ε ∂3w0

∂t∂η2 + a(l)∂w0

∂t − ε∂2w0

∂η2 + a(l)w0 + c(t)w0 (x, t− r) = 0,

w0(η, t) = 0, −r ≤ t ≤ 0;
w0(

l√
ε
, t) = 0;w0(0, t) = −u0 (l, t) ,
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−ε ∂3w1

∂t∂η2 + a(l)∂w1

∂t − ε∂2w1

∂η2 + a(l)w1 + c(t)w1 (x, t− r)

=−η ∂b
∂x (l, t)ω0 − ηa′(l)∂

2w0

∂t2 ,
w1(η, t) = 0, −r ≤ t ≤ 0;
w1(

l√
ε
, t) = 0 ; w1(0, t) = −u1 (l, t) ,

where ξ = x√
ε
and η = l−x√

ε
. Additionally, the remainder term of the asymptotic

expansion can be estimated as

εs
∥∥∥∥∂k+sR∗

∂tk∂xs

∥∥∥∥ ≤ Cε1−s/2 k, s = 0, 1, 2.

Proof. The proof can be shown by using a similar approach of [4,17,18,21,32]. □

Lemma 3. Under the conditions of Lemma (2), using∣∣∣∣∂k+sϑ0

∂tk∂xs

∣∣∣∣ ≤ Cε−s/2e−x
√

a(0)/ε

and ∣∣∣∣∂k+sw0

∂tk∂xs

∣∣∣∣ ≤ Cε−s/2e−(l−x)
√

a(l)/ε,

we have the following bound:∣∣∣∣ ∂k+su

∂tk∂xs

∣∣∣∣ ≤ C
{
1 + ε−s/2

[
e−x

√
a(0)/ε + e−(l−x)

√
a(l)/ε

]}
, (6)

(x, t) ∈ D̄, k = 0, 1, 2; s = 0, 1, 2.

Proof. The proof of the lemma is similar to those of [4, 17,18,21,32]. □

3. Spatial and Temporal Discretization

In this section, we propose the discretization for the problem (1)-(3). Let ωhτ =
ωh × ωτ denote the mesh on D:

ωh = {xi = ih, i = 1, 2, ..., N − 1, h = l/N}
ωτ = {tj = jτ , j = 1, 2, ...,M ; τ = T/M}

and
ω̄h = ωh ∪ {x0 = 0, xN = l} , ω̄τ = ωτ ∪ {t = 0} .

For any mesh function v(x) described on ω̄h, we use the difference formulas in [52]:

vi = v(xi), vx̄,i =
vi − vi−1

h
,

vx,i =
vi+1 − vi

h
, vx̄x,i =

vi+1 − 2vi + vi−1

h2
.

Also, for a function w ≡ wj
i ≡ w(xi, tj) defined on ω̄τ , we need (see [52])

wj
t̄,i =

wj
i − wj−1

i

τ
.
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Now, we begin to establish the difference scheme according to the space variable.
To formulate the difference method, the following integral identity is used:

h−1

∫ xi+1

xi−1

L1

[
∂u

∂t

]
φi (x) dx+h−1

∫ xi+1

xi−1

L2 [u]φi (x) dx

+h−1

∫ xi+1

xi−1

c (t)u (x, t− r)φi (x) dx=h−1

∫ xi+1

xi−1

f(x, t)φi (x) dx (7)

where the exponential basis function

φi (x) =


φ
(1)
i (x) ≡ sinh γi−0,5(x−xi−1)

sinh γi−0,5h
, x ∈ [xi−1, xi] ,

φ
(2)
i (x) ≡ sinh γi+0,5(xi+1−x)

sinh γi+0,5h
, x ∈ [xi, xi+1] ,

0, x /∈ (xi−1, xi+1) .

Also γi =
√
ai/ε (i = 1, 2, ..., N − 1), and a(xi±0,5) = a

(
xi ± h

2

)
. The functions

φ
(1)
i (x) and φ

(2)
i (x) are the solutions of the following problems, respectively:{

−εφ
(1)

′′

i (x) + ai−0.5φ
(1) (x) = 0, xi−1 < x < xi,

φ(1) (xi−1) = 0, φ(1) (xi) = 1,{
−εφ

(2)
′′

i (x) + ai+0.5φ
(2) (x) = 0, xi < x < xi+1,

φ(2) (xi) = 1, φ(2) (xi+1) = 0.

For the first term of the equality (7), applying interpolating quadrature rules in [4]
and some processes in [17], it is found that

h−1

∫ xi+1

xi−1

L1

[
∂u

∂t

]
φi (x) dx =h−1

∫ xi+1

xi−1

{
−ε

∂3u

∂x2∂t
+ a (x)

∂u

∂t

}
φi (x) dx

=h−1

∫ xi

xi−1

{
−ε

∂3u

∂x2∂t
+ ai−0.5

∂u

∂t

}
φ
(1)
i (x) dx

+h−1

∫ xi+1

xi

{
−ε

∂3u

∂x2∂t
+ ai+0.5

∂u

∂t

}
φ
(2)
i (x) dx

+h−1

∫ xi

xi−1

[a(x)− ai−0.5]
∂u

∂t
φ
(1)
i (x) dx+h−1

∫ xi+1

xi

[a(x)− ai+0.5]
∂u

∂t
φ
(2)
i (x) dx.

Then, we get

h−1

∫ xi+1

xi−1

L1

[
∂u

∂t

]
φi (x) dx = −ε

(
θ0

[
∂u

∂t

]
x̄

)
x,i

+Aθ1

(
∂u

∂t

)
i

+R∗
1,i (t) (8)

where

A =
1

2
(ai−0.5 + ai+0.5) ,

R∗
1,i (t) = h−1

∫ xi

xi−1

[a(x)− ai−0.5]
∂u

∂t
φ
(1)
i (x) dx+h−1

∫ xi+1

xi

[a(x)− ai+0.5]
∂u

∂t
φ
(2)
i (x) dx
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+
[
(ai−0.5 −A) θ

(1)
1 + (ai+0.5 −A) θ

(2)
1

](∂u

∂t

)
and

θ0 ≡ (θ0)i = 1 + ε−1ai−0.5

∫ xi

xi−1

(x− xi)φ
(1)
i (x) dx

=
ρ
√
ai−0.5

sinh
(
ρ
√
ai−0.5

) , (ρ = h/
√
ε
)
,

θ
(1)
1 = h−1

∫ xi

xi−1

φ
(1)
i (x) dx =

1

ρ
√
ai−0.5

tanh
ρ
√
ai−0.5

2
,

θ
(2)
1 = h−1

∫ xi+1

xi

φ
(2)
i (x) dx =

1

ρ
√
ai+0.5

tanh
ρ
√
ai+0.5

2
,

θ1,i = θ
(1)
1,i + θ

(2)
1,i , Ai =

1

2
(a (xi−0.5) + a (xi+0.5)) .

For the second term of the equation (7), we obtain

h−1

∫ xi+1

xi−1

L2 [u]φi (x) dx =h−1

∫ xi+1

xi−1

(
−ε

∂2u

∂x2
+ b (x, t)u (x, t)

)
φi (x) dx

= −ε (θ0ux̄)x,i +Bθ1u (xi, t) + θ1R
∗
2,i (t) (9)

where

B =
1

2
[b(xi−0.5, t) + b(xi+0.5, t)]

and

R∗
2,i (t) = θ−1

1

[
h−1

∫ xi+1

xi−1

L2 [u]φi (x) dx+
(
ε (θ0ux̄)x,i −Bθ1u (xi, t)

)]
.

For the third term of the equation (7), it is found that

h−1

∫ xi+1

xi−1

c (t)u (x, t− r)φi (x) dx =h−1c (t)

∫ xi+1

xi−1

u (x, t− r)φi (x) dx

= c (t)u (xi, t− r)h−1

∫ xi+1

xi−1

φi (x) dx+R∗
3,i (t)

= θ1c (t)u (xi, t− r)+R∗
3,i (t) (10)

where

R∗
3,i (t) = θ−1

1 h−1c (t)

∫ xi+1

xi−1

[u(x, t− r)− u(xi, t− r)]φi (x) dx.

The term of the right side of the equation (7), we can write:

h−1

∫ xi+1

xi−1

f(x, t)φi (x) dx =θ1Fi − θ1R
∗
4,i (t) (11)
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where

R∗
4,i (t) = −h−1θ−1

1

∫ xi+1

xi−1

[f(x, t)− F (xi, t)]φi (x) dx

and

F (xi, t) =
1

2
[f(xi−0.5, t) + f(xi+0.5, t)] .

By combining (8),(9),(10) and (11), we have

−ε

(
θ0

[
∂u

∂t

]
x̄

)
x,i

+Aθ1

(
∂u

∂t

)
−ε (θ0ux̄)x,i+Bθ1u (xi, t)+θ1c(t)u (xi, t− r)+θ1R

∗
i = θ1Fi

where
R∗

i = R∗
1,i (t) +R∗

2,i (t) +R∗
3,i (t) +R∗

4,i (t) .

Then, to obtain the discretization for the time variable, we consider the integral
equality in the form

τ−1

∫ tj

tj−1

[Lu− f (xi, t)] dt =τ−1

∫ tj

tj−1

{
ε

[
θ0

(
∂u

∂t

)
x̄

]
x,i

+Aθ1

(
∂u

∂t

)
i

− ε (θ0ux̄)x,i

+Bθ1u(xi, t) + θ1c(t)u(xi, t− r)− θ1Fi + θ1R
∗
i } dt (12)

Applying the interpolating quadrature rules [4] to first two terms of the equation
(12), we have

τ−1

∫ tj

tj−1

[
−ε

(
θ0

(
∂u

∂t

)
x̄

)
x,i

+Aθ1

(
∂u

∂t

)
i

]
dt = −ε (θ0ut̄x̄)x + θ1Aut̄.

For the third and fourth terms of the equation (12), it is obtained that

τ−1

∫ tj

tj−1

[−ε (θ0ux̄)x + θ1Biui] dt = −ε
(
θ0u

(σ)
x̄

)
x
+ θ1B

j
i u

(σ)
i + ε

(
θ0R

(0)
)
x̄
+R

(1)
1

where

R(0) = u(σ) (xi, tj)− τ−1

∫ tj

tj−1

u (xi, η) dη

and

R
(1)
1 = θ1B

j
i

(
τ−1

∫ tj

tj−1

u(xi, t)dt− u
(σ)
i

)
.

For the term involving the delay parameter, rewriting τ = T/M and rM/T = M0,
we have

θ1τ
−1

∫ tj

tj−1

c(t)u (xi, t− r) dt =θ1c
juj−M0

i +Rj
c

where

Rj
c = θ1

{
τ−1

∫ tj

tj−1

[
c(t)− cj

]
u (xi, t− r) dt
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+τ−1

∫ tj

tj−1

cj (u (xi, t− r)− u (xi, tj − r)) dt

}
.

For the term of the right side of the equation (12), we find

τ−1

∫ tj

tj−1

θ1F (xi, t)dt =θ1F
j
i +Rf ,

where

Rf = τ−1

∫ tj

tj−1

θ1F (xi, t)dt−θ1F
j
i .

Thus, we can suggest the following difference scheme

ℓuj
i := ℓ1

(
uj
t̄,i

)
+ ℓ2

(
uj
i

)
+ θ1c

juj−M0

i +Rj
i = θ1F

j
i . (13)

where

ℓ1

(
uj
t̄,i

)
= −ε

(
θ0u

j
t̄x̄

)
x,i

+ θ1Auj
t̄ ,

ℓ2

(
uj
i

)
= −ε

(
θ0u

(σ)
x̄

)
x,i

+ θ1B
j
i u

(σ)
i ,

and the remainder term is denoted by

Rj
i = ε

(
θ0R

(0)
)
x
+ θ1R

(1) + θ1Rc,j

where

R(1) = τ−1

∫ tj

tj−1

R∗
i (t)dt+R

(1)
1 −Rf .

By omitting the remainder term Rj
i in (13), we can write for the approximate

solution

−ε
(
θ0y

j
t̄x̄

)
x,i

+ θ1Ayjt̄−ε
(
θ0y

(σ)
x̄

)
x,i

+ θ1B
j
i y

(σ)
i + θ1c

jyj−M0

i = θ1F
j
i , (14)

y (xi, tj) = φ (xi, tj) , −M0 ≤ j ≤ 0, 0 ≤ i ≤ N, (15)

yj0 = yjN = 0. (16)

4. Error Bounds

Let uj
i be the solution of the problem (1)-(3) and let yji be the solution of the

problem (14)-(16). Then, the error function zji = yji − uj
i be the solution of the

following discrete problem:

ℓ1

(
zjt̄,i

)
+ ℓ2

(
zji

)
+ θ1c

jzj−M0

i = Rj
i . (17)

z (xi, tj) = 0, 0 ≤ i ≤ N, −M0 ≤ j ≤ 0, (18)

zj0 = zjN = 0, t ∈ ω̄τ , (19)

where

ℓ1

(
zjt̄,i

)
= −ε

(
θ0z

j
t̄x̄

)
x,i

+ θ1Azjt̄
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and

ℓ2

(
zji

)
= −ε

(
θ0z

(σ)
x̄

)
x,i

+ θ1B
j
i z

(σ)
i .

Lemma 4. Under the conditions 1 + στ > 0 and A + στB > 0, the following
estimate is satisfied:

∥z∥2 ≤ Cτ

j∑
k=1

∥∥θ−1
1 R

∥∥2
−∗ .

where

∥∥θ−1
1 R

∥∥2
−∗ = (θ1)

−1
sup
v

|(R, v)|2

(θ0vx̄, vx̄) + (θ1v, v)

≤ (θ1)
−1
{
ε
(
θ0R

(0), R(0)
)
+
(
θ1R

(1), R(1)
)
+ (θ1Rc, Rc)

}
.

Proof. To carry out the error analysis, we use a similar approach in [4,17,32]. First
of all, we consider the following equation for the discrete problem (17)-(19):

(ℓz, z) = (R, z) .

From here, we get(
−ε (θ0zt̄x̄)x,i , z

)
=

ε

2

(
θ0zt̄x̄,i, zx̄,i

)
=

ε

2
(θ0zx̄,i, zx̄,i)t̄ +

ετ

2

(
θ0zt̄x̄,i, zt̄x̄,i

)
and

(θ1Azt̄, z) =
1

2
(Aθ1z, z)t̄ +

τ

2

(
Aθ1z

t̄
, z

t̄

)
.

Then, to obtain the bound for the term z(σ)(xi, tj), we take the following equality
into account:

z(σ) = σz + (1− σ)ž = σz(xi, tj) + (1− σ)z(xi, tj−1) (20)

Hence, we acquire as(
−ε
(
θ0z

(σ)
x̄

)
x,i

, z

)
= ε (θ0žx̄, žx̄) + ετ (θ0žx̄, zt̄x̄)

+
εστ

2
(θ0zx̄, zx̄)t̄ +

εστ2

2
(θ0zt̄x̄, zt̄x̄)

and (
θ1Bz(σ), z

)
= (θ1Bž, ž) + τ (θ1Bž, zt̄)

+
στ

2
(θ1Bz, z)t̄ +

στ2

2
(θ1Bzt̄, zt̄) .
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Furthermore, we can write the following estimates:∣∣∣(θ1cjzj−M0

i , z
)∣∣∣ ≤ c∗µ1

(
θ1z

j−M0

i , zj−M0

i

)
+

c∗

4µ1

(θ1z, z) ,

∣∣∣(−ε
(
θ0R

(0)
)
x
, z
)∣∣∣ ≤ ε

∣∣∣(θ0R(0), zx̄

)∣∣∣ ≤ εµ2 |(θ0zx̄, zx̄)|+
ε

4µ2

(
θ0R

(0), R(0)
)
,

∣∣∣(θ1R(1), z
)∣∣∣ ≤ µ3 |(θ1z, z)|+

1

4µ3

(
θ1R

(1), R(1)
)

and

|(θ1Rc, z)| ≤ µ4 |(θ1Rc, Rc)|+
1

4µ4

(θ1z, z) .

Taking µ1 = µ2 = µ3 = µ4 = 1
2 and merging these results, we obtain

1

2
{ε (1 + στ) (θ0zx̄,i, zx̄,i) + (A+ στB) (θ1z, z)}t̄

+
τ

2

{
ε (1 + στ)

(
θ0zt̄x̄,i, zt̄x̄,i

)
+ (A+ στB)

(
θ1z

t̄
, z

t̄

)}
+ε (θ0žx̄, žx̄) + (θ1Bž, ž) + ετ (θ0žx̄, zt̄x̄) + τ (θ1Bž, zt̄)

≤ c∗

2

(
θ1z

j−M0

i , zj−M0

i

)
+

c∗

2
(θ1z, z) +

ε

2
(θ0zx̄, zx̄)

+
ε

2

(
θ0R

(0), R(0)
)
+ (θ1z, z) +

1

2

(
θ1R

(1), R(1)
)
+

1

2
(θ1Rc, Rc) (21)

which concludes the proof of the lemma. □

Lemma 5. Under the conditions of the Lemma (3) and rewriting σ = 0.5 in the
relation (20), the remainder term R holds the following estimate:

∥R∥ ≤ C
(
h+ τ2

)
.

Proof. The proof of the lemma is similar manner as in [4, 17]. □

5. Numerical Results

In this section, the numerical method is tested on two examples to validate the
theory. To determine the reliability of the numerical approximation, we take into
consideration the elimination method in [52]. Firstly, the difference equation (14)
can be written explicitly:

−εh−2τ−1
[
θ0,i+1

(
yji+1 − yj−1

i+1 − yji + yj−1
i

)
− θ0,i

(
yji − yj−1

i − yji−1 + yj−1
i−1

)]
+τ−1Aθ1

(
yji − yj−1

i

)
− εh−2

[
θ0,i+1

(
y
(σ)
i+1 − y

(σ)
i − y

(σ)
i + y

(σ)
i−1

)]
+θ1,iBy

(σ)
i + θ1c

jyj−M0

i = θ1,iFi. (22)
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Secondly, we adapt the relation (22) according to the following difference equality:

D∗
i y

j
i−1 − E∗

i y
j
i +G∗

i y
j
i+1 = −H∗

i , i = 2, 3, ..., N − 1, j = 2, 3, ...,M − 1.

Here, to express the term y
(σ)
i in (22), we use

y(σ) = σy + (1− σ) y̌ = σy (xi, tj) + (1− σ) y (xi, tj−1) . (23)

Substituting σ = 1
2 in the equation (23), we obtain

D∗
i = −εh−2

(
θ0,iτ

−1 − θ0,i+1

2

)
, G∗

i = −εh−2θ0,i+1

(
τ−1 +

1

2

)
,

E∗
i = −εh−2θ0,i+1

(
τ−1 + 1

)
+ θ0,i+1τ

−1 − θ1,i

(
Aiτ

−1 +
Bi

2

)
and

H∗
i = −θ1,iFi + θ1,ic

jyj−M0

i + yj−1
i−1

(
−εh−2

(
θ0,i+1

2
+ θ0,iτ

−1

))
+yj−1

i+1

(
−εh−2θ0,i+1

(
1

2
+ τ−1

))
+yj−1

i

(
θ1,i

Bi

2
− εh−2

(
θ0,i+1 + τ−1 (1 + θ0,i)

)
− θ0,i+1Aiτ

−1

)
.

Thirdly, the coefficients of the elimination method [52] are indicated as

αi+1 =
G∗

i

E∗
i −D∗

i αi
, βi+1 =

H∗
i +D∗

i βi

E∗
i −D∗

i αi
,

and the output of the computational approach is calculated by

yji = αi+1y
j
i+1 + βi+1, i = 1, ..., N − 1.

In numerical calculations, we use the double-mesh approach [19, 24]. The approxi-
mate errors and ε-uniform maximum pointwise errors are noted as

eNε = max
ωh×ωτ

∣∣∣yε,Ni − yε,2Ni

∣∣∣
and

eN = max
ε

eNε .

Additionally, the order of convergence and ε-uniform rate of convergence are cal-
culated as

pNε =
ln(eNε /e2Nε )

ln 2
, pN =

ln(eN/e2N )

ln 2
.

Example 1. Consider the following singularly perturbed pseudo-parabolic initial-
boundary value problem:

−ε
∂3u

∂t∂x2
+ (x2(1− x) + 1)

∂u

∂t
− ε

∂2u

∂x2
+ (3 + t sin(πxt))u+ (1 + t2)u (x, t− r)

= e−t sin t(x+ sin(πx)), (x, t) ∈ (0, l)× (0, T ] ,
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subject to the conditions

u(x, t) = φ (x, t) = e−t sin(πx), (x, t) ∈ Ω̄× [−r, 0] ,

u(0, t) = u(1, t) = 0, t ∈ (0, T ] ,

where l = 1, r = 1 and T = 2. The computed results are shown in Table 1.

Example 2. Take into account the second test problem:

−ε
∂3u

∂t∂x2
+ (1 +

x

2
(1− x))

∂u

∂t
− ε

∂2u

∂x2
+ (3 + t cos(πxt))u+ (1 +

t2

2
)u (x, t− r)

= e−t sin t(x− cos(πx)), (x, t) ∈ (0, l)× (0, T ] ,

with

u(x, t) = φ (x, t) = e−t sin(2πx), (x, t) ∈ Ω̄× [−r, 0] ,

u(0, t) = u(1, t) = 0, t ∈ (0, T ] ,

where l = 1, r = 1 and T = 2. The experimental results are presented in Table 2.

In Tables 1-2, the maximum nodal errors and order of convergence are presented
for the values N = 2n, (n = 7, 8, ..., 11) and ε = 2−2w, (w = 1, 2, ..., 8). It is
concluded that as the value N increases the maximum pointwise errors eN , e2N

are decrease. This implies the reliability of the proposed scheme. Even though the
presented numerical algorithm produce stable results, it can be further improved
in terms of computational timing.

6. Discussion and Conclusion

In this paper, we have generated a new and efficient numerical scheme to solve
initial-boundary value problems of singularly perturbed delay pseudo-parabolic
equations. Using the energy estimates and difference analogues of integral inequal-
ities, the error bounds and the parameter-uniform convergence of the proposed
scheme have been analyzed. Two test problems have been solved and the experi-
mental results have been reflected in Tables 1-2. From these results, it is observed
that the order of convergence pN is almost 2. In a nutshell, numerical applica-
tions agree with the theory. To improve the outlines of this study, the suggested
approach can be carried out for more sophisticated problems involving higher di-
mensional equations, nonlinear functions, fractional derivatives.
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Table 1. Maximum pointwise errors eN , e2N and the order of
convergence pN on ωh × ωτ

ε N
128 256 512 1024 2048

2−2 eN 0.00002343 0.00000586 0.00000146 0.00000037 0.00000009
e2N 0.00000586 0.00000146 0.00000037 0.00000009 0.00000002
pN 1.9997 2.0003 2.0002 2.0002 2.0000

2−4 eN 0.00009372 0.00002343 0.00000586 0.00000146 0.00000037
e2N 0.00002343 0.00000586 0.00000146 0.00000037 0.00000009
pN 1.9997 2.0003 2.0002 2.0001 2.0001

2−6 eN 0.00037489 0.00009374 0.00002346 0.00000586 0.00000146
e2N 0.00009374 0.00002343 0.00000586 0.00000146 0.00000037
pN 1.9998 2.0003 2.0002 2.0001 2.0001

2−8 eN 0.00150000 0.00037497 0.00009371 0.00002342 0.00000586
e2N 0.00037497 0.00009371 0.00002342 0.00000586 0.00000146
pN 2.0001 2.0004 2.0003 2.0001 2.0000

2−10 eN 0.00600672 0.00150030 0.00037488 0.00009370 0.00002342
e2N 0.00150030 0.00037488 0.00009370 0.00002342 0.00000585
p 2.0013 2.0007 2.0003 2.0001 2.0001

2−12 eN 0.02413597 0.00600810 0.00149997 0.00037481 0.00009369
e2N 0.00600810 0.00149997 0.00037481 0.00009369 0.00002342
pN 2.0062 2.0019 2.0006 2.0002 2.0001

2−14 eN 0.09832477 0.02414373 0.00600685 0.00149968 0.00037477
e2N 0.02414320 0.00600685 0.00149968 0.00037477 0.00009368
pN 2.0259 2.0069 2.0019 2.0005 2.0001

2−16 eN 0.42375898 0.09838510 0.02413962 0.00600574 0.00149951
e2N 0.09838312 0.02413933 0.00600574 0.00149951 0.00037474
pN 2.1067 2.0270 2.0069 2.0018 2.0005
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