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A SECOND-ORDER NUMERICAL METHOD FOR
PSEUDO-PARABOLIC EQUATIONS HAVING BOTH LAYER
BEHAVIOR AND DELAY PARAMETER

Baransel GUNES! and Hakki DURU?

L.2Department of Mathematics, Faculty of Science, Van Yuzuncu Yil University, Van, TURKIYE

ABSTRACT. In this paper, singularly perturbed pseudo-parabolic initial-boundary
value problems with time-delay parameter are considered by numerically. Ini-
tially, the asymptotic properties of the analytical solution are investigated.
Then, a discretization with exponential coefficient is suggested on a uniform
mesh. The error approximations and uniform convergence of the presented
method are estimated in the discrete energy norm. Finally, some numerical
experiments are given to clarify the theory.

1. INTRODUCTION

Singularly perturbed problems are defined by a small parameter ¢ multiplying
the highest order derivative term in the differential equation. The solutions of
them typically include the boundary or interior layers depending on the situation
of the problem. Because of the existence of the layers, the solution shows a mul-
tiscale character, i.e., the solution behaves stable and slowly away from the layer
region while it behaves unstable and rapidly in the layer region. Therefore, the con-
ventional numerical approaches do not produce the reliable results and e-uniform
computational techniques are required [19,/24,35,/37,43145L[47,|51] (see, also the ref-
erences therein). To examine singular perturbation problems and their applications
more comprehensively, one may refer in [19}24}35}37}43,/45,47,51].

Intercalarily, many mathematical models of real life situations in science are ex-
plained with the singularly perturbed delay differential equations (SPDDEs). Their
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applications can be found in processes for metal plates, spread of HIV and bacte-
rial infections, control theory, population dynamics, neurobiology, thermo elastic-
ity, hydrodynamics of liquid helium, mechanic systems, laser optics and financial
mathematics (see, also the references therein). In the liter-
ature, SPDDEs have been investigated widely by many authors and different nu-
merical methods have been introduced. These include: Reproducing kernel method
, initial value technique , numerical integration method , Nu-
merov method , the method of hybrid difference schemes , discontinuous
Galerkin method , collocation methods , Ritz—Galerkin method ,
hp—finite element method [46 . fitted mesh technique |3 , domain decomposi-
tion approach [56], cubic spline methods [36], finite dlfference methods ll@l.

and so on .l....

In this paper, we consider the singularly perturbed linear initial-boundary value

pseudo-parapolic problem with time-delay on the domain D = Q x [0,T]; Q =
[0,{], @=(0,1), D=Q x (0,7T):

Lu=1, [au] + Lou+c(t)u(z,t —r)= f(z,t), (z,t)€D, (1)

ot
u(z,t) = (x,t), (z,t)€Qx[-r0], (2)
u(0,t) =u(l,t) =0, t € (0,7T], (3)
where
ou &3u ou
L [61&] = o Te@ g
Lo [u(z,t)] = 22 5 +b(z,t)u(z,t),

and 0 < € < 1 is the perturbation parameter; the functions a, b, ¢, f and ¢ are
sufficiently smooth, r > 0 is delay parameter and a(z) > « > 0. The problem —
have been studied on Boglaev-type adaptive mesh by conducting linear basis
functions and energy inequalities in . Also, G. Amiraliyev and Y. Mamedov [4]
have proposed an exponentially difference scheme for solving the problem 1}
without delay parameter.

Pseudo-parabolic or Sobolev type problems have had an important role in the
literature. For scientific background and existence-uniqueness results of pseudo-
parabolic problems without singular perturbation and the delay parameter, one
may refer in . I. Amirali et. al have constructed two-level difference
scheme for semilinear pseudo-parabolic initial-boundary value problems with de-
lay parameter (Please, see also a series of the papers ) C. Zhang and Z.
Tan have used linearized compact finite difference methods for solving non-
linear delay Sobolev partial differential equations. On the other hand, latterly,
various numerical schemes have been proposed for parabolic type problems with
singular perturbation case. L. Govindarao and J. Mohapatra have suggested a
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numerical scheme comprised of implicit-trapezoidal scheme on temporal direction
and hybrid type scheme on spatial direction for solving singularly perturbed delay
parabolic initial-boundary value problems. In the paper [6], a fully discrete scheme
has been generated on Shishkin mesh to solve singularly perturbed Sobolev initial-
boundary value problem with initial jump. S. Kumar and M. Kumar [40] have
discretized singularly perturbed nonlinear delay parabolic type partial differential
equations on a generalized Shishkin mesh by using quasilinearization techniques.
M. M. Woldaregay et. al |[61] have developed a numerical approach by using Crank-
Nicolson technique for temporal discretization and exponentially fitted difference
scheme for spatial discretization to analyse parabolic convection-diffusion problems
with layer behavior. N. A. Mbroh et. al [41] have designed a numerical discretiza-
tion using fitted operator finite difference method on spatially direction and Crank
Nicolson finite difference approach on time direction. S. Yadav and P. Rai [62]
have constructed a higher-order difference method consisting of hybrid scheme on
Shishkin mesh and implicit Euler method on a uniform mesh to examine singularly
perturbed delay parabolic turning point problems of convection-diffusion type. Au-
thors in [1012] have provided the standard finite difference scheme on piecewise uni-
form fitted mesh to analyze singularly perturbed delay parabolic initial-boundary
value problems. L Govindarao et. al [31] have established a fourth-order numerical
scheme on Shishkin-type mesh by using Richardson extrapolation to examine sin-
gularly perturbed delay parabolic reaction-diffusion problems. A. B. Chiyaneh and
H. Duru [17|18] have formulated difference schemes to resolve singularly perturbed
Sobolev initial-boundary value problems with time-delay parameter. S. Elango
et. al |23] have provided finite difference scheme on the rectangular piecewise uni-
form mesh by using trapezoidal rule for solving singularly perturbed partial delay
differential equations with integral boundary condition. F. W. Gelu and G. F.
Duressa |26] have suggested B-spline collocation technique on Shishkin mesh to ob-
tain a numerical approximation of singularly perturbed delay parabolic problems of
reaction-diffusion type. In [21], singularly perturbed Sobolev type initial-boundary
value problems with Robin boundary condition have been discretized on a uniform
mesh.

Our focus in this study is to present a robust and stable finite difference scheme
on a uniform mesh for solving problem —. With in this mind, we use the
interpolating quadrature rules and exponential basis functions (see [4]).

The rest of this paper is as follows: In Section 2, some priori estimates for
the continuous problem are given. The finite difference scheme is constructed on a
uniform mesh in Section 3. Section 4 presents the stability and convergence analysis
of the proposed scheme in the discrete energy norm. Two numerical examples are
solved and the computed results are tabulated in Section 5. Lastly, the paper ends
with a brief conclusion.
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2. A PRrIor1 BOUNDS

In this section, we give the asymptotic behavior of the analytical solution and
its derivatives.

Lemma 1. The solution u(x,t) of the problem (1)-(3) satisfies that

2
4 o) < {HW 0

2
+ Iw(w,O)Iﬂ e

“ 0w ?
, ¢
+ [ e lo sl tas+ [ 17 as
0
0
where ||.|| = |||, 0,1, C is a generic positive constant and c* = tgﬁ)%] le(t)] -
Proof. The proof of the lemma can be found in the paper [32]. O
Lemma 2. Under the assumptions a € C%[0,1], b € C? (D), fed (D) and
a(0) = b(0,8)| < Ce, a(l) = b(l,1)| < Ce, (4)

asymptotic expansion of the solution of the problem -(@ can be written in the
form

U (1'7 t) = Uo (I7 t) + 190 (ga t) + wo (7]’ t)
+\£ [ul (CL’, t) + 191 (5, t) +wq (777 t)] + R (CL’, t) ’ (5)
where the functions ug (x,t), uy (z,t), 9o (&,t), wo (n,t), 91 (1), w1 (n,t) are the
solutions of the following problems:

{ CL(.’E)% + b(ffat)uo + C(t)uo ($,t - T) = f(x’t)v
ug(z,t —r) =p(x), —r <t <0;

a (@) 28 4 b (2, t)ur + c(thur (,t — 1) = —/E | Sty + P ||
up (x,t) =0,—r <t <0

< Gt +a(0) G — %8+ a(0)o + (1) (2.t — 1) = 0,
Po(&,t) =0, —r <t <0

90(0,1) = —uq (0,1); Vo(z,t) =0,

—e 20 +a(0) 20 — 25 + a(0)9: + () (z,t —7)
=—£25(0,)0 — £a’(0) %02,

01 (&,t) =0, —r<t<0;

ﬁl(ovt) = U (Ovt); ﬁl(%vt) =0,

—5355?702 a(l) agzo — 56;77’;0 + a(l)wo + c(t)wo (z,t — 1) =0,

wo(n,t) =0, —r<t<0;
wo(ﬁ,t) = 07’11)0(07t) = —Ug (l,t),
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—agfé‘;g +a(l)%e — 5632:7‘;1 + a(l)wy + e(t)wy (z,t — 1)
2

=—n2(1,t)wo — na’ (1) 2552,

wl(nat)zoa _TStS(L

wl(ﬁ,t) = 0; wl(O,t) = —Uuj (l,t) 5

x l—x

where £ = NG and n = N Additionally, the remainder term of the asymptotic

expansion can be estimated as

8k+s R*
Otkdzxs
Proof. The proof can be shown by using a similar approach of . O

Lemma 3. Under the conditions of Lemma (@, using

et <Ce? k s=0,1,2.

ak+57‘90 —s/2 _—xz+/a(0
T
and
Wo

< Cafs/Qef(lfm)\/a(l)/s’

Otkdxs

we have the following bound:

‘ k+sy, s {1 P [e_x\/m + e—(z_@\/W} } , (6)

’ akJrs

Otkoxs | —

(z,t)e D, k=0, 1, 2, s=0, 1, 2.
Proof. The proof of the lemma is similar to those of . ]

3. SPATIAL AND TEMPORAL DISCRETIZATION

In this section, we propose the discretization for the problem —. Let wp,r =

wh X w, denote the mesh on D:
wp ={x; =th, i=1,2,..,N—1, h=I[/N}
wr={t;=47,57=12,. ., M;Tr=T/M}
and
wp =wpU{xg =02y =1}, &, =w, U{t =0}.

For any mesh function v(z) described on @y, we use the difference formulas in :

o Uy — Ui

v = v(x;), vz = —
oo oo Vil TV Vi1 = 205 Uiy
xr,n Tx, i — .

h ’ h?

Also, for a function w = w! = w(x;,t;) defined on @w,, we need (see \\
j i—1
w! — w!

i i

T
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Now, we begin to establish the difference scheme according to the space variable.
To formulate the difference method, the following integral identity is used:

Bl /w+L {gﬂ () dath™ / T Ll e, (2) do

i—1 i—1
Ti41 Ti41
w7 [ Ce@ulnt-np@den [ fee@de @
Ti—1 Tj—1
where the exponential basis function
1 _ sinh~y,_¢ s(z—xi—1)
o (2) = %a T € w1, mi)
. — (2) _ sinhy, o 5(zig1—)
¢; (v) 0, (x) = —sin£07i+0,5h ,
0, x¢ (i_1,%41).

Also v; = v/a;/e (i = 1,2,..,N — 1), and a(2,105) = a (z; £ 2). The functions
<pz(-1)(x) and @EQ) (z) are the solutions of the following problems, respectively:

T €[z, Tiq1],

{ —6@1(-1) (z) + ai—o.5pW (£) =0, z;_1 <z <uay,
90(1) (iL’ —1) = 07 Qo(l) (xz) 13

—s<p§2) () 4 airos50? (x) =0, 2; < T < Tiy1,
¢ (@) =1, ¢ (2i41) =0,

For the first term of the equality , applying interpolating quadrature rules in [4]

and some processes in [17], it is found that

[T ou Tit1 A3u ou
h 1/ Ly [815} ; () de =h~ / {—EM—i—a(I)at}%(m)dm

i—1

T 83 o
:h_l { u + ai—0.5 u}‘Pgl)( )dl‘

H\_/

21 <0220t ot
1 Tit1 B 83u ou @)
h /x Ea zgp TG0y p o0 (T)da
-~ Tq a i+1 a
+ht - [a(x) — a;—o.5) o <pl x)dx+h~ / — i40.5) althp?)( x) dx.
Then, we get
”1 Ju ou .
W |G e @i (0]5] ) can(5) <m0 ®
where .
A= 3 (ai—0.5 + aiyos),

du ()

L =7 [ o)~ aias) G (@) deen [ o) — aisos) Gl (o) do

i—
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0
+ [(04;05 — A) 9(11) + (ai+0,5 — A) 9§2)} <u>

ot
and
90 = (90)1‘ =1+ 6_1ai_0,5/ (.23 - Z‘i)gol(»l) (.23) dx
Ti—1
P/ @i—0.5
—F . (p=h/VE),
sinh (p\/m)
o 1 Jai_0s
051) —pt (pgl) (x) dr — tanh P/ @i 0.5’
Ti—1 P/ @Ai—0.5 2
Tiq1 1 ;
Rl B L e e
@ P/@it0.5 2

1
0177; = 983 + efz)’ Al = 5 (a (.’Eifo,f,) +a (xi+0.5)) .
For the second term of the equation , we obtain

1 Ti41 4 Ti41 B @
h Lo [u] p; (x) dx =h 68:102 +b(x,t)u(x,t) |, (x)de

i1 T
=—¢ (90u£)m + BOyu (v,t) + 01 R5 ; (1) (9)
where )
B= 3 [b(xi—0.5,t) + b(xito.5,1)]
and

R, (1) = 07 [h-l [ @) dot (s o), — o (xi,t>)] .

Ti—1

For the third term of the equation , it is found that

h_l/wiﬂc (t)u(z,t —7) @, (x) de =h~'c(t) /Iiﬂu (z,t —71) @, (x)dx

Ti+1
=c(t)u(z;,t—71) h_l/ ©; (x) dz+Rj ; (t)
=bic(t)u(x;t—1) +R§J (t) (10)
where
Tit1
R;’;i (t) = Gl_lh*lc (t) / [u(z,t —r) —u(z;,t — )] @, (x) dz.

The term of the right side of the equation , we can write:

h_l/%+1 [z, t)p; () de =0, F; — 01 Ry ; (1) (11)

i—1
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where i
Ry, (t) = —h oyt / Fl@rt) — F (@0 0)] ¢; () da

1—1
and

1
F(z,t) = 3 [f(®i0.5:t) + f(@ito5,1)]
By combining ,(]E[)7 and , we have

—€ (90 [gﬂ ) +A0, <gltt> —¢€ (Bouz), ;+Bbu(xi, t)+01c(t)u (2, t — r)+01 R = 61 F;

Ry =R;,()+ Ry, (t)+ Rj, (t)+ Rj, ().

Then, to obtain the discretization for the time variable, we consider the integral
equality in the form

t ti ou ou
-1 _ _ _ 1 ou ouy N
r /t“wu [ @i t))dt = / {e[eo(at)xLﬁAel(at)i  (Ous),

+B€1u(xi, t) + Qlc(t)u(a:i, t— T) —0.F; + 91R:} dt (12)
Applying the interpolating quadrature rules [4] to first two terms of the equation

, we have

K ou ou
T /tfl [_E <00 <3t)z)m An <3t>z] dt = —¢ (Bouiz), + 01 4uz.

For the third and fourth terms of the equation , it is obtained that

t; .
7'71 / [—6 (90U§;)I + OlBiui] dt = —¢ (Hougj)) + HlBguZ(-U) +e (00R(0)) B + Rgl)

tj—1
where
tj
R(O) — u(g) (xi; t]) — 7'71 / (% (mia 77) d77

tj71

tj
R =¢,B (7'_1/ u(x;, t)dt — ugo)> .
tj—1

For the term involving the delay parameter, rewriting 7 = T/M and rM /T = M,
we have

and

tj o .

67! / c(t)u (z;, t —r)dt zelcjuZ_M" + R’
tj—1

where

RI =0, {Tl /“ [e(t) — ] (it — r) dt

tj71
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t;
+7-_1/ c](u(wi,t—r)—u(xi’tj_T))dt}_
tj—1
For the term of the right side of the equation (12)), we find
t |
7'—1/ 91F(sz,t)dt :91FZ+Rf7

tj—1

where .
Ry :7*1/ 01F (z;,t)dt—60, F).

tj71
Thus, we can suggest the following difference scheme

Eug = (u%ﬂ) + 05 (uz) + 91cju5*Mo + Rg = 91Fij, (13)
where ' . 4
A (ui—l) = —¢ (Oou%i)m + 01 Au?,
123 (uf) =—¢ (90u§;)>m + 91Bfu§a)7

and the remainder term is denoted by
R} =2 (00R©) +0:RY + 6, R,

where
tj
RO = ;1 / Ri(t)dt + RV — R;.
tj—1

By omitting the remainder term Rg in , we can write for the approximate
solution

—e (903/%}0)“. + 61 Ayl —¢ (903/3({’))“, +0Bly” + 01y M =0, F, (14)
y(zitj) =@ (zist;), —Mo<j<0,0<i<N, (15)
v =yh =0. (16)

4. ERROR BOUNDS

Let u} be the solution of the problem — and let yf be the solution of the
problem —. Then, the error function 2] = y] — u] be the solution of the
following discrete problem:

/1 (Zgl) + 0y (Zz) + 0lcjzf_M° = RZ (17)
Z($i7tj):0, 0§Z§N, 7M0§j§0, (18)
2 =2y=0,t€w,, (19)

where
0y (thz) = —¢ (Oozt{i)xi + 91AZ§

)
s
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and ) )
62 (ZZ]) = —£ (002:(50)> ] + 018522(0)

T,i

Lemma 4. Under the conditions 1 + o1 > 0 and A + orB > 0, the following
estimate is satisfied:

J
121 < oy [lor R, -
k=1
where

Lo (R, )
Hel R‘L*_(Ql) Sgp(Qovg@,vf)ﬂ-(alva)

< @) {e (0RO, RO) + (0,RV, RD) + (02 Re Ro) |

Proof. To carry out the error analysis, we use a similar approach in [4[17,32]. First
of all, we consider the following equation for the discrete problem —:

(lz,2) = (R, 2).
From here, we get
€ € eT
(—5 (002tz) i ,Z) =3 (0027z,i> 22,i) = 3 (Bozz,is 22,i); + > (0027z,i, 22,1

and

1 T
(01420,2) = 5 (A4012,2); + (Aelz{,z{) .

Then, to obtain the bound for the term (%) (z;, tj), we take the following equality
into account:

2 =024+ (1—0)2 =0z(wi, tj) + (1 — 0)2(xi, tj_1) (20)
Hence, we acquire as
<_€ (902;%U)> ) Z) = € (9025}7 éi) +eT (90293, Zfif)
2
EOT EoT
+7 (eozia Zi){ + T (90253?7 Zf:i)
and
(91BZ(U),Z) = (9132,2) +T(9132,Z{)
2
+55 (01B2,2); + 7 (02 Bz, 20).



A SECOND-ORDER NUMERICAL METHOD 579

Furthermore, we can write the following estimates:

‘(chjzg_Mo,z)‘ <y (elz{‘MD,z{‘MO) + ¢

41y
(e (or), 2 <[ (R )

[(0RD.2)| < g 0222 + - (01RO, R)

*

(0127 Z) )

IS
< Elo |(00’Ziv Zi)| + r (HOR(O)7 R(O)> )
Ha

and

[(01Re, 2)| < pa[(01Re, Be)| + 17— (612, 2) .

4#4
Taking pq = plo = fig = iy = % and merging these results, we obtain

1
3 {e(M+o07)(Bo2z,i, 22,5) + (A+07B) (012,2)};

_|_g {5 (I1+o7) (902550,1’7 Zfi,i) + (A+07B) (0125’ Zf)}

+e (00Zz, 2z) + (01BZ,2) + 7 (00Zz, ziz) + 7 (01 BZ, 2p)

< ¢ (91z7_M°,zf_M ) + — (912 z) + %(902;,23—0)

l\D

+§ (00R<0>, R<°>) ¥ (612, 2) (0130 R<1>) S (R, R)  (21)
which concludes the proof of the 1emma. ([l

Lemma 5. Under the conditions of the Lemma (@ and rewriting o = 0.5 in the
relation (@, the remainder term R holds the following estimate:

IRl < C (h+17%).
Proof. The proof of the lemma is similar manner as in [4417]. |
5. NUMERICAL RESULTS

In this section, the numerical method is tested on two examples to validate the
theory. To determine the reliability of the numerical approximation, we take into
consideration the elimination method in [52]. Firstly, the difference equation
can be written explicitly:

—eh 2771 {eo,wl (yg+1 yl+1 —yl +yl~ 1) — o ( Loy vyl yf:ll)}
+771 A6, (yz — yf 1) —eh™2 [90,i+1 (yz(+)1 Zl/z(g) a) + y(a) )}

+91,¢By£g) + 910jy57M0 = 01,4F;. (22)
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Secondly, we adapt the relation according to the following difference equality:
Diyl \ —Elyl +Giyl,,=-H, i=23,.,N—1, j=23,..,M-1.
Here, to express the term yEU) in , we use

Y =oy+(1—0)§=oy(@t;)+(1—0)y(wit;1). (23)
Substituting o = % in the equation l) we obtain

0o 1
D:( = 7€h72 (90,2'7'1 - 072+1> s Gf = 76}17290714_1 (Tl + 2> s

B,
El* = —Eh72007i+1 (7’71 + 1) + 0071‘4_1771 — 91,7; (AiTl + 2Z>

and

o . 0o,
Hf =—0,,F;,+ 91,i07yffM0 + yf:ll (—Eh_2 (0’2+1 + 6‘0’1-7_1))

; 1
+yf;11 <—€h2007¢+1 <2 + T1>)
j—1 B; -2 -1 -1
+y; 91’2‘? —ch (9077;+1 + 7 (1 + 9()’1')) — 90’2‘+1Ai’7' .

Thirdly, the coefficients of the elimination method [52] are indicated as
Gi g, = i+ Dib;
Ef —Dfoy’ "' EF — Dray’

and the output of the computational approach is calculated by

Qip1 =

yz :ai+lyf‘+1 +ﬁi+17 i = 1aaN_1
In numerical calculations, we use the double-mesh approach [19,/24]. The approxi-
mate errors and e-uniform maximum pointwise errors are noted as

N _ e,N €,2N
eg = max yz _yi
Wh XWr
and
eV = maxel .

£
Additionally, the order of convergence and e-uniform rate of convergence are cal-

culated as NN NN
n_ In(el/eZV) N In(e™/e*Y)

be = In2 = In2
Example 1. Consider the following singularly perturbed pseudo-parabolic initial-
boundary value problem:
_ O
Otdx?

ou 0%u
+(x2(1—x)+1)§—e@+(

= e 'sint(x +sin(rx)), (x,t) € (0,1) x (0,T]

3+ tsin(mat))u + (1 +t2)u (v, t — 1)
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subject to the conditions
u(z,t) = ¢ (z,t) = e 'sin(rz), (2,t) € Q x [-7,0],
u(0,t) =u(l,t) =0, t € (0,T],

wherel =1, r =1 and T = 2. The computed results are shown in Table 1.

Example 2. Take into account the second test problem:

aSU T 8U 82’11, t2
oo T (1+ 5(1 - $))a Bl (3 +tcos(mat))u+ (1 + E)u(zc,t —7)

=e 'sint(x — cos(mz)), (x,t) € (0,1) x (0,7

with
u(z,t) = ¢ (z,t) = e 'sin(27x), (z,t) € Q x [-7,0],
u(0,t) =u(1,t) =0, t € (0,7T],
where l =1, r =1 and T = 2. The experimental results are presented in Table 2.

In Tables 1-2, the maximum nodal errors and order of convergence are presented
for the values N = 2", (n = 7,8,...,11) and ¢ = 272¥, (w = 1,2,...,8). It is
concluded that as the value N increases the maximum pointwise errors eV, e2V
are decrease. This implies the reliability of the proposed scheme. Even though the
presented numerical algorithm produce stable results, it can be further improved
in terms of computational timing.

6. Di1scuUssION AND CONCLUSION

In this paper, we have generated a new and efficient numerical scheme to solve
initial-boundary value problems of singularly perturbed delay pseudo-parabolic
equations. Using the energy estimates and difference analogues of integral inequal-
ities, the error bounds and the parameter-uniform convergence of the proposed
scheme have been analyzed. Two test problems have been solved and the experi-
mental results have been reflected in Tables 1-2. From these results, it is observed
that the order of convergence pV is almost 2. In a nutshell, numerical applica-
tions agree with the theory. To improve the outlines of this study, the suggested
approach can be carried out for more sophisticated problems involving higher di-
mensional equations, nonlinear functions, fractional derivatives.
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N

TABLE 1. Maximum pointwise errors e, e
convergence p”¥ on wj X wy

2

N and the order of

N

128

256

512

1024

2048

o
2

0.00002343

0.00000586

0.00000146

0.00000037

0.00000009

(9]
S
2

0.00000586

0.00000146

0.00000037

0.00000009

0.00000002

2 Z

1.9997

2.0003

2.0002

2.0002

2.0000

274

0.00009372

0.00002343

0.00000586

0.00000146

0.00000037

o=
=

0.00002343

0.00000586

0.00000146

0.00000037

0.00000009

2 Z

1.9997

2.0003

2.0002

2.0001

2.0001

276

0.00037489

0.00009374

0.00002346

0.00000586
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SUEY kS
2
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0.00000037

1.9998

2.0003
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2.0001

2.0001

2 Z
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0.00002342
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Al =
3
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0.00009371
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0.00000586
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2.0001

2.0004

2.0003

2.0001

2.0000

o3
2

0.00600672

0.00150030

0.00037488

0.00009370

0.00002342

o)
N
=

0.00150030

0.00037488

0.00009370

0.00002342

0.00000585

3

2.0013

2.0007

2.0003

2.0001

2.0001

o
2

0.02413597

0.00600810

0.00149997

0.00037481

0.00009369

(9]
I
2

0.00600810

0.00149997

0.00037481

0.00009369
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2 Z

2.0062
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2.0001

2714

0.09832477

0.02414373
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VRS kS
2
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0.00149968
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2 Z

2.0259

2.0069
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2.0001

2—16
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A=
=
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0.02413933

0.00600574

0.00149951

0.00037474

=

i

2.1067
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(1]
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