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ABSTRACT. This paper presents a detailed study of a new generation of the
Bishop frame with components including three orthogonal unit vectors, which
are tangent vector, normal vector and binormal vector. It is a frame field
described on a curve in Euclidean space, which is an alternative to the Frenet
frame. It is useful for curves for which the second derivative is not available.
Moreover, the conditions which the Bishop frame of one curve coincides with
the Bishop frame of another curve are defined. It would be valuable to replicate
similar approaches in the Bishop frame of one curve coincides with the Bishop
frame of another curve.

1. INTRODUCTION

In 1975, Bishop |1] defined a frame which is called the Bishop frame as an alter-
native to Frenet frame. This frame is useful for the curves that the second derivative
is not available. The Bishop frame consists of three orthogonal unit vectors. These
vectors are tangent vector, normal vector and binormal vector. Unlike the Frenet
frame, the Bishop frame does not require the second derivative of the curve to be
defined. The curvature functions x and 7 give important information about a curve
in the curve theory. For instance, for any curve, if x and 7 are zero, this curve is
geodesic. So, with the help of their curvatures, we get information about the shape
and properties of a curve. There are different methods for characterization of a
curve [2H4]. The position vector of a curve is very important in these methods.
The orthogonal coordinate system {T', N, B} spanned by tangent (T), basic normal
(N) and binormal (B) vectors at each point of a unit-speed curve. The coordinate
system {T, N, B} is called the Frenet frame. This frame is spanned by osculat-
ing plane, rectifying plane and normal plane. The osculating plane is spanned by
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{T, N}, the rectifying plane is spanned by {7, B} and the normal plane is spanned
by {N, B}, many researchers have done investigation that is related to classical
differential geometry topics in the Euclidean space, Minkowski space, dual space,
and a new version of Bishop frame and its related applications were given [5-12].

2. PRELIMINARIES

In this section, a brief summary of the concept of Bishop frame is given to pro-
vide a background to understand the main idea and the results of this study. The
Bishop frame consists of three orthonormal vectors that evolve along a curve, off
eringanatural way to describe the curve’s orientation in space. Unlike the Frenet-
Serret frame, which relies on curvature and torsion defi ned for curves with non-zero
curvature and non-vanishing speed, the Bishop frame’s adaptability makes it par-
ticularly suited for analyzing curves with varying geometric behaviors. Our study
develops this adaptability to investigate the cases associated with the tangential,
normal, or binormal planes of two distinct curves.

Let a: I C R — E? is an arbitrary curve [13H15]. If o is unit speed curve, then
(o/(8),d/(s)) =1, where s is arc length parameter and

(7,v) = 71v1 + Y902 + V303

is the standard scalar product of E3. Furthermore, ||| = 1/(v,7) is the norm of
~. Bishop frame along the unit speed curve « is denoted by the tangent T, the
principal normal N; and the binormal N5 vector fields. Bishop derivative formulas
are written as follows:

T' = ki Ny + kaNa, NI = —kyT, Ny = —koT

where we shall call the set T\, N1, Ny as Bishop trihedra and k; and ko (ko is not
equal to zero) as Bishop curvatures. For all ¢ € I, if a curve  is considered spherical,
then the curve v(t) lies on a sphere of radius R, centered at the origin in E3. This
can be mathematically expressed as ||y|| = R. The normal curves in E? are spherical
curves [16]. The Bishop frame, an alternative to the traditional Frenet frame, offers
a more flexible representation of curves in E3 by eliminating the torsion component,
thus providing a simpler and often more intuitive understanding of curve geometry.
This research leverages the Bishop frame to examine the conditions under which
two distinct curves in E? can share a common plane in their respective Bishop
frames. We denote the tangent vector of a curve at a point by T, and the principal
normal vector by Nj. The notation T € Sp{T, N} signifies that the modified
tangent vector T of one curve lies within the plane spanned by the tangent and
principal normal vectors of other curve. This study not only contributes a new
perspective to the analysis of curves within Euclidean space but also underscores
the utility and versatility of the Bishop frame in uncovering complex geometric
relationships. Through a careful and thorough classification of the possible cases
where curve pairs share a Bishop frame plane, combined with the derivation of
several interesting results, we enhance the existing knowledge base in differential
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geometry and open the door to future investigations in this rich and captivating
field.

3. ON CHARACTERIZATIONS OF THE CURVE COUPLES AND BISHOP FRAME

Let a and & are any curves in 3-dimensional Euclidean space where they are de-
scribed on the same open interval I C R. The frames {T, N1, N2} and {T, Ny, ]\72}
are Bishop frames of o and &, respectively. Let’s denote the are length parameters,
first Bishop curvatures and second Bishop curvatures for « and & with s, k1, ko and
5, k1, ko respectively. {T, N1},{Ny, Nao},{T, N2} planes are the osculating plane,
the normal plane and the rectifying plane according to Bishop frame, respectively.
These planes are donated, respectively, by OB, AB and CA. Let & be a unit
speed curve with first and second curvatures k1, ks and Bishop vectors T, Ny, Ny.
Similarly, {T, Nl} , {Nl, ]\72} , {T, Ng} planes are the osculating plane, the normal
plane and the rectifying plane according to Bishop frame. These planes are denoted
with OB, AB and C'A, respectively. If we take r = 9%, Bishop formulas are

ds’
T' = k1 Ny + koNa, N = —kyT, Ny = —koT (1)
T — by + koo, N| = T, N}y = —koT @)

where (") denotes %. Classify whether any Bishop frame plane of a curve is the any
Bishop frame plane of another curve or not and we will give the following cases and
their related theorems, here a; and as are the non-zero functions of the parameter
s and the position vectors of & and « are ¥ and ~.

TABLE 1. The cases of curve couples

Cases | Bishop plane for o | Bishop plane for @ | Conditions
1 sp{T,N1} =0B | sp{T,N1} =0B | OB=0B
2 sp{T,N;} = OB sp{]\_fl,Ng}:E OB = AB
3 sp{T,N1} =0B | sp{T ,N,} =CA | OB=CA
4 sp{Ny,No} = AB Sp{T,Nl}:@ AB =0B
5 Sp{Nl,NQ}ZAB Sp{Nl,NQ}:E ABZE
6 sp{N1,Ny} = AB sp{T,]\_fg}:ﬂ AB=CA
7 sp{T,No} =CA | sp{T,N,} =0B | CA=0B
8 Sp{T,NQ}:CA Sp{Nl,NQ}:E CA:E
9 sp{T,No} =CA | sp{T, N} =CA | CA=CA

Now we investigate these possible cases step by step (see TABLE 1):

Case 1. Assume that OB = OB. The osculating plane according to Bishop frame
plane of a curve « is the osculating plane according to Bishop frame plane of curve
a.
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Theorem 1. There isn't a curve pair (o, @) in E3 such that the osculating plane
according to Bishop frame of a is same osculating plane according to Bishop frame
of a.

Proof. Assume that the osculating plane according to Bishop frame of a curve «a
is the osculating plane according to Bishop frame of a other curve &. Then, the
relation can be given that

’7:’Y+(L1T+02N1, alyéO, CLQ#O (3)

where 74 and ~y are position vectors of the curves & and « respectively, a; and as
are the non-zero functions of the parameter s. If we take the derivative of with
respect to s and by using Bishop formulas in and , we have

_ 1 1 1
T = (1+a’1 —agkl) ;T+(a,1k1+a/2) ;N1—|-Cl1k‘2;N2 (4)

If we rewrite in for constant A = (1+ af — agk1) £ and p = (a1ky + ab)  then
we obtain

_ 1 1 1
T =M+ uN, = (1 + a’l — agk‘l) ;T + (a1k1 + a'2) ;Nl + alk‘g;NQ (5)

where T' € Sp {T, N1}. If we multiply by N, we find

1
a1k2* =0.
r
Then, a; or k2 must be zero. This situation contradicts our assumption. O

Case 2. Suppose that OB = AB. In the osculating plane according to Bishop frame
plane of a curve is the normal plane according to Bishop frame plane of other curve.

Theorem 2. Let o be any unit speed curve in E with non-zero first Bishop curva-
ture k1, second Bishop curvature ko and Bishop vectors T, N1, Nao. If the osculating
plane according to Bishop frame of the curve « is the normal plane according to
Bishop frame of the space curve &, then & is written as
ds 1 1 1 [(d*s ds
+ =T+ —+ —5 | 55k — k5 ) N1.
YT sk k| Rk (ds2 27 s 2> !

Proof. Assume that the osculating plane according to Bishop frame of a curve «a
is the normal plane according to Bishop frame of a another curve &@. Then, the
relation can be given that

’7:’)/+01T+G,QN1, a1750, a27£0. (6)
Taking the derivative of (@ with respect to s and apply and . We have

«Q

— 1 1 1
T = (1+0/1 —azkl) ;T+(a1k1+a/2) ;Nl +a1k2;N2. (7)
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Since N5~ = Sp{T, N} = Sp {Nl, ]\72} =T, Ny and T are parallel. If we multiply
by No and T, respectively, then we obtain

2 _
as = kil + @ (%kg —’I’k2l> .
|
Case 3. Assume that OB = CA. The osculating plane according to Bishop frame

plane of a curve is the rectifying plane according to Bishop frame plane of other
curve.

Theorem 3. There isn’t a curve pair (o, @) in B3 such that the osculating plane
according to Bishop frame of « is the rectifying plane according to Bishop frame of

Q.

Proof. Let’s assume that, the osculating plane according to Bishop frame of a curve
a be the rectifying plane according to Bishop frame of the curve &. Then, the
relation can be given that

¥=v+aT+axNy, a; #0, az #0.

Taking the derivative of the last equality with respect to s and apply and
then, we get

1 1 1
T = (1 —+ a’l — agk'l) ;T + (a1k1 —+ CLIQ) ;Nl —+ ale;NQ.
For some constant A and y, since T € Sp{T, N1}, we can write
_ 1 1 1
T =\T + ,[LNl = (1 + a'l - agkl) ;T + (a1k1 + QIQ) ;Nl + ale;NQ (8)
if we multiply by Ns, we obtain
1
(11]432* =0
r
where a1 or ks must be zero. This situation contradicts our assumption. O
Case 4. Assume that AB = OB. We examine the case that the normal plane

according to Bishop frame plane of a curve is the osculating plane according to
Bishop frame plane of other curve.

Theorem 4. Let « be any unit speed curve with non-zero first Bishop curvature
k1, second Bishop curvature ko and Bishop vectors T, N1, No. If the normal plane
according to Bishop frame of the curve « is the osculating plane according to Bishop
frame of a other space curve &, then « is a spherical curve.
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Proof. Let’s assume that, the normal plane according to Bishop frame of a curve
« is the osculating plane according to Bishop frame of a other curve &@. Then, the
relation can be given that
'_yz’y+a1N1—|—a2N2, a17é0, 027&0. (9)

Let’s take the derivative of @D with respect to s and applying and . Then,
we get

_ 1 1 1

T = (1 — a1k, — agk‘g) ;T + ay ;Nl + a2;N2.
For some constant A and y, if we take T'= A\ Ny + ;N2 and T' € Sp { Ny, N2}, we
can write

AMNT + py No = (1 — arky — asks) %T—Fa’l%Nl —|—a/2%N2. (10)
Now, if we multiply by T', we have
arky + asks = 1.
Here the curve 7 is a spherical curve. O

Case 5. Assume that AB = AB. The normal plane according to Bishop frame
plane of a curve is the mormal plane according to Bishop frame plane of other
curve.

Theorem 5. Let’s take any o and & curves with non-zero first Bishop curvature
k1, non-zero second Bishop curvature ky in E3 and Bishop vectors T, Ny, No. If
the normal plane according to Bishop frame of the curve « is the normal plane
according to Bishop frame of a another curve &, then « is a spherical curve where

r#1.

Proof. Let’s assume that, the normal plane according to Bishop frame of a curve «
be the normal plane according to Bishop frame of the curve a. Then, the relation
can be given that

¥y=~v+a1N1+asNo, a#0, b#£0 (11)
Taking the derivative of with respect to s and applying the Bishop formulas
given in and , we obtain

1 1 1
T = (1—(11]61 —a2k2) 7T+a'17N1 +bI*N2. (12)
r r r
T and T are parallel and T+ = Sp {Ny, No} = Sp {Nl,Ng} =T, So, we write
<T,T>=1
and multiplying by T', we have
arky + agky =1 —1,

then, we can write
a a
L+ Zhy =1
c c
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where 1 —r = ¢ and r # 1. Then, the curve « is a spherical curve. O

Case 6. Suppose that AB = CA. Now, we give the normal plane according to
Bishop frame plane of a curve is the rectifying plane according to Bishop frame
plane of other curve.

Theorem 6. Let o be unit speed curve in E3 with non-zero first and second Bishop
curvatures ki, ko, and Bishop vectors T, N1, Ny. If the normal plane according to
Bishop frame of « is the rectifying plane according to Bishop frame of the curve &,
then « s a spherical curve.

Proof. Let’s assume that, the normal plane according to Bishop frame of a curve
« be the rectifying plane according to Bishop frame of another curve @. Then, the
relation can be given that

¥ =74+ a1Ni+axNa, a1 #0, az # 0.
Let’s take the derivative of the last equality with respect to s and apply in and
. Then, we get
- 1 , 1 , 1
T=(1- a1k —azks) ;T—i—al;Nl—i—aQ;Ng. (13)

For some constants A and p, we write T = AN, + uNo and T € Sp {N1, Ny}. From
, we get

1 1 1
/\Nl +/,6N2 = (1—0,1](;1 —agk‘g) ;T—l—ai;Nl—l—aé;Ng (14)
By multiplying by T, we have
a1k1 + agkg = 1.
O

Case 7. Let us consider CA = OB. The rectifying plane according to Bishop frame
of a curve a is the osculating plane according to Bishop frame of other curve a.
Then, the relation can be given that

¥=v4+aT+axNi, a1 #0, az #0. (15)

By taken the derivative of with respect to s and apply in and . We
will have

1
T =[(1+a)—kiax)T + (a1ky + ab) N1 + a1kaNa] - (16)

where T' = AT + ;1N5 and for some constant A and y, since T' € Sp {7, N2}. From
, we obtain

1
AT + BNy = [(1 + a’l — k‘lag) T + (a1k1 + CLIQ) Ny + alk'QNQ]

;.
Then multiplying by Ni, we get
arky + ay = 0.

(17)
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Case 8. Assume that CA = AB. The rectifying plane according to Bishop frame
plane of a curve is the normal plane according to Bishop frame plane of other curve.

Theorem 7. Let o be unit speed curve in E3 with non-zero first and second Bishop
curvatures ki, ko and Bishop vectors T, N1, No. If the rectifying plane according to
Bishop frame of « is the normal plane according to Bishop frame of other curve @,

then we can write
a—onriTJr[iJri(i
n k1 ko ko k1

Proof. Assume that, the rectifying plane according to Bishop frame of a curve «a
be the normal plane according to Bishop frame of the curve @. Then, the relation
can be given as

)| Na.

¥ =7+ a1T + asNo, al#O, ag#O (18)
Taking the derivative of with respect to s and applying the and , then,
we have

_ 1
T = [(1+d} — azks)T + a1kiNy + (a1ks + a5)No] — (19)

N; and T are parallel. Since N* = Sp{T, No} = Sp{N, Ny} = TJ', multiplying

[[9) by Ny, we get
1
al — E

If we Multiply by T, we get
1+a’1—a2k‘2:0,
1 1 1
b= —+—(—).
k2+/€2 kl)

O

Case 9. Assume that CA = CA. The rectifying plane according to Bishop frame
plane of a curve is the rectifying plane according to Bishop frame plane of other
curve.

Theorem 8. There isn't a curve pair (a,@) in E3 such that the rectifying plane
according to Bishop frame of a is the rectifying plane according to Bishop frame of
Q.

Proof. Assume that the rectifying plane according to Bishop frame of a curve « be
the rectifying plane according to Bishop frame of other curve @. Then, the relation
can be given that

¥=74+a1T 4+ asNa, a1 # 0, as # 0. (20)
Taking the derivative of with respect to s and using and , then, we write

T = [(1+d —bko)T + aky Ny + (aks +H)Ns] % (21)
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For some constant A and p, we can write T = XT" + puN5. Since
T € Sp{T, N}, by using (21), we obtain

1
)\T + ,uNg = [(1 =+ a’l — ang)T =+ a1k1N1 + (a1k2 + a/Q)Ng] ; (22)
If we multiply by N1, we obtain alkl% =0and a; =0or k1 =0. ([l

4. CONCLUSION

Bishop frame is considered as an alternative to Frenet frame in 3-dimensional
FEuclidean space. This idea is a useful method for curves where the second derivative
is not available. Here, the conditions for Bishop frame plane to be the same as
Bishop frame plane of another curve for a curve are investigated in 3 dimensional
Euclidean space. Thus, nine possible cases are examined. The results found extend
previous studies. The Bishop frame provides an alternative framework for studying
curves, and the results of this paper demonstrate the usefulness of the Bishop frame
in this context.

Overall, this paper provides new insights into the geometry of curves in Euclidean
space, and highlights the importance of alternative frames such as the Bishop frame
in studying curves.
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