i Istanbul Journal of Mathematics
STANBUL

UNIVERSITY ijmath 2023, 1 (1), 20-27

PRESS DOI: 10.26650/ijmath.2023.00002

RESEARCH ARTICLE

Notes on multipliers on weighted Orlicz spaces

B. Aris'2, ® R. Uster!™ @

stanbul University, Faculty of Science, Department of Mathematics, Vezneciler, 34134, Istanbul, Tiirkiye
2{stanbul University, Institue of Graduate Studies in Science, Siileymaniye, 34134, Istanbul, Tiirkiye

ABSTRACT

Let G be a locally compact abelian group with Haar measure u, ® be a Young function and w be a weight function. In this paper,
we consider the weighted Orlicz space L®(G, w) and we investigate the relationship between the multipliers L1(G, w)-module
and the multipliers on a certain Banach algebra. For this purpose, we firstly define temperate function space with respect to the
weighted Orlicz space L®(G, w) which we denote by L®#(G, w) and give its basic properties. Later, we define a subalgebra of
the space of multipliers on L® (G, w) and study its basic properties. We also show that this subalgebra is isometrically isomorphic
to the space of multipliers of a certain Banach algebra. Moreover, we obtain a characterization for the space of multipliers of
L1(G,w) N L®(G,w).
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1. INTRODUCTION

An Orlicz space is a type of function space generalizing the LP-space. Besides the L? spaces, a variety of function spaces arises
naturally in analysis in this way such as L log* L, which is a Banach space related to Hardy-Littlewood maximal functions. Orlicz
spaces could also contain certain Sobolev spaces as subspaces. Linear properties of Orlicz spaces have been studied thoroughly (see
Bagar E., Oztop, S., Uysal, B.H., Yasar, S. (2023); Osancliol, A., Oztop, S. (2015); Oztop, S., Samei, E. (2017); Oztop, S., Samei,
E. (2019); Rao, M. M., Ren, Z. D. (1991) for example). Similar to L? spaces, one could also consider weighted Orlicz spaces
and studied their properties. Very recently the weighted Orlicz space is studied as Banach algebra with respect to convolution for
which the corresponding space becomes an algebra and studied their properties such as existence of an approximate identity in
compactly supported continuous function spaces of norm one (see Osangliol, A., Oztop, S. (2015)).

On the other hand, there are a lot of results in abstract harmonic analysis on locally compact groups regarding multipliers for
various function spaces. The multipliers of the group algebras of L? were studied by many authors (see Feichtinger, H. (1976);
Fisher, M. J. (1974); Griflin, J., McKennon, K. (1973); McKennon, K. (1972)). In Oztop, S. (2003), Oztop studied the space of
multiplier of L' (G, A) N L? (G, A) where A is a commutative Banach algebra and G is a locally compact abelian group. In Uster,
R., Oztop, S. (2020), Uster and Oztop studied compact multiplier problem for L®(G) and in Uster, R. (2021), this concept is
extended to L® (G, w) spaces by Uster.

Let A be a Banach algebra and E be an A-module. Then, E is essential if the linear span of the elements a, x for a € A and
x € E isdense in E. A Banach algebra A is called without order, if for all x € A, xA = Ax = {0} implies x = 0. It is known that if
A has an approximate identity, then it is without order (see (Larsen, R. 1971, p.13)). A multiplier of A is a mapping7 : A — A
such that

T(fg)=fT(g)=(Tf)g. f.g €A (D

Let us denote the collection of all multipliers of A by M(A). Then, every multiplier turns out to be a bounded linear operator
on A. If A is commutative Banach algebra without order, then M (A) is a commutative operator algebra and M (A) is called the
multiplier algebra of A (see (Wang, J. K. 1961, Theorem 2.2)).

Our goal in this paper is to study the relationship between the multipliers L' (G, w)-module and the multipliers on a certain Banach
algebra. It is well known that L® (G, w) is an essential Banach L' (G, w)-module with respect to convolution product (see ( Oztop,
S., Samei, E. 2017, Lemma 3.2)). Moreover, we obtain a characterization for the space of multipliers of L! (G,w)N L‘D(G, w).
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This paper is organized as follows. First we present necessary definitions and some basic results that will be used in this paper.
In Section 3, we construct the space of ®-temperate functions for L®(G, w) and study their basic properties. In Section 4, we
characterize the space of multipliers of L® (G, w) as a certain Banach algebra and extend the results in Oztop, S. (2003) to weighted
Orlicz space. In Section 5, we study the space of multipliers for L' (G, w) N L®(G, w).

2. PRELIMINARIES

Let us recall some facts concerning Young functions and Orlicz spaces.
An Orlicz space is determined by a Young function. A convex function @ : [0, 00) — [0, 0] is called a Young function if
@(0) =0, lin(} ®O(x) =0and lim O(x) = oo.
x—0* X—00
For a Young function @, its complementary function ¥ is given by
Y(y) =sup{fxy—®(x): x>0}, y=0

and ¥ is also a Young function. Then, (®, V) is called a complementary Young pair.

By our definition, a Young function can have the value co at a point, and hence be discontinuous at such a point. However, we
always consider a pair of complementary Young functions (®, ¥) with both ® and ¥ being continuous and strictly increasing. In
particular, they attain positive values on (0, o). Note that even though @ is continuous, it may happen that ¥ is not continuous.

A Young function ® satisfies the A, condition if there exist a constant K > 0 and an xy > 0 such that ®(2x) < K®(x) for all
x > x¢. In this case, we write ® € A,.

Let G be a locally compact abelian group with a Haar measure y. Given a Young function ®, the Orlicz space L*(G) on G is
defined by

L®(G) = {f :G - C: / O(a|f(x)])du(x) < oo for some o > 0}.
G

The Orlicz space is a Banach space under the Orlicz norm || - || defined for f € L®(G) by
I£1lo =sup { [ 17@00lduce) [ weonduco <1
G G

where ¥ is the complementary Young function of ®.

Let (@, ¥) be a complementary Young pair. If ® € A,, then the dual space L®(G)* is LY (G) (Rao, M. M., Ren, Z. D. 1991,
Corollary 3.4.5). If in addition ¥ € A,, then the Orlicz space L?(G) is a reflexive Banach space. We have already mentioned that
Orlicz spaces are generalizations of Lebesgue spaces. For 1 < p < oo and ®(x) = £, the space L*(G) becomes the Lebesgue
space LP(G) and the norm || - || is equivalent to the classical norm || - ||,. Particularly, if p = 1 and ®(x) = x, then ¥ the
complementary Young function of ® is 0 when 0 < x < 1, and co when 1 < x < co. In this case || f||¢ = || f||1 for all f € L'(G).
If p = oo, then for the defined function ¥, the space L¥(G) is equal to the space L®(G) and we have || f|ly = || f]le for all
f € L=(G).

For further information on Orlicz spaces, the reader is referred to Rao, M. M., Ren, Z. D. (1991).

On the other hand, weights and weighted function spaces play an important role in mathematical analysis and their applications.
In addition to this, weights appear naturally in analysis.

Let G be a locally compact group. In this paper, we consider a weight function as a function w : G — R* with w(xy) <
w@)w(y), (x,y € G) that w(e) = 1 and ]Z € Ly (G), here L}y (G) denotes the space of all locally essentially bounded functions
on G. There is no loss of generality in assuming that the weight w is continuous (see (Reiter H., Stegeman J. D. 2000, Section
3.7).

In Osangliol, A., Oztop, S. (2015), Osangliol and Oztop introduced the weighted Orlicz space L®(G, w) on a locally compact
group G as

L®(G,w) ={f : fw e L*(G)}
with the norm

1fllo.w = [l fwllo

for f € L®(G, w). Also, they studied them as Banach algebras with respect to the convolution product. One can observe that if
w = 1, then the weighted Orlicz spaces LE (G) become the space L*(G).

Now, foreach f € L'(G, w) define the mapping T by Tr(g) = f g whenever g € L®(G, w). Ty is an element of B(L®(G, w)),
which is Banach algebra of all continuous linear operators from L?(G, w) to L®(G, w), and IT¢ll < NI fll1, - Identitying f +— Ty,
we obtain an embedding of L'(G,w) in B(L®(G,w)). We denote the space of all of L'(G,w)-module homomorphisms of
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L®(G,w) by Homy1 (G ) (L®(G,w)), that is, an operator T € B(L®(G, w)) satisfies T(f * g) = f * T(g) for each f € L'(G,w)
and g € L®(G, w).
We define
(foT)(g)=f*T(g)=T(f*g) (2)

for all g € L®(G,w) and f € L'(G, w). The module homomorphisms space Hole(G’w)(L‘D(G,w)) is an essential L' (G, w)-
module with respect to product defined in (2) and is called the space of multipliers of L*(G, w).

Throughout this paper, G is an abelian locally compact group and we are mainly interested in weighted Orlicz spaces L® (G, w)
with the weight w and the A,-condition on a Young function ®.

The definitions, notations and results of this section are adjusted according to the corresponding content of Section 2 of Oztop,
S. (2003).

3. THE ®-TEMPERATE SPACE

In this section, we define the ®-temperate function space LY (G, w) and give a closed linear subspace of B(L® (G, w)) by using
the ®-temperate functions. Moreover, we study some basic properities of these spaces.

Definition 3.1. An element f € L®(G, w) is called ®-temperate function if
1/, = sup{llg * fllo,w : g € L7(G, ), lIgllo, < 1} < o0
or equivalently
/15,0 = sup{llg * fllo,w : 8 € Ce(G), llgllw,w < 1} < oo
The space of all ®-temperate functions f is denoted by L® (G, w). One can observe that
LG w) - Ip.0)

is a normed space. Indeed, let f € L®(G, w). By the definition of the norm || - ||fb’w, we obtain ||f||fb’w > 0. On the other hand, if
f =0, then || fll, ., = 0 is obvious. Conversely, let || fllg, ,, = 0. Then, we have sup{|lg * fllo,w : § € Cc(G), lIgllo,w < 1} =0
and so g * f(x) = 0forallx € G. Since g € C.(G) and C.(G) is dense in L' (G, w), we obtain g *+ f — f and so f = 0. For each
f € L®(G,w) and @ € K, we have

lafllg, ., =sup{llg * (@f)llo,w : g € Cc(G), lIgllo,w < 1}
= sup{lla(g * fllo,o : 8 € Cc(G), lIgllo,w < 1}
= |alsup{llg * fllo,w : 8 € Cc(G), [I8llo,w < 1}

= el fllp, .-

Finally, for any f, f> € L?(G, w), we have

i + follg,, = sup{llg * (fi + £)llo,w : & € Ce(G), lIgllo,0 < 1}
sup{ll(g * fDllo.w + [1(8 * f2)llo.0 : & € Cc(G), lIgllo,w < 1}

1fille, 0 + 12115 -

For each f € L®(G,w), there exists precisely one bounded linear operator on L®(G,w), denoted by Wy, such that Wy :
L% (G,w) — L®(G,w)

IA

IA

Wi(g) =g fand Wl = lIfllg - A3)
The linearity of Wy is obvious and since we have
Wl =1l = sup{llg * fllo,w : & € LY(G,w), lIgllo,w < 1} < 11 fllo,w,

then Wy is bounded.
Also, we observe that We(h+g) = (h*g) = f = h* (g = f) = h=Wy(g) for each f € L?(G,w), g € L*(G, w). Hence, we
obtain Wy € Homyi (.., (L®(G, w)).

Proposition 3.2. Let ® be a Young function. Then LY (G, w) is a dense subspace of L®(G, w).
Proof. Since each f € C.(G) belongs to LY (G, w) and C.(G) is dense in L?(G, w), we have the required result. O

Lemma 3.3. The space L?(G, w) is a normed algebra with the convolution product.
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Proof. By (3), we have
IS *glle, o, = sup{llh* (f * &)llo,w : h € Ce(G), lIhllo,w < 1}
=sup{llg * (h* fllo,w : h € Ce(G), Allo, < 1}
= sup{[|Wg(h * f)llo,w : h € Cc(G), |hllo,w < 1}
< [Wellsup{llh* fllo,w : h € Cc(G), Allo,w < 1}

IA

= llglle, o/l 1o,
forall f,g € L®(G,w). Hence, (L2 (G,w), || - %, ,) is @ normed algebra. O
Note that
Wiig =WypoWy =Wy oWy 4)

for all f,g € L®(G,w). Moreover, the closed linear subspace of B(L®(G, w)) spanned by {Wreg 1 f € L®(G,w),g € C.(G)}
is denoted by Ao (G o)-

Theorem 3.4. The space Ajo(g ., is a complete subalgebra of Homy g, w)(L‘D(G,w)) and it has a minimal approximate
identity, that is, a net {To} o such that limgy||Ty|| < 1 and limg ||Ty o T = T|| = 0 for all T € ALe(G,w)-

Proof. 1f f € L?(G,w), then Wy € B(L®*(G, w)). Since L®(G, w) is an L' (G, w)-module, we have
Wy(gxh)=gxhxf=gxWg(h)

forall g € L'(G,w) and h € L*(G, w).

Hence W belongs to Hole(G’w)(Lq’(G, w)). Since Hom; (G’m)(L‘D(G, w)) is a Banach algebra under the usual operator
norm, Ay e (g, ) is a complete subalgebra of Hom; 1 ) (L®(G,w)).

Now, we show the existence of minimal approximate identity of Ao ). Let {eUa} be a minimal approximate identity for
L'(G,w) Dinculeanu, N. (1974). If {e,} denotes the product net of {eUa} with itself, then {e,} is also minimal approximate

identity for L' (G, w). It can be observed that the net W, € Are(G,w) and EQHW&, I <1.
Let f € L?(G,w) and g € C.(G). Since {e,} is a minimal approximate identity for L'(G, w), using (4) we obtain

limg|[We, © Wyeg = Wregll = limg[[(We, 0 W = W) o W]
<limg || Wgse, —gllIIWll
< lim,llg * eq — gl IWsll = 0.
Thus we have limg|W,, o7 = T|| = 0 forall T € Apo (G, o)- .

Let g € L'(G,w), f € L?(G,w) and Wy € Ape(G,w)- We define the module action g o Wy of L'(G,w) from L®(G,w) to
L®(G,w) by

(8o Wy)(h) = Wy(h+g)=Ws(g*h)
for each h € L*(G, w).
Proposition 3.5. The space Ajo (G, ) is an essential LY (G, w)-module.
Proof. Letg € L'(G,w), f € LY(G,w) and Wy € Apo(g.,,). We have
g o Wyl = sup{lIW, (g % Mlloes : € Ce(G), e < 1} < ILFIG o gl o

Hence, Ao (g, ) is an L'(G, w)-module. On the other hand, since L' (G, w) has a minimal approximate identity {e,} with a
compact support, it is also an approximate identity in L®(G, w).
For any Wy € Ao (g ), We have
llea oWy = Well = sup{l[(ea e Wr = We)(W o, - h € Ce(G), l|Allo,w < 1}
= sup{[IWy(eq * h = W)llo.w  h € Co(G), [Ihllo.0 < 1}
<1f o llea b= hllo.. =0

forall 1 € L*(G,w). Thus, Ape (G, is an essential L' (G, w)-module. Moreover, Ao (G, contains L' (G, w). O
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4. A CHARACTERIZATION FOR THE SPACE OF MULTIPLIERS OF A;e G )

In this section, we give an identification for the space of L'(G, w)-module multiplier with the space of multipliers of certain
normed algebra.

The definitions, notations and proofs of this section are adjusted according to the corresponding content of Section 3 of Oztop,
S. (2003).

Proposition 4.1. Ler T € Homyi (g ., (L®(G, w)).
(i) If f € L2(G,w), then T(f) € L?(G, w).
(ii) If g € LY (G.w), then T(f + ) = f +T(g)
forall f,g € L*(G,w).
Proof. (i) Let f € L®(G, w). Since T € Hole(G,w)(L‘D(G, w)) we have
IT (.o, = suplllh * T(f)llo,w : 7 € Ce(G), lIhllo,w < 1}

sup{l|I7(h = f)llo,w : h € Ce(G), l|hllo,w < 1}
< |ITlIsup{ll7* fllo,w : h € Ce(G), |Allo,0 < 1}

=TI NG, < oo
(ii)Letg € L?(G, w). Since C.(G) = L®(G, w), foreach f € L®(G, w) there exists (f,,) € C.(G) suchthat lim || f;,~ fllo.w =
n—oo
0. Using (3), we obtain lim || f, * g — f * g|le,» = 0. By (i), we have
n—oo

Jim (I £+ T () = f T (8)llo,0 = 0

and f+T(g) = lim f, «T(g) = lim T(f, xg) =T(f *g). o
n—oo n—oo
Definition 4.2. For the space Ao (g ), we define Ao (Gw) by
AjoGw = 1T € Homy 1 (.. (LP(G,w)) : T oW € Apo(G.o) forall W € Apo (.o, }-

o

Lemma 4.3. The space Af, (G.w)

is equal to Hole(G’w)(Lq’(G, w)).
Proof. 1t is obvious that

A € Homy (G, o) (L®(G, w)). 5)

o
L?(G,w)

Conversely, let T € Hole(G,w)(Lq’(G,w)). Forany S € Ape(g.,,) Whichis S = Wy, for some f € LP(G,w) and g € Cc(G),
we have

(T oWrig)(h) =T(hx f*g)

=h*T(f*g)
= Wr(ssg) ()
= Wrar(o) (h),
forall h € L®(G,w).S0,ToS € ApeG,w) implies that T € Azd)(c,w)' Hence, we have Hole(G,w)(Lq’(G, w)) ¢ Azd)(c,w) by
the continuity of 7. O
Let us note that we have the inclusion M(Aze(G,0)) € Hompi (g o) (Are(G,w))-
Theorem 4.4. The space of multipliers M(Ape (G, ,)) is isometrically isomorphic to the space A7, (G.o)'
Proof. Define the mapping F : A;‘@(G’w) — M(Ape(G,w)) by letting F(T) = p, foreach T € A;fb(G,w)’ where p.(S) =T o S

for all § € Ajo(g, ). Thus F is well-defined and moreover p,. (S0 K) =T o So K = p,(S) o K for all S,K € Ape(g,u), SO
Py € M(Ape(G,w)), since G is an abelian group and so the convolution multiplication is commutative.

It is clear that the mapping 7 +— p,. is linear and that ||, || < ||T|. Since W, is minimal approximate identity for Aze (G, )
by Theorem 3.4, we have

o | = o (I IT o S|
T senog., IS Sehroiga, IS
ToW
S [ > call > 17l
SEALO (G w) ” ea”
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Thus ||p |l = IT]].

Finally, we show that F is onto. Let p € M(Ape(G.,,)) and {eq} € L' (G, w) be a minimal approximate identity of L' (G, w).
The limit of pW,  exists for strong operator topology. Let 7' = lim, pW, . We prove p,. = p. By (1), we have (oW, )(f *g) =
(PW,, ) (W, 8) = (pW, . ) (g) forevery f € L' (G,w), g € L®(G,w). So we have

T(f *g) =lim(pW, )(f *g) = (pW )g. (6)

Since L®(G, w) is an essential L' (G, w)-module, the limit of (pW,,)(f * g) exists in L®(G,w). Let this limit be denoted by
T, € Homyi (g, o) (L®(G, w)). From (6) we obtain for all f € L'(G,w),

foT=pf. (N

@

Thus we have
ToW,, oW=(pW,,)oW=p(W,, oW) ®)

for all W € Ao (g, ). Since L®(G,w) is essential L' (G, w)-module, we have T o W = p(W) and so pp (W) = p(W) for all
W € Ape (G, w). Which gives p,. = p. O
Corollary 4.5. M(Apo(G..,)) = Homi(G. ) (L?(G,w)).

Proof. From Lemma 4.3 and Theorem 4.4, the result is obtained. O

5. THE IDENTIFICATION FOR THE SPACE L! (G, w) N L®(G, w)

In this section, adapted from Chapter of Oztop, S. (2003), we study some basic properties of the space L' (G, w) N L?(G, w) and
we characterize the space of multipliers Homy1 (. ) (LY(G,w) N L?(G, w)).
Given a Young function ®, the space L' (G, w) N L?(G, w) is a Banach space with the norm

LA =10 + 1L o, w ©)

for f € L'(G,w) N L?(G,w).

Lemma 5.1. For L' (G, w) N L?(G, w) the following is true.

(i) L'(G,w) N L®(G,w) is dense in L' (G, w) with respect to the norm || - ||1. .

(ii) Forevery f € L'(G,w)NL®(G,w) and x € G the mapping x — Ly f is continuous where L f(y) = f(x~'y) forall y € G.
Proof. (i) Since C.(G) is dense in L' (G, w) with respect to the norm || - ||1.,, and C.(G) € L' (G, w) N L*(G,w) € LY(G,w)
we have the required result.

(i) Let f € L'(G,w) N L®(G, w). Observe that by (Osancliol, A., Oztop, S. 2015, Lemma 2.3) ||| L. f]|| < w(x)|||.f]]| for all

x € G and the function x — L, f is continuous from G into L*(G, w) and L' (G, w). Thus for any xo € G and & > 0, there exists
Ui € V(x,) and U, € V(4,) such that for every x € U,

&
ILxf = Ly fllo.w < 5
and for every x € U,
g
It = Ly flhw < 5.
where V() denotes the neighborhood of xo. Set V = U; N Uy, then for all x € V we have |||Lxf — L, flll <e. ]

Since L' (G, w) has a minimal approximate identity and L® (G, w) is an essential L' (G, w)-module, the following proposition and
lemma are hold trivially.

Proposition 5.2. The space L' (G, w) N L®(G, w) has a minimal approximate identity in L' (G, w).
Lemma 5.3. The space L' (G, w) N L®(G, w) is an essential L' (G, w)-module.

Corollary 5.4. L'(G,w) N L®(G, w) is a Banach ideal in L' (G, w).

Proposition 5.5. L' (G, w) N L®(G, w) is a Banach algebra with the norm ||| - |||

Proof. Forany f,g € L'(G,w) N L*(G, w) we have

=gl =11 *glhw + If * gllo.w
< flhollgle.o + 1 1Lollglle.w < HLATT I
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Note that let G be a locally compact abelian group. A subalgebra S'(G) of L'(G) is called a Segal algebra if it satisfies the
following conditions (see Reiter H., Stegeman J. D. (2000)).

(i) The space S!(G) is dense in L' (G).
(ii) The subalgebra S'(G) is a Banach algebra which is invariant under translations and for each f € L'(G) there is a
neighborhood U = U, of the identity element e such that

ILyf-fll<e, yeU.
Corollary 5.6. The space L' (G, w) N L®(G, w) is a Segal algebra.
Proof. By Lemma 5.1 and Proposition 5.5 we obtain that L' (G, w) N L®(G, w) is a Segal algebra. O

Remark 5.7. Since L'(G,w) N L*(G,w) is an L'(G, w)-module and a Banach algebra, using the similar methods in Section 3
we obtain M(L'(G,w) N L®(G,w)) = Hompi (G ) (L' (G,w) N L*(G,w)).

Proposition 5.8. Hom, 1 ) (LY(G,w) N L®(G, w)) is an essential Banach module over L' (G, w).
Proof. Let f € L'(G,w) and T € Hole(G’w)(Ll(G, w) N L?(G, w)). Define the operator fT on L' (G, w) N L®(G, w) by
(fT)(g) =T(f *g) (10)

forall g € L'(G,w) N L*(G,w) and f € L'(G,w) N L®(G,w). Since L'(G, w) N L®(G, w) is a Banach algebra, the mapping
(10) is well defined. On the other hand, we have

/7| = T I

llglll<1
< sup ||[T(f =2
lllglll<1
< sup ([T {ILf = glll
lllglll<1
< sup ([T I flhwlllgll]
lllglil<1
<IN, w-

Hence, Homy,1 (g, ) (L'(G,w) N L®(G,w)) is an L' (G, w) module.
Let {eo} be a minimal approximate identity for L'(G, ) and T be in Homy1 (¢ ) (L' (G, w) N L®(G,w)). We have

lién leq oT —TJ =0.
Then, we obtain that Homyi ) (L' (G,w) N L®(G,w)) is an essential Banach module over L' (G, w). O
Define % to be the closure of L'(G, w) in Hom; (G.w) (L'(G,w) N L®(G, w)) for the operator norm. Clearly we have
Homy 1 (6. (L' (G,w) N L?(G, w)) = (Homi(G. o) (L'(G,w) N L*(G,w)))e =P = (P)., (11)
where (.). denotes the essential part and we have
Homyi (.., (L' (G, w) N L?(G,w)) = (P).

Here (%) is defined as the space of the elements 7 € Homy 1 (g, ) (L'(G,w) N L*(G,w)) such that T o P C P.
Using the same method as in Theorem 4.4, we obtain the following lemma.

Lemma 5.9. The space of multipliers of Banach algebra P is isometrically isometric to the space (P).
Corollary 5.10. Hom;:1 ;) (L' (G,w) N L®(G,w)) = M(P).
Proof. The proof is obtained by using Lemma 4.3 and Theorem 4.4. O

Remark 5.11. It is evident that every measure u € M(G) defines multiplier for L' (G, w) N L*(G, w). This is obvious from the
fact that || * f|| < lullllfll, f € L'(G,w) N L®(G, w). On the other hand, for u € M(G), we have u o L' (G,w) c L'(G,w),
the inclusion in the space Hom, 1 ) (L'(G,w) N L*(G, w)). Thus, u o P ¢ P and M(G) can be embeded into (P).

Moreover, if G is noncompact locally compact abelian, we have the more general results than Corollary in (Larsen, R. 1971,
Corollary 3.5.1).
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