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ABSTRACT

Let ® be an Orlicz function and L®(X, X, u) be the corresponding Orlicz space on a non-atomic, o -finite, complete measure
space (X, X, u). It is known that extreme points which are connected with rotundity of the whole spaces are the most essential and
important geometric notion in the geometric theory of Banach spaces. On the other hand, geometric theory of complex Banach
spaces has significant applications that differ from the geometric theory of real Banach spaces. In this paper, we first describe the
complex extreme points of unit ball of Orlicz spaces equipped with the s-norm where s is a strictly increasing outer function. We
also give criteria for complex rotundity. Our study generalizes and unifies the results that have been obtained for the Orlicz norm
and the p-Amemiya norm (1 < p < co) separately.
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1. INTRODUCTION

The notion of extreme points plays a crucial role for geometric theory of Banach spaces. Also, rotundity properties are very
important in geometry of Banach spaces and its applications. Since the early 1980’s, the investigations concerning the geometric
theory of complex Banach spaces have been developed because it has significant applications that differ from the geometric theory
of real Banach spaces. For instance, the notion of complex rotundity, which was introduced by Thorp, E., Whitley, R. (1967),
has an important application in the theory of analytic functions. It is known that if f is a function from the unit disc of C into a
complex Banach space X, f is analytic, i.e. x* o f is analytic in the classical sense for any x* € X* (the dual space of X) and the
maximum of the function F(z) = || f(z)|| is attained in an interior point of unit disc, then F is a constant function. However, in the
case when X is complex rotund, more can be deduced, namely that f is a constant function.

On the other hand, Orlicz spaces comprise an important class of Banach spaces that are a kind of generalization of Lebesgue
spaces. The theory of Orlicz spaces has been greatly developed because of its important theoretical properties and value in
applications. Some examples for applications of Orlicz spaces can be found in Aris B., Oztop S., (2023) and Uster R. (2021).
Structure of complex extreme points and complex rotundity in the class of Musielak—Orlicz spaces have been first studied by Wu,
C.X., Sun, H. (1987) and Wu, C.X., Sun, H. (1987). Then Chen, L., Cui, Y. (2010) gave criteria for complex extreme points and
complex rotundity in Orlicz function spaces equipped with the p-Amemiya norm.

Wista, M. (2020), using the concept of an outer function, presented a general and universal method of introducing norms in
Orlicz spaces that covered the classical Orlicz and Luxemburg norms, and p-Amemiya norms (1 < p < o0). After then, Basar E.,
Oztop, S., Uysal, B.H., Yasar, $. (2023), classified s-norms with respect to the constant o; and described real extreme points as
well.

Our first aim in this work is to describe the complex extreme points in Orlicz spaces equipped with s-norms where s is strictly
increasing. Then we give criteria for complex rotundity by using description of extreme points.

The structure of this paper as follows. In Section 2, we provide necessary definitions. In Section 3, we recall some technical
results for Orlicz spaces equipped with s-norms that will be used and we make some observations from these known results. In
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Section 4, we first describe complex extreme points of unit ball in Orlicz spaces equipped with s-norms for a strictly increasing
outer function s. Then we obtain a necessary and sufficient condition for complex rotundity.

2. PRELIMINARIES

A map @ : R — [0, o] is said to be an Orlicz function if ®(0) = 0, ® is not identically equal to zero, @ is even and convex on

the interval (—bg, be), and @ is left continuous at bg, where by = sup{u > 0 : ®(u) < oo}. From these properties it follows that

an Orlicz function @ is continuous on (—bg, bg), increasing on [0, bgp), and satisfies lim ®@(u) = co. If @ is an Orlicz function,
Uu—0

letting also ap = sup{u > 0 : ®(u) = 0}, then ap = 0 means that @ vanishes only at O while bg = co means that ® takes only
finite values. In this work, we assume that Orlicz function satisfies lim ¥ = o0.
u—o00

For an Orlicz function @, we define its complementary function ¥ by the formula

¥ (v) = sup{ulv] - ®(u)}.

u>0

It is well-known that the complementary function is an Orlicz function as well. Let p, denote the right derivative of an Otrlicz
function @ and ¢, denote the right derivative of its complementary function ¥ with the conventions that lim p,(u) = p,(c0) and
Uu—00

p+(u) = oo for all u > be. If there exists a constant K > 0 such that ®(2u) < K®(u) for all u € R, we say that Orlicz function ®
satisfies the A, condition and we denote this by @ € A;. We know that the pair (®, ¥) satisfies Young’s inequality, that is,

xy < @(x) +¥(y) (x,y €R),

where equality holds when y = p.(x) or x = g, (y) for x, y € R (Rao, M. M. and Ren, Z. D. (1991)).

Throughout the paper, we will assume that (X, X, ) is a measure space with a o--finite, non-atomic and complete measure ¢ and
denote by L°(X, X, u) (for short, L€ (X)) the space of all u-equivalence classes of complex-valued and X-measurable functions
defined on X. In addition, we use the conventions 0 - 00 =0, = =0 and § = co.

For a given Orlicz function ® we define on L° (X, X, 1) a convex functional I/ by

Io(f) = / O(|f (1)) du for any f € L ().

X

The Orlicz space L® (X, X, u) generated by an Orlicz function ® is a linear space of measurable functions defined by Orlicz, W.
(1932)

LY(X, 2, 1) = {f € L°(X, 2, ) : Ip (Af) < oo for some A > 0} .

We denote the Orlicz space L® (X, 2, i) shortly by L®.
The Orlicz space L? is usually equipped with the Orlicz norm (Orlicz, W. (1932))

I/11G = sup {/X |f ()] dp: g € LY, Tw(g) < 1},

where ¥ is the complementary function to ®, or with the equivalent Luxemburg norm
_ N
|| flle = inf /l>0.]¢; <1;.

Further, for all 1 < p < co the p-Amemiya norm is defined on L?® by

imgk*‘(l +Io(kHP)VP, if1 < p < o0,
>

inf k= max{1,Ip(kf)}, if p =co.
k>0

=~

1 fllo,p =

The family of p-Amemiya norms includes the Orlicz and Luxemburg norms (see Cui, Y., Duan, L., Hudzik, H. and Wista, M.
(2008)).

In 2020, the notion of the s-norm was introduced by M. Wista and all of the following definitions can be found in Wista, M.
(2020).

Definition 2.1. A function s : [0, o] — [1, co] is called an outer function if it is convex and satisfies the inequality
max{u, 1} <s(u) <u+1

forall u > 0.
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Let us note that an outer function s is continuous and increasing on [0, c0). Evidently s(0) = 1 and set s(o0) = oo.

Since it is convex, an outer function s has both right and left derivatives. Let s, be the right derivative of s so that s} : [0, c0) —
[0, 1] is an increasing function. Let sfl : [0, 1] — [0, oo] be a general inverse of s, as defined in (Wista, M. 2020, p. 11). Then
s, 7! is an increasing function as well.

Let us give some examples of families of outer functions (see Wista, M. (2020)).

Example 2.1. (i) For 1 < p < oo,

(1+uP)P | if1 < p < oo,
sp(u) = . (D
max{1,u}, ifp=oo.
(@i)For0<c <1,
Se(u) = max{l,u+c}. 2)
(@iii) For 1 < m < 2,
—Du+1, ifO0<u<l,
sy = {7 DO < 3)
u+m-—1, ifu>1.

Definition 2.2. Let s be an outer function and ® be an Orlicz function. Then the s-norm of f € L® is defined by
o1
1fllo.s = inf +s(Le(kf)):

The Orlicz space equipped with the s-norm will be denoted by LL.

Observe that each of the families given in Example 2.1 generates both the Orlicz norm and the Luxemburg norm. In (1), if we
take s = 51 then || fllos = [|fllG; if s = 5w, then || fllos = | fllo; if s =5, for 1 < p < oo then || fllo,s = [[fllo,p (see Cui,
Y., Duan, L., Hudzik, H. and Wista, M. (2008)). Similarly, in (2), ¢ = 0 gives the Luxemburg norm and ¢ = 1 the Orlicz norm.
Further, in (3), m = 1 yields the Luxemburg norm and m = 2 the Orlicz norm.

It is known that the s-norm || - ||, is equivalent to the Luxemburg norm || - [l with || flle < || flle.s < 2|l flle for any f € L?
(see Wista, M. (2020)). Note that the Orlicz space L? is a Banach space with the s-norm.

Definition 2.3. Let s be an outer function. For all 0 < v < 1, define
w(v) = /Ovs;‘(z) dr. )
It is clear that w is a non-negative, increasing and continuous function on [0, 1].
Definition 2.4. Let s be an outer function. Forall 0 < u < coand 0 < v < oo,
Bs(u,v) =1=w (s, (u)) = vsy(u).
Denote also S (kf) = Bs (Io(kf), Iy(p+(k|f])) for all £ € LL.
Note that the function k — B, (k f) is decreasing on [0, o).

Definition 2.5. Let s be an outer function and ® be an Orlicz function. For f € L® \ {0} and 0 < k < oo, we define the following
functions.

D: LY — P([0,)), D(f) ={0 < k < o0 : Ip(kf) < oo}
K1 LY — (0,00, k*(f) =inf{k € D(f) : Bs(kf) < O}
KL — [0, ), k**(f) = sup{k € D(f) : Bs(kf) > 0}

It is easy to see that 0 < k*(f) < k™ (f) < oo. Let us also define
K(f) ={0<k<oo:k"(f) <k <k™(f)}.

Obviously, K(f) # 0 © k*(f) < oo. If k*(f) < oo for any f € L?\ {0}, then the s-norm is called k*-finite; if k**(f) < oo for
any f € L2\ {0}, then the s-norm is called k**-finite. Further, if k*(f) = k**(f) < oo for any f € L? \ {0}, then the s-norm is
called k-unique.

Definition 2.6. Let s be an outer function. Define the constant oy by

os =sup{u > 0:s(u) =1}.
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Note that 0 < o < 1 and it is obvious that s is strictly increasing on [, 00). We focus on the cases of oy > 0 and o = 0 in
the rest of this paper. The key point in defining this constant is that the equality oy = 0 provides an inverse function for the outer
function s since this function is strictly increasing on the entire interval [0, co) whenever o = 0.

Let S denote the set of outer functions and define the sets

So={seS:0,=0} and Si={seS:0; >0}

The constants oy of the outer functions in Example 2.1 are obtained as follows.
(i) For s, of (1),

_ 0, 1<p<oo,
Sp — 1’ p:OO.
(i) For s, of (2),
os.=sup{lu>0:u+c<1}=1-c.

Note that 0 < ¢ < 1.
(iii) For s,, of (3),

1, m=1,

o, =sup{fu=20:(m-Du+1=1}=
o = SUP{ > 05 (m = 1) }{O’ S

As a consequence, we can classify the given outer functions as follows. The outer functions s, s¢, S € So for 1 < p < oo,
c=1,1<m<2andsp,sc,5m €S forp=00,0<c<l,m=1.

3. AUXILIARY RESULTS
We recall some technical results that will be used in the rest of paper.

Lemma 3.1. (Chen, S. (1996), Proposition 5.17) For any € > 0, there exists 6 € (0, %) such that if u,v € C and
0 .
|v] > — max |u + jv|,
8 J

then

1-20
ul < — ;|u+jv|,

where

max |u + jv| = max{|u + v|, lu —v|, |u+iv|, |u —iv|},
J

Z|M+jv|=|u+v|+|u—v|+|u+iv|+|u—iv|.

J

Lemma 3.2. (Wista, M. (2020), Lemma 3.2) For every outer function s and Orlicz function ®,
oo < Ifllos < N flo < 2[ fllo,e
forall f € L®.

Lemma 3.3. (Cui, Y., Zhan, Y. (2019), Lemma 7) Iflim, . %) = co then K(f) # 0 for any f € L® \ {0}.

u

Theorem 3.4. (Wista, M. (2020), Theorem 7.3) Let s be an outer function and ® be an Orlicz function.
(i) The s-norm is k*-finite if and only if one of the following conditions is satisfied.
(a) @ takes infinite values, i.e., by < oo,
(b) w (s,.(u)) = 1 for some 0 < u < oo,
(c) w(l) = 1 and @ is not linear on [0, o),
(d) @ does not admit an oblique asymptote.
(ii) The s-norm is k**-finite if and only if one of the conditions (a), (c) or (d) is satisfied.
(iii) If @ does not admit an oblique asymptote, then the s-norm is k™ -finite if and only if it is k*-finite.
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Theorem 3.5. (Wista, M. (2020), Theorem 6.1) Let s be an outer function and ® be an Orlicz function. For all f € L® \ {0},
we have

k*(f) = inf {k >0 fllos = %S(lm(kf))},

K*(f) = sup {k >0 [fllo.s = %s(lcp(kf))} .

Corollary 3.1 (Wista, M. (2020), Corollary 6.2). Let s and @ be an outer and an Orlicz function, respectively. The followings
hold for any f € L® \ {0}.

() For every k € (0,00) 1 [K* (), K ()], we have [ flo,s = s(To(kf))
) TF & () = o, then [ fllo, = lim +s(Ja (k).

4. MAIN RESULTS

In this section, we will give some results for s-norms that generalize the results obtained for the Orlicz and the p-Amemiya norms
(1 < p < ). Then, we will give our main results on complex extreme points of unit ball and complex rotundity of Orlicz space
(Theorems 4.3 and Theorem 4.4).

Definition 4.1. (see Chen, S. (1996)) Let B(L®) (resp. S(L?)) be the closed unit ball (resp. the unit sphere) of a Orlicz space LY.
A function f € S(L®) is called an complex extreme point of B(L?®) if for any non-zero g € L® implies max =1 || f+Agllos > 1.
The set of all complex extreme points of B(L®) is denoted by Ext B(L®). Orlicz space is called complex strictly rotund if every
element of S(L?) is a complex extreme point of B(L®).

Lemma 4.2. If f € B(L?), then |f(t)| < be p-a.e. on X.

Proof. Assume that f € B(L?). By Lemma 3.2, we have || f||¢..o < 1. Therefore, we obtain Io(f) < 1 (see Chen, S. (1996)).
Hence, ®(|f(¢)|) < oo for u-a.e. t € X. By definition of bg, we have | f(¢)| < be u- a.e. on X.

Theorem 4.3. Let s € Sy. Then f € S(L®) is a complex extreme point of the unit ball B(L®) if and only if u({t € X : k|f(t)| <
ap}) =0 forany k € K(f).

Proof. Necessity. Suppose that f € S(L®) with oy = 0 is a complex extreme point of the unit ball B(L®). Let us prove for any
ke K(f), u{t € X : k|f(t)] < ae}) = 0. Assume that there exists kg € K(f) such that u({r € X : kol|f(?)| < as}) > 0.
Then we can find d > 0 and measurable subset A of X such that u(A) > 0 and

kolf(H)|+d < ao

forany r € A. Letting g = kioXA’ we obtain g # 0 and for any A € C with 1| < 1,

1f + Agllos < kios(lq>(k0(f+/18))) - kiosa@(kof)(m) +Ip(kofxa + Adya))

< kios(l@(kOfXX\A) +1o((kof +d)xa))
< kis(ld)(kOfXX\A))

0
< s(a(kof)) = I/l = 1.

0

This gives that f ¢ Ext B(L®).

Sufficiency. Suppose that for any k € K(f), u({t € X : k|f(t)| < ap}) = 0. Letus prove f € S(L®) with oy = 0 is a complex
extreme point of the unit ball B(LP). Assume that f € S(L®) with oy = 0 is not a complex extreme point of the unit ball B(L®).
Therefore, there exist &9 > 0 and go € L® with ||go||o.s > €0 such that

max || f + Agollo,s < 1. ®)
<1

By Lemma 3.1, there exists dg € (0, %) such that if u, v € C and

£
[v] = gomjax|u+jv|,
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then we have

1-26
< 0Z|u+jv|.
J

Define A ={re X : [go(t)| = mjax | £(2) + jgo(?)|}. We obtain by using (5)
lgoxxialle.s < max|f + jgolllos < ¢ Z If + jgollos < =

-8 2

Consequently, we have ||goxallo,s > 5 which shows that (A) > 0. For any € A, we obtain

O < =220 3170 + o).
J

By Lemma 3.3, we can take any k € K(% 2; |f +jgol) and we have by (5)

il = {5517 ) 2 s (65 21
> Ls(lo(kf)) 2 I fllas = 1

which implies that || f|lo,s = 15(Io(kf)) = I3 X, |f + jgollle,s = 1 and k > 1. Since k| f(1)| > ao for y-a.e. t € X, we obtain
that

, u—aer €A,

s KA 2

ao
1-209

we conclude that I (k= 2 6 xa) = (= 2 _)u(A). To complete the proof, we consider the
following two cases.

Case 1. Let assume that Iq)(k(% 2 |f +jgol)) = 260b. In this case, we obtain the following contradiction

1
L=|fllo,s = %S(ch(kfXA) +1o(kfxx\a))

1 1-26p .
< =5 Im(k 1 ;|f+]g0|

1 1
. (1—25o)l¢(k(Z;|f+jgol

XA XX\A

1
+1o (k(12|f+jgo|
J
1
+1o (k(ZZIfﬂgol
J

IA
|
5

XA XX\A

1 1 . 1 .

st Ip |k Z;|f+]go| - 260lo k(zg|f+]80| XA
1 1 . |/

< 25| lo |k Z;Ifﬂgol —26olc1>( 25 Zlfﬂgol)m
1 1 .

st Io | k Z;|f+]g0| —26017)

1 1 1
< osUalk(y ; 1f +igoD) =3 ; 1 + igolllo.s = 1.

Therefore, we obtain a contradiction.
Case 2. Let assume that Icp(k(}t 2 |f +7gol)) < 250b. By using the fact that for all outer functions s(u) < 1+u for any u € R.
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1
L=|fllos= kS(ch(kfXA) +1o(kfxx\a)) < —(1 +lo(kfxa) +1o(kfxx\a)
1 1-26 , .
<z|1+te k( 7 O;Ifﬂgol X +1q>(k(Z;|f+Jgo| x4
< Miv - 26000 [k IZ|f+' || xal + 1o |k 1Z|f+‘ |
=% 0) 1o 2 ;' J8ol| XA (o) 2 ,' J8ol | Xx\A
<14 k12|f+'| 2501, klz|f+'|
=% ) 2 4 J80 olo 2 : J8ol| XA
1 1 )
< |1+l k Z;|f+1g0| —2601<p( 'f' Zlf Jg0|XA)
<Xy k12|f+'| 260b] < L <1
=7 ) 2 : J80 0 P

Therefore, we obtain a contradiction.
The following theorem gives us necessary and sufficient condition for being complex rotundity of Orlicz spaces when s € Sy.
Theorem 4.4. Let s € Sy. Then L® is complex rotund if and only if ag = 0.

Proof. Necessity. Suppose that L® with oy = 0 is complex strictly rotund. Let us prove ag = 0. Assume that ag > 0. Then take
¢ € (0,ag). Choose measurable subset A of X and f € S(L®) such that u(A) > 0 and suppf = X \ A. Take k € K(f), and define

B . teA,
g(t)_{f(t), reX\A.

Since suppf = X \ A, we obtain ||g|le.s = || f]le.s = 1. On the other hand,

Isllo.s < 7 (kg)) = £5(ha(cxa) + Lok frxa)
= 5ok L) = I fllas = 1.

Thus, ||g|le.s = 1. However, for ¢ € A, we have k|g(t)| = ¢ < ag, which implies that g ¢ Ext B(L®?) by Theorem 4.3.

Sufficiency. Suppose that ag = 0. Let us prove L? with oy = 0 is complex strictly rotund. Assume that f € S(L®) is not
a complex extreme point of the unit ball B(L®). It follows from Theorem 4.3 that u({t € X : k|f(¢)] < ae}) > 0 for some
k € K(f). Then there exists #y € X such that ap > k|f(9)| = 0, which contradicts with ag = 0.

5. CONCLUSION
In this work, we characterize complex extreme points and complex rotundity of Orlicz Spaces equipped with the s-norms for

oy =0.
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