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ABSTRACT The present study perturbs the fractional integral of a continuous function f defined on a real KEYWORDS
compact interval, say (Z?f) using a family of fractal functions (Z?f)* based on the scaling parameter . To  Fractional inte-
elicit this phenomenon, a fractal operator is proposed in the space of continuous functions, an analogue to  gral

the existing fractal interpolation operator which perturbs f giving rise to a-fractal function f*. In addition, the w-fractal function
composition of a-fractal function with the linear fractal function is discussed and the composition operation on  Error estimation
the fractal interpolation functions is extended to the case of differentiable fractal functions. Composite fractal

functions

INTRODUCTION

The launch of fractal interpolation function has initiated a new
theory of approximation concerning the naturally existing func-
tions with non-differentiable nature. Rooted from the remark of
Barnsley in (Barnsley 1986), Navascués has explored the approxi-
mation of continuous functions defined on a real closed interval by
a class of a-fractal functions, where « is the appropriately chosen
scaling parameter, in (Navascués 2005). Non-smooth analogue of
prescribed continuous function can be achieved with the choice
of non-differentiable base function. Further, Navascués has pio-
neered the fractal operator to associate each prescribed function
to its class of a-fractal functions. The theme of proposing a fractal
operator has fruitfully enabled the fractal theory to connect with
various mathematical fields not limited to operator theory. While
constructing a-fractal function, the base function choice is signifi-
cant since the fractal operator is dependent on the boundedness of
the base function. Literature survey acknowledges various interest-
ing discussions on a-fractal functions, for instance, the derivative
of a-fractal function is explored and its respective fractal operator
is studied in (Navascués and Sebastidn 2006).

The Riemann-Liouville fractional integral of a-fractal function
has been discussed for the a-fractal functions with both constant
and variable scalings in (Priyanka and Gowrisankar 2021b). Fur-
ther, a fractional operator is defined to assign the continuous func-
tion to the fractional integral of its fractal version. For more works
on a-fractal functions, the readers are recommended to consult
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(Balasubramani et al. 2020; Akhtar ef al. 2017; Banerjee et al. 2023).
While analysing fractals and fractal functions, the study of their
fractal dimension is an ever interesting topic. Falconer has dis-
cussed the dimension theory for the fractal interpolation functions
in (Falconer 2004). The dimensional analysis for the graphs of
a-fractal functions is investigated in (Akhtar et al. 2016). Beyond
the theoretical framework, fractal dimension has been estimated
for various physical phenomena. For more fascinating work on
the fractal dimension, the readers may visit (Banerjee et al. 2021;
Fortin et al. 1992; Sanjudn 2021; Cimen et al. 2020).

In recent times, fractional calculus has been receiving remark-
able attention among the fractal community. The Riemann-
Liouville (RL) fractional integral of affine fractal functions has
been investigated in (Pan 2014). The quadratic fractal function’s
fractional integral with constant and function scalings has been
discussed in (Gowrisankar and Prasad 2019). The fractional inte-
gral as well as the fractional derivative of different kinds of fractal
interpolation functions have been discussed by several authors (for
additional information refer, (Pan 2014; Gowrisankar and Prasad
2019; Ruan et al. 2009; Priyanka and Gowrisankar 2021a)). The
aforementioned results on a-fractal function and its fractional or-
der integral, naturally arises a question: Is it possible to generate
a class of fractal functions such that the fractional integral of a
continuous function is interpolated? To answer this question, the
present paper initiates the construction of self-referential functions
for the fractional integral of continuous functions.

The construction procedure follows Navascués’s a-fractal func-
tion in (Navascués and Sebastidn 2006) and such a construction is
guaranteed with the continuity of fractional integral. In addition,
a fractal operator is defined to assign the fractional integral of a
continuous function to its fractal version. The boundedness of
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the fractional integral discussed in (Samko et al. 1993) instigates
to discuss the boundedness of the proposed operator. The base
function of the newly constructed fractal function, (i.e) the frac-
tional integral of base function of the a-fractal function, is chosen
appropriately to explicitly estimate the bound of the operator.

The recent works on fractal functions reported in (Navascués
et al. 2022; Massopust 2022b,a; Dai and Liu 2023) show the curiosity
of young researchers to develop more generalized and flexible
fractal interpolation functions. In (Priyanka and Gowrisankar
2021b), authors have demonstrated that the resultant functions
on the evaluation of the fractional integral of a-fractal functions
are again a-fractal functions obeying the end point conditions.
The work by Dai and Liu(Dai and Liu 2023) is also noticeable, in
which the composite fractal function is introduced along with the
discussion of its fractal dimension. In this direction, the present
paper investigates the composition of a-fractal function as well as
the composition of fractal spline. Further, it is observed that the
composition operator also renders new fractal functions like the
case of fractional integral operator, which is discussed in (Priyanka
and Gowrisankar 2021b). With this end, the paper directly enters
the discussion on the fractal perturbation of continuous functions
in the following section.

FRACTALIZATION OF CONTINUOUS FUNCTIONS

Let N > 2 and INy denote the initial set of natural numbers of
length N. Consider the interpolation data set,

{(xj,yj) € [x1, xan41] X R:j € Nyja}

Let I; be the set of N homeomorphisms from I = [x1, xn1] to
Ij = [xj,xj41], j € Ny satisfying

|l](S) — l](t)‘ < /\]|S — t|, /\] S [0,1),
li(x1) = xj, lj(xn+1) = Xjy1, j € Ny
Define the maps Fj : X := I x R — R to be continuous in the first

argument and Lipschitz continuous in the second argument with
Lipschitz constant a; < 1 such that

Fi(x1,11) = yj, Fi(xn+1,yN+1) = Yj41, ] € NN

The space of continuous functions defined on the interval I reserves
the notation C(I). Let G = {h € C(I) : h(x1) = y1,h(xn11) =
yN+1}- For by, hy € C(I), the metric 6, defined by d(hy, hp) =
max{|hi(x) — hp(x)| : x € I}, completes (G, §). Further, in (Barns-
ley 1986), the Read-Bajrakteravic operator (RB), T is defined on
(G,6) by

Th(x) = F(I; ' (x),h(1; (x)), j € Nw. 1)

The continuity properties of /; and F; make easier to verify the
continuity of T as follows

6(Tg1,Tg2) < |afeod(g1,82), 81,82 € C(I)

where |a[co = max{|aj| : j € Ny} < land a = {ag,ap,...,an}.
The choice of a; makes the operator T contractive on the space
(G,6). Hence, with the aid of Banach contraction principle, it
is concluded that T has a unique fixed point, say g, satisfying
g(xj) = yj, forall j € Ny, 1 and from Eqn.(1), it follows that

§(x) = K17 (x),8(17 1 (x)), j € Ny. v

Using the maps [ i and Fj, define contractive transformations wj
from X to Ij x R as

wj(x,y) = (Ij(x), Fi(x,y)), (x,y) € X, j € Ny.
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Thus, the finite collection of contractive maps w; together with the
complete metric space (X, d) forms a hyperbolic Iterated Function
System (IFS) and it is denoted by

{Xw(x,y) = (), fi(x,y)) £ | € Ny}, ®

Let HX) := {A C X : A # @ and compact}. The Hausdorff
metric h, is defined on H(X') by

hg(A,B) = max{d(A,B),d(B,A)},

where d(A,B) = sup, 5 inf,cp{d(a,b)}, then the pair (H(X), hy)
is a complete metric space whenever the metric space (X, d) is
complete. A Hutchinson-Barnsley operator W is defined as a self-
map on H(X) by

N
W(C) = |J wj(C),
=1

where C € H(X). By the Banach principle of fixed point, there
exists a unique G in H(X') such that
Gg = nlgrc}o We(Q),

where W°" is the n-fold self-composition of W. Moreover, this
set Gy is the graph of the function g obeying the self-referential
equation (2). In this construction, the function g is called the
Fractal Interpolation Function (FIF) associated with the IFS (3). The
interested readers may consult (Barnsley 1986; Agathiyan et al.
2022; Gowrisankar and Uthayakumar 2016) for more details on
FIFs.

The following is the review of construction of a-fractal function
explored by Navacués in (Navascués 2005). Slightly deviating
from the theme of fractal interpolation function approximating the
given interpolation data sharing complex behaviour, Navacués has
generated a class of continuous functions with fractal properties to
approximate f € C(I). For f € C(I), let {(xj, f(xj)) : j € Nny1}
be the interpolation points. A partition A := {x1,x5,...,xN41} is
considered such that x; < x; < --- < xn4+1 and the continuous
function b : I — R is taken as the base function equal to f only at
the endpoints x; and xn41. i.e.,

b(xl) :f(xl), b(xN-H) :f(xN+1), and b #f (4)

Leta; € (=1,1), j € Ny. Consider the maps
li(x) = ajx + bj, Fi(x, f(x)) = ajf(x) +g;(x), j € Ny, (5)

where

qj(x) = f(Ij(x)) — a;b(x). ©6)
Then, the attractor of the IFS (3) involving the maps in (5) and
(6) is the graph of the fractal interpolation function say, f4 , corre-
sponding to f with respect to scale vector a, partition A and base
function b. In addition, the function fy , is the fixed point of the
RB operator 7 defined on C¢(I), where C¢(I) is the space of con-

tinuous functions h obeying h(x1) = f(x1), h(xnt1) = f(xN+1)-
The operator .7, is described as

Tuh(x) = f(x) +aj(h —b) o l]fl(x), x€l, jeNy.
Then, f§ , obeys
fap(x) = f(x) +aj(f* =b) ol (x), x €L, jENN.  (7)

Definition 1. The function fy , = f* satisfying the self-referential
equation (7) is the fractal perturbation of f and it is known as the a-fractal
function corresponding to «, A and b.
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According to Eqn.(7), f* interpolates f at each x; (i.e.)) f*(x;) =
f(xj), forall j € Ny1. Also, f* equals the prescribed function f
when all the scaling factors are taken to be zero. In addition, from
Eqn.(7), the uniform distance between f and f* can be deduced as
follows.

|#]o
1— |afoo

£ = flleo < 1f = Dlleo.

Let Cla, b] be equipped with sup norm
1 flleo = max{|f(x)

Consider the linearly dependent base function b on f, b = Lf,
where L : Cla,b] — C[a, D] is a linear operator and bounded, its
operator norm is given by

IL|| == sup{lILflleo : I flleo <1}
and Lf(x1) = x1, Lf(xN41) = xn+1 with L # Identity.

1x € [a,b]}.

Remark 1. The present study proceeds with Lf = f oc, where ¢
is an increasing as well as continuous function such that c¢(xy) =
x1, c(xN11) = xNny1 and ¢ # Identity. For this particular choice
of b= foc,||blle = ||ILfllec = ||f|lco with operator norm ||L|| = 1.

Lemma 1. (Navascués 2010) For any f € C(I) and b = Lf, the

following inequality holds

[#loo[1d — L|oo
1— |afoo

1£* = flleo < [ £llcos

where 1d is the identity operator.
Note 1. If Lf = f oc, the inequality () becomes

2|a|oo

£ = Flo < 72107 Wl

In (Navascués 2005), a fractal interpolation operator F* :
C(I) — C(I) is introduced to fractalize each continuous function
as

FHf) = £ fec).

Theorem 1. (Navascués 2010) For any bounded and linear operator L
with sup norm, the following holds

17Ol < (14 =LYy
1— |afeo

In analogue to the above discussed operator, various fractal
operators have been proposed to the fractalize the given contin-
uous functions, see for instance (Navascués and Sebastian 2006;
Priyanka and Gowrisankar 2021b).

FRACTAL PERTURBATION OF FRACTIONAL INTEGRAL
OF A CONTINUOUS FUNCTION

In order to define a new class of a-fractal functions to approximate
the fractional integral of f € C(I), this section commences with
the definition of RL fractional integral of a continuous function.

Definition 2. (Samko et al. 1993) Let f be the integrable function on
[a,b] C Rand v > 0 be a real number. Then, the Riemann-Liouville
(RL) fractional integral of f is defined by

N0 = 57 [ 0= ), (1> ),

[

here the notation I'(-) denotes the Gamma function.
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In (Samko et al. 1993), it is proved that the fractional integral
operator (Z9f) is bounded in L, space with 1 < p < co and it is
precisely provided in the following lemma.

Lemma 2. For v > 0, the RL fractional integral operator is bounded
such that

IN+1 — X1
v < = _tr= -
IZ? 1l < K| flloo, where I oT(0)

Using the above lemma, the uniform distance between the germ
function f and its fractional integral Z? f can be estimated as fol-
lows.

Lemma 3. The distance between f and I° f with respect to the uniform
norm is given by

1f =Z%fllo < 1+ K)Iflleo,

— XIN+1TX]
where K = “or@)

Proof. By the definition of uniform norm,

1f =Z%flleo < Ml flleo + 1 Z°flco-

From Lemma 2, it follows that || Z°f|lc < K| f]lco, where K =
x'j]*rli(;)xl.Then,
1f =T flleo <[ flleo + Kl flloo
<A+ flleo-

O

The following lemma ensures the continuity of the fractional
order integral 7% f which is proved by Pan in reference (Pan 2014).

Lemmad4. Letv > 0and f € Cla,b]. Then I°f € Cla, b].

From Lemma 4, it is straight forward to define a family of fractal
functions to approximate Z7 f.
Let {x;, Z°f(x;)} be the the interpolation data with partition
A and scale vector a. To define a new family of self-referential
functions, consider the base function as the fractional integral of b,
expressed by
(Z°)(t) =

% /:(t — 5)*Th(s)ds,

such that

(Z°)(x1) = (Z°f)(x1),
(Z°)(xn+1) = (Z°f) (xn+1)

and Z°b # ZYf. In correspondence with the new continuous
functions (Zf) and (Zb), the maps defined in (5) becomes,

lj(x) = ajx+bj, Fj(x,y) = ajy + (Z°f)1;(x) —a;(Z°)(x), j € ]1\(1;;;
The attractor of the IFS with the maps in (8) is the graph of the
new kind of a-fractal function say, (Z°f)* associated with (Z?f).
It can be verified that (Z°f)*(x;) = (Z°f)(x;) for all j € Ny41.
Besides, (Z?f)* is a unique fixed point of the RB operator 7, with
the change of arguments such that

(T°f)*(x) = Tf (x) +a;((T°F)* = Tb) ol (x)), x € I, j € Ny.

The function (Z7 )" is the a-fractal function of the RL fractional
integral of f € C(I) approximating (Z?f) with respect to base
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function (Z°D), partition A and scaling parameter a. With an aim
to estimate the error, now consider the mapping

TR x C(I) — C(I)
(a0, If) = Tu(T°f)

where R = [0,t] x [0, ] x [0,#] x
fixed. For x € I, define

x[0,t] CRN,0<t<1,tis

(T f)(x) = F/ (17} (x), (Z°F) o 1 (x))
= a(T°f) o 17 (x) +q; o7 (x)
with '
g7 (x) = (Z°f) o 1j(x) — &;(Z°D) (x).

The uniform distance between the functions (Z9f) and (Z?f)* is
estimated in the following theorem.

Theorem 2. If b is a bounded linear operator, then the below inequality

holds
2K ||oo

(Ivf)HOO - 1— |DC|

Z°f)*

IN+1—X1
ol (v) -~

Proof. Let (Zf) € C¢(I). Then for each x € [,
| Za(Z°f) (%)= TB(Z7f) (x)]
= |0 (Z°f) o ;M (x) +q} o1 (x) = B(T°f) 017 (x)
—q o171 (x)|
< | (Z%f) o 17 (x) = B;(TF) o1 ()
+ 17 o1 (x) — ' o 17 ()]
From Eqn.(), the second term is rewritten as
| Fa(Z°F) — F(Z°F) oo
< Jaj = BT flle + [(T°) o (x) ~ 0 (TD) () )
— (T o (x) + B(T°D) ()]
< o= Bleol|Z° flleo + & = Bl 1270l
<2la = Blool|Z7f co- (10)
Meanwhile, (Z°f) is the fixed point of J; corresponding to
g;'(x) = (Z°f) o lj(x) — &;(Z°b)(x). Then,
TP = @)l = | F(T ) = ZT )P + AT PP
- FT NP

Since .7 is contractive with contractivity factor « and applying the
inequality (9),

IZ°f)*

[1£lleos

where KK =

—(T°/)Plleo < lleol(Z7f)" = (Z°f)Pleo + 2l
= Bleoll(Z7)P 0

_ 2o = Bloo | (Z71)Plleo.
1— |afe
Setting B = 0 € RN and using the property (Z°f)? = (Z°f),

observe that

IZ°f)"

Z\alw\l(I”f)Hoo
—laleo

2]C|oc|oo

— (T llw =
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The above theorem is a prelude to discuss the boundedness of
the fractal operator 7% which is explored in the following section.

FRACTAL OPERATOR ASSOCIATED WITH THE FRAC-
TIONAL INTEGRAL

This section proposes a fractal operator to send each continu-
ous function Z?f to its fractal version (Z?f)* where the function
(Z°f)¥ is the a-fractal function of the RL fractional integral of a
prescribed continuous function f discussed in the previous section.
To be concise, for a fixed scale vector « and a fixed fractional order
v > 0, there exists an operator

Fo . C(I) — C(I)
I°f — (Z7f)".

The linearity of b assures the linearity of 7*. For fixed scalars A
and y, it can be verified that

FOR(ATf o pI%g) = \FR(L°f) + uF*(I%).
Theorem 3. F*? is bounded on C(I). Moreover,

1+ |afe
X, 0 ( TV <
P Pl < (T

)kl

IN+1—X1

where K = ol @)

Proof. From Theorem 2, one has

2K || oo

IZ°F)* = (Tl < 1= s

[.flleo/

INGLZH Thep,

with K = YO

@Dl < 2= 1

< (@)l + Z’C‘f"f

2/C|Dc|oo
1 Jale

IZ7F)* lleo

IZ7F)* lleo [1£lleo

< Kllflleo + [1£lleos

which provides the required bound of the operator 7%,

2|a|eo
7@ Plle < (14 255 ) K1 s
1+|lx|oo>
= IC -
= (1) ki
Hence, the required inequality. |

Next, the bound for the perturbation error between f and
(Z7f)* is explored in the following theorem.

Theorem 4. For any f € C(I), the following inequality

1 — () e < (1 o Z’C'f“f ) e

XN+1— X1

holds with K = or (0)
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Proof. One can have

1f =T oo = If =Z°F +T°F = (Z°F)" [l
SNf =T flleo +1Z°F = (Z9F) [l oo

Using Lemma 4 and Theorem 2, the above inequality is reduced to

2K || o
I = @)l £ @+ + 2R o
Thus, the required result follows immediately. O

Remark 2. In (Priyanka and Gowrisankar 2021b), a fractal opera-
tor FY has been proposed to associate the given function f € C(I) to
the Riemann-Liouville fractional integral of its fractal version namely,
ZY(f*) and discussed some of its elementary properties. Whereas, here
the fractal operator F*° is defined on C(I) to associate the fractional
integral of f € C(I) to its fractal version, namely (Z°f)*.

COMPOSITE FRACTAL FUNCTIONS

This section discusses the composition of fractal functions and
demonstrate that the compositions are again fractal functions.

Composition of a-fractal Function

Let ] = [y1,yn+1] C Rand Iy : I — I; be the homeomorphic
maps defined by /1 j(x) = a1 jx + by satisfying

d(ll,j(a)rll,j(b)) < rld(a,b), 0<r <1, a,bel,
where d is a Euclidean metric or its equivalent metric and

h,j(x1) = xj, I j(xN+1) = xj41, ] € NN. (11)

Let Ky := I x J. Define the continuous functions Fj:Ki—Rto
be contraction with respect to second variable satisfying

Fj(x1,y1) =Yyj, Frj(xn+1,UN+1) = Yjr1, J € Ny, (12)

The general form of the maps F; ; is given by

Fi(x,y) = ajy + q;(x),

where a; = (a1, a2,...,4Nn+1) is the free parameter chosen in the
interval [0,1), which scales the graph vertically and referred as
vertical scaling factor, g; is a suitable continuous function satisfying

qi(x1) = yj — ajy1, qi(*N+1) = Yj1 — QYN+1-

The system {Ky; (I1,, F1j) : j € Ny} is a IFS and its attractor Gy is
the graph of fractal interpolation function 2 : I — R interpolating
the data set {(xj,y;) € I x R:j € N1} such that i(x;) = y;, for
j € Nyy1. In (Dai and Liu 2023), the functional equation of  is
provided by

hx) = R0 (), BUDA (),
(or)
h(lj(x)) = ajh(x) +q;(x), x € I, j € Nn.

On the other hand, if the data set {(x;, f(x;)) : j € N1} is given
to approximate, where f is a continuous function, the following
choice of g;(x) = foly j(x) — a;b(x) generates an a-fractal function
satisfying

F4(11j(x)) = & (x) + f ol (x) — asb(x)

and f*(xj) = f(xj), V j € Nny1, here b is the base function obey-
ing the conditions provided in (4). Let N' = [f*(x1), f*(xn11)]
and N; = [f*(x;), f*(xj11)], j € Nn. Now, to interpolate the
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data set {(f*(xj),z;) : j € Nny1},z; € Rforallj € Nyyq, a
new fractal interpolation function h : N' — R is constructed with
the maps m ; and Gy ; defined below which respectively obey the
conditions of Iy j and Fy j,

myj(x) = cpj(x) +dyj,
G,i(f*(x),z) = ajz+ p;(f*(x)), j € Ny,

where p; is a linear polynomial of x satisfying p;(f*(x)) =
zj, pi(f*(xn+1)) = 2j41. Note that the domain of 1 agrees with
f*(I), thus it is possible to composite g with f*. Similar to the
composite fractal interpolation function discussed in (Dai and Liu
2023), the composite a-fractal function h(f*) can be defined such that
h(f*(x;)) = z; and its associated functional equation is expressed
by

h(f*(x)) = Gu,j(my; (f(x), h(my ; (f(x)))), f*(x) € Nj, j € Ny.

From the above equation, it is seen that the composite func-
tion h(f*) interpolates {(x;,z;) : j € Nyy1}. For instance, con-
sider the a-fractal function f}' corresponding to the germ func-
tion fi(x) = x? 4 2x and base function b;(x) = 3x with & =
(0.5, —0.5,0.5). Its graphical illustration is provided in Fig. 1(a).
The linear fractal interpolation function /; corresponding to the
data set {(fi(x;),z) = {(0,0),(0.25,0.2),(0.56,0.5), (1,0.25)}}
is represented in Fig. 1(b). The composite a-fractal function
hi(ff) is provided in Fig. 1(c). Considering the height func-
tion fo(x) = 2x3 and base function by(x) = x with the scal-
ings « = (0.7,-0.7,0.7). The graph of another a-fractal func-
tion f5 approximating f, is provided in Fig. 2(a). The data set
{(f5(x)),z;) = {(0,0),(0.25,0.2), (0.84,0.5), (2,0.25) } } is approx-
imated using the linear FIF h; and it is graphically illustrated in
Fig. 2(b). Fig. 2(c) represents the graph of the composite a-fractal
function i, (f5).

Composition of Fractal Spline

In (Barnsley and Harrington 1989), Barnsely has extended the con-
tinuity of g; to be differentiable in order to achieve differentiable
fractal functions as narrated below. Consider /; ; and F; ; as defined
above satisfying Eqns.(11) and (12). For n > 0, suppose

\zxj| < a]’-’,
and g; € C"(I), then
k
ww} (%)
Fu(xy) =—7F—,
%
f(x) g5y (xn1)
v = Ly = BN k= 1,2,
ay —aq ay — an

Moreover, if
Fook(onsnyNsik) = P, vig), j=2,3,... N, k=1,2,...,n,

then the IFS {Ky; (I, F1 ;) : j € Ny} generates h € Ck(I) and ()
is the FIF generated by the IFS

{Kl; (11,]', Fl,jk) : ] S NN,k =1,2,.. .,1’1}. (13)

CHAOS Theory and Applications



0.4

() mi(f)

(b) I

Figure 1 Graphical illustration of (a) a-fractal function £, (b) linear FIF /; and (c) its composition &y (ff')

@ f

(0) ma(f3)

(b) hy

Figure 2 Graphical illustration of (a) a-fractal function f¥, (b) linear FIF &, and (c) its composition hy (f5)
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Remark 3. In addition to the differentiability of q;, for the existence of a
differentiable fractal interpolation function, it is important to make sure

the scaling parameter @ obeys Eqn.(). Then, for each k = 1,2,...,n,

the fractal spline h'Y) : T — R interpolates a new data set {(xj,yix) €
I XR:je Nyy1}and its functional equation is given by

9 (x) = Fy Ly (), 19 (15 (),
(or)

18 (1y(x)) = ik(a,yw]( J(x)), xel,jeNy, k=1,2,...,n
]
(14)

Foreachk =1,2,...,n,let {(]/jk/ ij) : j € N1} be the new
set of interpolation data, where i1 < yox < ... < ynyixisa

partition of J1 = [y1x, yn114] and zjx € Ry = [z14,2n414] C R

Let J1j = [Vjx Yj+1kl, Rij = [zjx zj414] for j € Ny. To interpolate
the data set

{(yjk’zjk) €1 xRy ] S NN+1}/ foreachk=1,2,...,n,

an another fractal interpolation function g is constructed similar to

the FIF h. Set K; = J; X Ry. Let lZ,jk N ]j,k and FQ,jk Ky - R,

foreachk =1,2,...,n, obeying

b ik = az,ixy + b jk,

Lik(Wik) = Yik L jx(UnN+1k) = Yjir1h

d(Fyj(s, 1), B (s, t2)) <rpjd(ty,ta), 0<rp <1,s€ ]y, t1,ta €Ry,

By k(16 21k) = Zjgr Fajk(YN+1kZN+1k) = Zji1 ks | € NN
The attractor G¢ of the hyperbolic IFS

{Ka; (I jk, Fojji) +j € N} (15)

is the graph of ¢ : J1 — R such that g(yjx) = zj, for j € Ny
and foreach k =1,2,...,n. Note that

gW) = Bl (), 8o (1), y € i, € NN, k=12,
(16)
is the functional equation of FIF g.

Since J; € h®¥)(I), assuming 1) (x) € J;, for x € I, ensures
the continuity of g((¥) (x)) on I. An IFS is constructed to illustrate
the composition of fractal function and fractal spline g(h(k)) is
again a fractal interpolation function interpolating the data set
{(x]‘,Z]'k) eI xR: ] c NN+1, k=1,2,..
From Eqn.(16),

g (x)) = By (15 3 (W) (x)), g (1, (19 (2)))), 0O (x) € Ty,

forje Ny, k=1,2,...,n. Letl;: I — I]- be the function agreeing
with [y j(x) forall x € I. And Fj : K — R be the continuous maps
defined by

Fie(x,2) = Fye(1; (1), 8° (W9 (171 (1))

= Fyje(ly (W0 (x1)), 8" (1 (19 (1)), j € NN, (17)

where xq1 € [, g* el = {g(]/) +t,21,k —ZIN+1k <t< ZN+1k —
Z1 Y € Ji}, k=1,2,...,n, the set of continuous translation maps
and h(h() (lj_l(xl))) =z

Forall x € I, z,z* € Ry, there exists x* €
that

) = 1 (O () = 2, b (0O (17 () = 2"

I]', hi,hy € C such
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. n}. Let (D) = Jy.

Then
d(Fir(x, z),Fir(x,z")
=d(Fe (17 (x*)), (W9 (171 (7)), B (171 (7)),
ha (W9 (171 (x*))))
=d(Fy (1 (W0 (x*)), I (1 (h) (7)),
Fpji(ly j (B9 (), ha (1 J (R (x))))-

From the contractivity of F; j; with respect to second argument, it
follows that

d(Fy(x,z), Fix(x,2")) < Vz,jd(hl(lzfﬁ{(h(k) (x*))),hz(l2]1,<(h< )(x"))))
< rpd(z,z%),

)
(

where r, = max{ry; : j € Ny}. Therefore, the map Fj satisfies
the contractivity condition with contraction ratio rp. Now, it is
necessary to verify the join-up conditions. From Eqn.(17), for

W0 (x) = yjx € T
Fi(x1,21) = Fiel (%), g (W9 (171 (%))
= By (1 (09 (7)), 81k (1 (x7)))
= B jk(y1k, 21k)
= ij.
Meanwhile, for h(k)(x]-H) =Y(+1k € Ik
Bt (x130), g1 (1 (3751))))
= Fz,,k(l;,k(h( )(xj+1)),g(lzfjlk(h(k)(xﬁl))))

=F (Y (N+ 1)k Z(N+1)k)

Fi(xN41,2N+1) =

= Z(j+1)k

The above contractivity maps and the join-up conditions determine
an IFS
{IxR;(lj,ij):jeNN,k:1,2,...,n} (18)

which corresponds to the composite fractal interpolation function
g(h®).

Theorem 5. Let h\K) be the differentiable fractal function generated
by the IFS (13). Then the IFS defined in (18) determines a FIF g(h(K))
satisfying

g (x;)) =z, forj € Ny, k=1,2,...,n
Proof. Let h* be the FIF generated by the IFS (18) such that

I (x) = Fye (17 (), (17 (x), x € 1.

From (),
g (1j(x)) = Fp ji (I (W) (1(x))), 8 (15 (B9 (1 (x))))-
Meanwhile, from (17),

g (15(x))) = Fy (Lo e (h®) (x1)), g(lz_]k(h< J(x)).

Uniqueness of FIF yields

such that g(h() (x xj)) =zjx, j € NN, k=1,2,.. O
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Remark 4. Theorem 5 has illustrated that composite of fractal spline with
a non-differentiable fractal function provided a fractal function of non-
differentiable nature. Similar to this construction, one can generate the
composite a-fractal spline and explore its corresponding fractal operator.

Remark 5. Encompassing the recent trend of fractional calculus, one can
investigate the fractional integral and fractional derivative of composite
fractal functions as well as verify for the resultant functions to be again
attractors of new IFS.

CONCLUSION

As the fractional integral of a continuous function (Z?f) enjoys the
continuity, a new family of fractal functions (Z?f)* is generated
in the present paper. In this regard, a fractal operator is also pro-

posed and its bound is estimated as (1 + ﬂﬂT ) K| f]lco, where

K= %, with the proper choice of bounded linear base func-
tion. In addition, the composition of a-fractal function is discussed.
The concept of composition operation is studied to the case of dif-
ferentiable fractal function 1), The composition of differentiable
fractal function 1Y) with a non-differentiable fractal function g
yielded a non-differentiable fractal function g(h(¥)) satisfying the
necessary end point conditions. The composite fractal functions
can be employed for approximating complex real data generated
from multiple functions. For instance, in engineering the compos-
ite functions can establish a concrete relationship between different
physical quantities, especially in unit conversions.
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