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Some k-Horn hypergeometric functions and their properties
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k-Gamma function, tion of the Pochhammer symbol. With the help of the k-Pochhammer symbol, we introduce
k-Hypergeometric and study a new generalization of the k-Horn hypergeometric functions such as, G¥, G5 and
. G%. Furthermore, several investigations have been carried out for some important recursion
function, . . . . .

formulae for several one variable and two variables k-hypergeometric functions. In the light

k-Gauss hypergeo- of these studies, we introduce some important recursion formulae for several newly gener-

metric function, alized k-Horn hypergeometric functions. Finally, we present several relations between some
Recursion formula k-Horn hypergeometric functions G¥, G5 and G%, and k-Gauss hypergeometric functions
k
2FT.

Subject Classification (2020): 33C20, 60B99

1. Introduction

The theory of hypergeometric functions, a subfield of special functions, has developed in many ways
and has been useful in the study of numerous useful properties in various fields such as mathematics,
physics and engineering. It usually arises as a solution for many applied sciences such as electromag-
netic, acoustic, thermal energy flow. Quite a number of studies have been published in the literature
related to this field of study, for more details, see [1-6]. A very important achievement of the theory
of hypergeometric functions of one variable motivated to further the development of the theory of
multivariable hypergeometric functions. The study of multivariable hypergeometric functions has led
to an increased interest in the study of multivariable hypergeometric functions in number theory, Lie
theory algebras, group theory, representation theory, algebraic geometry and combinatorics, etc., and
has gained popularity as a result of these advances [7-13].

Throughout this paper, we use the notations Ny = {0,1,2,...} and N={1,2,3,...}. The k-Gamma
function can be defined [14] by

00 k
rk<w):/0 t“’*lexp(—%)dt, R(w) > 0 (1.1)
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For v € C, the k-Pochhammer symbol (v), j is defined by [14,15]

m—1
r
H(V—H“k):M, meNand k > 1
(V)mk = 3 70 Ly(v) (1.2)
1, m,k <0

and its well-known version is given as follow [15]:
1 (=D"
(V)—m,k = Tym—1 = Tym—1
r=0 (V - Tk) r=0 (Tk - V)

Over the past decade, there have been several investigations on generalizations of one variable and
multivariables hypergeometric functions (see, [16-20]). In addition, Horn hypergeometric functions,
one of these hypergeometric functions, have recently been investigated extensively. For example, Sahin
and Agha [21] introduced the recursion formalae for G; and G2 Horn hypergeometric functions. You-
nis [22] establihed the Euler-type integral representations for Horn hypergeometric functions. Besides,
Shehata and Moustafa [23] studied certain interesting applications for Gy, G2, and G5 Horn hypergeo-
metric functions such as recursion relations, differential recursion formulae, integral operators, infinite
summations. Shehata and Moustafa [24] demonstrated recursion formulas, differential and integral
operators, integration formulas, and infinite summation for Horn hypergeometric functions Hy, Ho,
Hs, Hy, Hs, Hg, and H7.

The Horn functions G, Ga, and G3 are introduced and investigated by Horn [25] as follow:

= 2% wY
Gi(p, v,k z,w) = Z (u)x+y(y)x_y(m)y_xg?, lz| <7 |yl <s, andr+s<1 (1.3)
gm0 Iyl
= 2% wY
Ga(p, v, K, 052, w) = Z (,u)x(y)y(/ﬁ)x_y(a)y_xg?, |z] <1and |yl <1 (1.4)
om0 Iyl
and
> 2% wY 2 9
Gs(p,v;z,w) = Z (u)gy,x(v)gx,yy?, |z| <7, |yl <s, and 27r°s* +18rs £ 4(r —s) =1 (1.5)

z,y=0
Furthermore, with the help of the Horn functions expressed in the above equations and the k-

Pochhammer symbol (1.2), we present the following newly defined k-Horn functions.

Definition 1.1. For k € RT, u,v, k,0 € C, the following k-Horn functions hold true:

[e.o]

2wy
G¥(u, v, v z,w) = Z (M)m_i_y’k(V)m_y’k(li)y_%kg?, lz| <7 |yl <s, andr+s<1 (1.6)
om0 I y!
i = 2% wY
Gy, v, k035 2,w) = Z (N)m,k(V)y,k(ﬂ)x—%k(g)y—%kg?7 ’Z‘ <1, and [y[ <1 (1.7)
om0 Iyl
and
k o 2" w? 2.2
G5 (p,v; z,w) = Z (/,L)Qy_%k(l/)gx_y,kg?, |z| <7, |y| <s,and 27r*s*+18rs+4(r—s) =1 (1.8)

z,y=0

The main purpose of this paper is to introduce and investigate k-Horn hypergeometric functions with
the help of the k-Pochhammer symbol (1.2), such as G]f, G’Q“, and Glg. Besides, we present some
important recursion formulae for the some k-Horn hypergeometric functions. Moreover, we draw
attention to the relation between some k-Horn hypergeometric functions and k-Gauss hypergeometric

function.
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2. Recursion Formulae of G¥ Function

This section presents some important recursion formulae of the G¥ hypergeometric function.

Theorem 2.1. The following formulae for the G¥ hold true:

r

G’f(a +rk,b,c;z,w) = G]f(a, b, ¢; z,w) + wbk(c)_1 Z G’f(a +tk, k+,c—; z,w)

t=1
+ zck(b) 1k Z G¥(a + th,b—, c+; z,w)
t=1
and .
Gi(a —rk,b,c; z,w) = G¥(a,b, ¢; 2,w) — wbk(c)_y 4 Z G¥(a — th, b+, c—; z,w)
t=1
— zck(b)_1 Z G¥(a — th,b—, c+; z,w)
t=1
where r € N.
Proof.

From the definition of the function G¥ and taking advantage of the following property

mk
(vt E)me =1+ 7)(V)m,k
we have
k - 2" w™
Gl (a+7 b; C; Z, w) = Z (a + k’)m+n7k(b)m7n7k(c)nfm7k7'7'
n7m:0 n- m.
o0
a+ (m+n)k 27 ™
= 3 OO ) Ok sy
n,m=0
> mmk nk 2T ™
= Z (1 + + ) (a)ern,k(b)mfn,k(c)nfm,kj7'
a a n! m!
n,m=0
By making the necessary index conversion, we obtain
Gi(at,b, ¢ z,w) = Gi(a, b, ¢ 2,w) + i (m+ Dk(a + k) mtn+1,6(0)m—n+1,k(€)n—m-1 kﬂiwmﬂ
' T A 0 ’ ' " onl (m+1)!
e ZnJrl w™
+ n;:()(m + 1)]{1]{1(0, + k)m+n+1,k(b)m—7z—1,k(C)n—7n+1,kmm
o 2" w™
= G¥(a,b,c; 2, w) + bwk(c)_1 & Zo(a + k) mtn k(b + E)menr(c— k)"_mvkﬂﬁ
+czk(b) -1,k i (@4 Bt (6 = B (€ 4+ B o e
’ n,m=0 e e e n' m'

= G]f(a, b,c;z,w) + bwk(c),LkG]f(a—i-, b+, c—;z,w) + czk(b),lﬁkG’f(a—i—, b—, ct; 2, w)

99

(2.1)

(2.2)

(2.3)

By utilising the relationship expressed above to the function G¥ with the parameter a + 2k, we get

GY(a + 2k, b, c; z,w) = GY(a + kb, c; z,w) + wbk:(c)_LkGlf(a + 2k, b+, c—; z,w)

+ 2ck(b)_11GY (a + 2k, b—, c+; 2, w)

(2.6)
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Computing the function G¥ with the parameter a + rk by (2.5) for r times, we obtain the equality
given by (2.1). Setting a by a — k in the (2.5), we have

G¥(a —k,b,c; z,w) = G¥(a,b, ¢; z,w) — wbk(c)_l,kGlf(a, b+, c—;z,w) — zck‘(b)_l,kG’f(a, b—, c+;z,w) (2.7)

Using the above-mentioned equation to the function G¥ with the parameter a — rk for r times, we get
(2.1). Since, the proof of (2.2) can be yielded similarly to the proof of (2.1), the details are omitted.
O

The proofs of the following theorems Theorems 2.2 and 2.3 are easily obtained using a similar strategies
as the proof of Theorem 2.1. Because of this, the details were omitted.

Theorem 2.2. The following formulae for the G¥ hold true:

G¥(a,b+ rk, c; z,w) = GY(a, b, ¢; 2, w) + awk(c) 1kZG a+,b+tk,c—;z,w)
t=1

(2.8)
DE) 1k
acz/cz b—l— t—l)k GF(a+,b+ (t — 2)k, c+; 2, w)
and
G¥(a,b—rk,c;z,w) = GY(a,b, ¢; 2, w) — awk(c 1kZG1 at+,b— (t —1)k,c—;z,w)
t=1
b th) (2.9)
Lk ~k .
+aCZkng ( + b (t+1)k,0+72,w)
where r € N.
Theorem 2.3. The following formulae for the G hold true:
G¥(a,b,c+ rk; z,w) = G¥(a, b, ¢; 2, w) —abwkz <t Dk)- 1’ka(a+ b+, c+ (t — 2)k; z,w)
1 Y y (t 7 l)k 1 9 ) y <y
(2.10)
+ azk(b)_1 k Z GY(a+,b—, c + tk; z,w)
t=1
and
Gh(a,b,c —rk; z,w) = GY(a,b, ¢; 2, w) — azk(b)_q 4 Z GFa+,b—,c— (t — Dk; z,w)
=1 (2.11)
-1,k ~k
_ 1)k:
+ abw kZ c_tk G (at, bt e — (4 1)k 2, w)
where r € N.

Theorem 2.4. The G¥ satisfies the following formulae:
GY(a+rk,b,¢; 2, w) = ZZ( >< > k)" (wk)t.(0)t— s 1 (€)s— 6,6 G (a4 (t48)k, b+ (t—8)k, e+ (s—t)k; 2, w) (2.12)
t=0 s=0

Proof.

By using the induction method, we try to prove the proof of the given by (2.12). For r = 1, (2.12) is
satisfied. Suppose that the result (2.12) is true for r = e. Show that the relation (2.12) is ensured for
r = €+ 1. Taking r = ¢ in (2.12), we obtain

Gl(a+ek,b,cz,w) =Y 2 (i) (5 R t) (2k)° (Wk)*.(b)— o 1 (C)a—t £ GX (a+ (t+38)k, b+ (t—5)k, e+ (s—t)k; 2, w) (2.13)
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Applying a by a + k in the above relation, we have

e e—t
Ghat et Dk bezw) =Y % ()0 )R k) 0)rsk(@ernCha+ (s Dkb+ (E= sk ot (s—Dkizw) (2.14)
t=0 s=0

In the aforementioned equation, applying (2.6) with the transformations a — a + (t + s)k, b —
b+ (t — s)k, and ¢ — ¢+ (s — t)k. Using the relations

(6)=C) ()

<n>20, when k > nor k<0

and

k

and with some simplifications, we deduce the desired result (2.12). O

Theorem 2.5. The following formula holds for the function G¥:

r r—t

Gha—ribezw) =2 ( ) (T‘ t) (=2k)" (= 0k)" (01— k(€)smt GE (@t (b )k, b (£ = 8k, cot (5 = 0)k; 2,w) (2.15)

t=0 s=0
Proof.
Since the proof of Theorem 2.5 has a procedure similar to the induction method in the proof of
Theorem 2.4, the proof is omitted. [

3. Recursion Formulae of G% and G}

This section gives several recursion formulae for the function G& and G%5. We firstly represent the
recursion formulae for the function G§ and G% about the parameter a and X. The proof of the
following theorems can be yielded same as the Theorems 2.1-2.4. Therefore, we omit the details.

Theorem 3.1. The following formulae hold true for G%:

GE(a + 7k, M\ b, ¢; z,w) = G5 (a, \, b, ¢; z,w) + bwk(c 1kZG2k (a+th, A\, b+, c—; z,w) (3.1)
t=1
and
GE(a —rk, M\ b, ¢; z,w) = G5 (a, \, b, ¢; z,w) — bwk(c 1kZGk (a—(t =1k \b+,c—2z,w) (3.2)

Theorem 3.2. The following recursion formulae hold true for G§ s
GE(a, A+ rk, b c; z,w) = Gh(a, N\, b, ¢;z,w) + zck(b)_1 Z GE(a, N+ th,b—, c+; z, w) (3.3)
t=1
and

Gg(a,)\—rkz,b,c;z,w) GQ(a A\ b, ¢ z,w) — zck(b 1’€ZG2 a, A — (t — 1)k, b—, c+; z,w) (3.4)

We present the recursion formulae of the function G§ about the parameter b and c.
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Theorem 3.3. Recursion formulae for the function G§ are as follow:

GE(a, A\, b+ 1k, ¢; z,w) = GE(a, \, b, ¢; z,w) + awk(c) 1’<?ZG2 (a+, A\, b+ th,c—; z,w)

- (3.5)
k? Lk ~k .
Acsz t—l)k) Gh(a, M, b — (t — 2)k, c+; 2, w)
and
Gg(a, ANb—rk,c;z,w) = Gg(a, A b, ¢ z,w) — awk(c) -1k Z GIQC(CH-, ANb—(t— 1)k, c—;z,w)
t=1
(3.6)
—Lk
+ Aez k:z _tk R G (a, MR b — (4 Dk, ek 2, w)
Theorem 3.4. The following recursion formulae hold true for G%:
Gg(a, ANbyc+rk;z,w) = Gg(a, A b, ¢z, w) + Azk(b) 1k Z Gg(a, AH,b—, c+ th; z,w)
t=1
) (3.7)
k 1Lk ~k
—abwkz t—l)k) Gs(a+, A\, b+,c+ (t — 2)k; z,w)
and
Gh(a, \, b, c — rk; z,w) = Gh(a, A\, b,c; z,w) — A2k(D)_1 Y G(a, A\, b—, ¢ — (t — Dk; z,w)
= (3.8)
-1,k ~k .
+abwk§_: Citk — P GR(a N b+ e — (t+ Dks 2, w)
Theorem 3.5. The following recursion formulae hold true for G§:
Gh(a+ 1k, \; 2, w) = GE (e, A; 2,w) 4+ 22k(N) 1, Z(a +tk)GE(a + (t + 1)k, A—; 2, w)
t=1
(o + (t = D) .
r (0] + t - 1 k —1.k k
- Atk : t —2)k, A+ 2k;
wk}‘( + ); Oé—f—(t—l)ki G3(a+( ) s A+ ,z,w)
and
GE(a —rk, \; z,w) = GE(a, \; 2, w) — 22k (N 1k2 a—(t—1)k)GE(a — (t — 2)k,A\—; z,w)
(3.10)
" (a—tk
+wkAA+ k)Y MGs( — (t+ Dk + 2k; 2, w)
—~ (a—tk)
Theorem 3.6. The following recursion formulae hold true for G%:
GE(a, A+ 1k; z,w) = GE(a, \; 2, w) + 2wk (« 1kz A+ tk)GE(a— A+ (t + Dk; z,w)
o '; 1) (3.11)
— zka(a+k =G5 (a+2k, A+ (t — 2)k; z,w)
( ); A+ (t—Dk) 3
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and

GE(a, N —rk; z,w) = GE(a, \; 2, w) — (O?w_kk) Z()\ — (t—1)k)GE(a—, A — (t — 2)k; z,w)
= (3.12)

r a(a+k)2k‘ Gka ok X _ (1 .
+;(A*tk)(k(t+1)k) g(a+2k A= (t+ 1)k; 2, w)

4. Expression of k.-Horn Functions in terms of k-Gauss Hypergeometric Func-
tion

This section gives the several important equations k-Horn functions which can be represented as

k-Gauss hypergeometric function oFF.

Theorem 4.1. The connections between k-Gauss hypergeometric function of G¥, G%, and G’§ are

o0 wl‘
Glf(aa B?f)/’ 2, UJ) = Z(a)%k (ﬁ)z,k (7)—%]? ? 2F1k Q-+ ‘Tkv Y= fL’k, k — /B - Cﬁka _Z‘| (41)
z=0 .
G, 8,7 2,w) = Y (@y s (B) gk (V) k bl o Y [a +yk, B — yks k — v — yk; —w] (4.2)
y=0 )
o wCE
Gg(aa /\7 /Ba Y5z, ’U)) = Z(a)x,k (B)x,k (7)*:6,]6 g 2F1k [Aa Y- {I:kv k — /8 - iL'k‘, —Z] (43)
z=0 :
G5(a, A Bv;z,w) = D (Nyk (B) =gk (). bl o FY [a, B —ykik —~ — yk; w] (4.4)
y=0 '
o w® a—zk a—zk+k
GE(a, \; z,w) = x;)(a),%k()\)gx,kg o FF [ 5 5 ik — X — 2xk; —42] (4.5)
and
s v A—yk N—yk+k
GE(a,\; z,w) = Z(Q)Qy,k()\)—y,ki' o F Y , yr+ sk — A —2yk; —4w (4.6)
s y! 2 2
Proof.

From the definition of the function G¥ (1.6) and using the following properties
(Eztyk = (E)xk (€ +Thk)y i

(E)a—yk = (E)ak (€ +xk)—yk

_ (_1)71 (5):0,19
L (T

(e+ K)ok = <1 + xj) (&)a.k

€ e+ k
() (55)
2 x,k 2 x,k

and
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fore € C, x,y € Z*, andk € R", we have

o fyimw) = S (@mplat mb)ypr S Bty oy

W= (k: B —mk)n i n! m!
_ - W™ N (@ + mk)n k(Y — mk)ng (—2)"
mZ:O(O‘)m,k(B) Z_: =5 mh - (4.7)
[e.e] wm
— Z (O‘)m,k(ﬁ)m,k(V)—m,kWQFlk a+mk,y—mk;k— 8 —mk — z]
m=0 ’
Using same methodology, we obtain the relations (4.2)-(4.6). O
Theorem 4.2. The variable tranformation formulae for the functions G¥, G5, and G% are:
Lk — 7)1+ k2)~®) & (B)wk< —w )
k k v
; = k ok —~v— ’
(o By7i20) = 5 Tk = —a) 2 wlatak k =y =)= 1
(4.8)
k N Bk B g
.2F1 a—’-l’k,k Y 55'I€ /8 $k71+k32‘|
r (k—ﬁ)(1+kw>*<% (5) K ( 2 )y
k k \Wyk
; = By ( k.k—p—
(4.9)
w
oF a+ykk— B — vk —v— yk1+kw]
A
Di(k — 7)1+ kz)" () & (B8)z ke (—w)*
k k
; = B kk—~—a)————"—
GQ(a7)‘767’Y7sz) Fk(a)Fk(k—’y—a) Q;O k(Oé+.%' 9 PY (X) $'
(4.10)
k e R A S S
-2F1 [Avk /3 77k 5 xk’l—i—kz
Li(k = B)(1+ kw)~(5) S (V)y(=2)"
k k Y,
A ; = By A+ yk,k —  — \)———
GQ(aa 7/85’Yasz) Fk()\)rk(k_'}/_)\) Z’;) k( + YK, 5 ) y'
(4.11)
Lk R A S A
2 1[04,k’ 6 ’Yak 6 yk71+kw
Atk x
" OOBk(%—F.Tk,k—OA—%) <2>mk(_4w)
G3(a,)\;z,w) = Z 5. (> & X (1 4’ (afa:]lz+k)
5 n (e d) e -
plo—zk+k a  3zk 4z
. - — k— X\ —2xk;
QFll ;AT Tz
and ( )
a+tk _ Yy
< B kk—x—2) \2),, (%)
Gg(ch)\,Z/UJ) = Z k (2 —Zy 7 « 2) y7k A—yk+k
im0 Be(GkE=A=%) pi 4 aw) () (4.13)
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Proof.

For convenience, denote the left-hand side of (4.8) by the expression £ and using the following property

k
4 Ban= (1+2)
we get
L= ()5.6(8)z6(V) =2 %QF{C a+xk,’y—xk;k—ﬂ—xk—z]
=0 ’

_ i ()z,5(B) s,k (—w)® i (a+ak)yr Te(y — 2k + yk)Tk(k — B — xk)

(k—ewal 22§l Tu(— bk —f—akryh) (4.14)

=0
i (—w)® XJ: (a+ak) ik —y— B)rr(—1) i (a+ak+rk)y_ri
— k Y, km' (k— B —zk)ppr! = (y—1)!
Replacing y by y — r in contiguous relation, we obtain
N @k (Ba(—w)* (latem)) o .
£ T S e

— V) Bi(a+zk k=~ —a) (B)sr(-w)®
Tp(a)Ti(k—v— ) z!

(ataxk)
.(1+kz)7( E >2F1k a+zxk,k—~v—B;k—p—zk

Il
8
i ME%
o
—~
=
=

;1+kz

a+zk k—~v—B;k—5—zk

Ik —1) (B)a, k( w)”® _(latmi)y
= Bg( k,k— 1+k : F,
Tr(@)Te (b= — ) E k(o ta ¥—a)—————. (1 +kz) Rk

oz
"1+ kz

(o9 [e o)

_ Ty(k—B)(1 + kw) ™ (%) (B) e,k -z \*
B Fe()T(k— B8 —a) Z (atakk—F-o x! (lJrkw) 2

kk—B—vyk—~—zk
atx B = 0l w1+kw

Therefore, the proof is completed. Using same methodology, we obtain the relations (4.9)-(4.13). O
5. Conclusion

In this work, k-Horn hypergeometric functions were first defined with the help of the k-Pochhammer
symbol (1.2). Moreover, recursion formulae for k-Horn hypergeometric functions are obtained. In
addition, some relations between some k-Horn functions and k-Gauss hypergeometric functions are

analysed in detail.

Utilizing the arguments and definitions in this paper, the derivative formulae of the k-Horn functions
defined in (1.6)-(1.8) can be obtained. Furthermore, the differential operator and integral operator

can be applied to k-Horn functions in order to obtain innovative results in future work.
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