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1. Introduction

Inverse spectral problems aim to reconstruct the coefficients of an operator from given data such as the
Weyl function, nodal points, and spectral data (two spectra or a spectrum and normalizing numbers).
For the last century, these kinds of problems for various classical Sturm-Liouville, diffusion, and Dirac

operators have been extensively investigated; for more details, see [1-7].

The beginning of the fractional derivative dates back to 1695, and many fractional derivative concepts
have been proposed until today, such as the Riemann-Liouville fractional derivative, the Caputo
fractional derivative, and the Atangana fractional derivative. In 2014, Khalil et al. [8] introduced
the conformable fractional derivative. Then, many researchers identified important and fundamental
properties of this derivative in [9-14]. In 2017, Jarad et al. [15] showed that this derivative is necessary
and useful for generating new types of fractional operators. In recent years, numerous significant
studies [16-20] have been conducted on inverse problems related to various conformable fractional

operators, including the diffusion operator.

We consider a conformable fractional diffusion operator with discrete boundary conditions, denoted
as Lo = Lo(p(x),q(x), h, H). The form of this operator is as follows:

loy = =T33y + [2pp(z) + q(x)]y = p°y, 0<z <7 (1)

Ua(y) :=T;'y(0) — hy(0) = 0
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and
Va(y) ==T7y(m) + Hy(r) =0

where p is the spectral parameter, h, H € R, q(z) € Wy, [0, 7] and p(z) € W3, [0, 7] are real-valued
functions such that p(x) # const, Ty is a conformable fractional derivative of order o € (0, 1] of y at
x?

y(z + ha'™®) —y(x)

12y(a) = lim LT

Wia [0, 7] = {f(x) | f(x) is absolutely continuous on [0, 7] and T f(x) € L2, (0,7)}

, forallxz >0

Wia [0,7] ={f(z) | f(z) and T} f(x) are absolutely continuous on [0,7] and T,T, f(z) € Lo (0,7)}

and the space Lg 4 (0, 7) consists of all the functions f : [0, 7] — R satisfying the condition

([rwrae)” = ([r@ree) " <o

This operator is referred to as the Conformable Fractional Diffusion Operator (CFDO).
In this paper, we have proved that the coefficients of the given operator can be uniquely determined
by the Weyl function and spectral data, which consist of a spectrum and normalizing numbers.

2. Preliminaries

This section provides some basic notions to be needed in the following sections. Let the functions
v = ¢(z,p;a), v = Y(x,p;a), and S = S (z,p;a) be the solutions of Equation 1 satisfying the

following initial conditions

©(0,p;a) =1 and  T7p(0,p;a) =h (2)
Y(mpia)=1 and TP (m p;o) =—H (3)
S0,p;0) =0 and T;5(0,pa)=1 (4)

respectively. From [19,21,22], these solutions satisfy the following asymptotic formulas, for |p| — oo
Y = oS (px — (x)) +0 ( ! exp (|Imp| a )> (5)

o | o
T>p = —psin ('OZ - 0(3:)> +0 (exp <\Imp[ >> (6)
wzcos<p(7ra_x)—9(7r)+9(x))+0<| |exp<|1mp|(a i )>) (7)
T = psin <p(7ra—$) —6(m) + 9(:17)) +0 <exp (]Imp\ (7; — 7 )>> (8)
$=Lan (7o) +0 (L sy (I2012°)) o

p a p?

TS = cos (pza — (x)) +0 (p ex <|Imp| )) (10)

and each fixed «,

where
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We denote
(0 @

Ay (p) = Wa [th, @] = ‘ Tow Top | T YT — Tt (11)

where W, [¢, ¢] is the fractional Wronskian of the functions ¢ and ¢. Furthermore, the A, (p) is
called as the characteristic function of the operator L, and is entire function in p for each fixed a.

Lemma 2.1. [23] For each fixed a, A, (p) does not depend on z and can be written as
Ag (P) =Va (90) = —Ua (7/}) (12)

Lemma 2.2. [23] The zeros {p,} of the function A, (p) are coincide with the eigenvalues of the
operator L, and for eigenfunctions v (z, pp; ) and ¢ (z, pp; ), there exists a sequence {3,} such
that

Y (2, pn; @) = Bnp (v, pp;)  and B, #0 (13)

are satisfied for each fixed a.
It is clear from Equations 2, 3, and 13 that g, = ¥ (0, pn; ) = o ;n'a)’
L . ' . . . A _ dAq (p)

emma 2.3. [23] The equality A, (pn) = —2ppfnay, is valid where A, (p) = 7 and the

»
normalizing numbers are
an Z/w (@, pn; @) daw — o p(z) " (2, pn; ) da
0 "0

Definition 2.4. The data {p,, an}n21 are called the spectral data of the operator L,,.

Let {pn} be the eigenvalues set of the operator L,. From [23], the numbers p, hold the following

estimate:
no Ca,l 1
Pn = —5=1 T Ca0+ +0<>, n — o0
T n n
where
™
«
Ca0 = — /p(x)dax
T
0
and
1 17
Cap =~ |h+H+ < / (a(@) +p* () dax]
T 2
0

Let G5 = {pl ‘p—,{;—?l
obvious from Equations 5, 6, and 12 that the function A, (p) satisfies the inequality

>0, ne{l,2,.. }} where ¢ is a sufficiently small positive number. It is

I
Ba (9)] > s ol exp (’j’)'w) . peG (14)

3. Main Results

This section proves uniqueness theorems for the solution of inverse problems according to the Weyl
function and spectral data, which consist of a spectrum and normalizing numbers. Together with L.,
we consider a second operator Ly, = Lg (p(x),q(x), h, H ) of the following form

loy == —TOTSy + 2pp(a) + 4(z)]y = pPy, O<a<m

Ualy) == T2y(0) — hy(0) =0
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and
Valy) := Ty(w) + Hy(x) = 0

We note that if a certain symbol ¢ denotes an object related to L,, then ¢ will denote an analogous
object related to L.

It can be observed that W, [y, S]|,_, = 1 # 0. Thus, the functions ¢ and S are linearly independent,
and the function v can be written as

¥ (2, p;0) = c1(p;a) ¢ (2, p;a) + ca (p;) S (z, p; ) (15)
where ¢; (p; @) and ¢z (p; o) are arbitrary constant for each fixed a. It is clear from Equation 15 that
¥ (0, p; ) = 1 (p; ) ¢ (0, p; @) + c2 (p; ) S (0, p; @)

and
79 (0, p; ) = c1 (p; ) T (0, py ) + 2 (p5 ) TS (0, ps )
From Equations 2, 4, and 12,
c1(p; @) =9 (0, p; @)
and

ca (p;a) = T (0, py ) — hp (0, p; ) = —Aq (p)

Consequently, Equation 15 is rewritten as

Y (z,p;0) =9 (0, p;) @ (z, p; ) — Aq (p) S (2, p; @)

) ) - L) i) + 8 o pic) (16)
If we denote
®(opi) =~ U and M () = 0 0 pr) = L) (7)
then, from Equation 16,
& (2, p;.0) = 5 (2, p30) + My (0) (2, p5 ) (18)

The functions ® (z, p; &) and M, (p) are called as the Weyl solution and the Weyl function of the op-
erator L, respectively. It is obvious that ® (z, p; ) is the solution of Equation 1 under the conditions
Uy () =1, Vo (®) =0, and M, (p) is a meromorphic function with poles in {p,}.

Theorem 3.1. If M, (p) = M, (p) for each fixed «, then ¢(z) = ¢(x), almost everywhere in [0, 7],
h=h,and H = H. Thus, the Weyl function uniquely determines the operator L.

PROOF.
Consider the functions P (z, p; ) and P (x, p; o) defined by

Py (z,p;a) = ¢ (@, p;0) T2 ® (x, p; ) — @ (, p; ) Tyr  (, p; ) (19)

and

Py (z,pya) = @ (2, p;0) @ (2, py ) — ¢ (z, p; ) @ (2, p; @) (20)
From Equation 18,

Py (z,p;a) = ¢ (x,p;0) T2S (2, py ) — S (2, p; @) TEE (2, pr ) + [Ma (p) — M, (p)} o (z,p;0) T ¢ (x, p; )
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and
Py, p30) = S (2,p0) & (2, pi0) — o (2.p50) 8 (2, pi ) + [Ma () — Ma (p)] 0 (. pi @) & (. ps )

Since M, (p) = M, (p), the functions P (z, p;a) and P (z, p; ) are entire in p, for each fixed a.
Moreover, from Equations 11 and 17,

Wa [‘P (Jf,p;a),(I)(m’p; a)] — _Wa [‘P(x7232;};¢ (an;O‘)] -1

and similarly,
Wa |@ (@, pi0), @ (x, pia)| = 1

Thus, Equation 19 can be rewritten as

Py (z,p;0) = 1+ ¢ (,p;a) [TE (w, pra) = TED (w,pi )| + @ (2, p; 0) [T9 (2, p3 @) = T2 (w, p; )]

It follows from the asymptotic formulas of Equations 5-10 and Equality 14 that

C C

Py (z,pra) = 1 < 5 <%
ol ]

Therefore, since ‘ l‘im |P1 (x,p;a) — 1| = ‘ l‘im | P (x, p; )| = 0 by the well-known Liouville’s theorem,
p|—o0 p|—o0

we obtain for x € [0, 7] and each fixed « that

and | P (z,p; )] e [0,7], |p| € Gs

P (z,p;a) =1 and Pa(z,p;a)=0 (21)
Hence, by using Equations 19-21, we get the following system

¢ (2, p;0) TED (2, p; ) — @ (2, p; ) TEP (, pr ) = 1 )

O (z,p;0) & (2, p30) — ¢ (x, p;0) B (w, p; ) = 0
If System 22 is solved according to functions ¢ (x, p; @) and @ (z, p; o), then
¢ (z,p;0) = ¢ (2, p; )

and

(2, p;0) = @ (2, p; )

is obtained, for all = and p and each fixed . Thus, ¢(z) = ¢(x), almost everywhere in [0, 7], h = h,
and H = H. Consequently, L, = Lo. O

Lemma 3.2. For each fixed «, the characteristic function A, (p) is determined by the specification

of its zeros as:

A, (p) = Cpexp (Cip) ﬁ (1 . P) exp (ppn>

n=1 n
where
o) T 2 £0 (r +Z( ) 0 (+9(7r)> a €{1,2,---}
C =sin :——co —_ = — =\n+T— | —/——, N )Lyttt
n=1 91 1 pn pn pn U Wa_l
PROOF.

It is clear from Equations 5, 6, and 12 that the characteristic function A, (p) holds the following
asymptotic representation:

A, (p) = —psin (pza — (7r)) +0 (exp (’Irzmﬂa)) (23)
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Consider the function

88, (p) = —psin (22— b(m)) (24)

The zeros of the function A% (p) are p = 0 and p2 = (n + Q(W)) —=1 such that n € {1,2,3,--- }. Since

Ag (p) is an entire function, according to the Hadamard’s factorization theorem,

0(p) = —p™ex 1 L
8(0) =" e o) T 5 () )

1
where m > 0 is the multiplicity of the zero eigenvalue, g (p) is a polynomial with der (¢ (p)) = p, and
Ep (§) = 0
: (1—§)exp(§+§+...+£—),otherwise

n

Since the multiplicity of the zero is 1, m = 1. Besides, for every » > 0 and for p = 1, the series
(o)

1+p . .
> |7;)|71+p converges. Therefore, Equation 25 can rewrite as
n=1 Pr

AY (p) = —pexp (ap + b)) ﬁ (1 N ;:3) P (/i)

n=1 n

If we consider the following equalities to find the constants a and b,

.. (pT® o (i 2~ P
{l)1_r>r(1) sin (a — 9(%)) = ;%exp (ap+)) H <1 p%) exp <p2>

n=1

and
. d . [ pTm® . d ad p
oo (5 00)] - oo T - ) (3]
then
C% = exp (b) = —sin f(7)
and

Y =a= —% cot O(m)
respectively. Thus,
0 _ 0 0 - P P
A% (p) = —pC%exp (CPp)) T] (1 — po) exp (p0> (26)
n=1 n n
Moreover,

A, (p) = Cexp (Cip)) mH(l—)eXp(p) (27)

Pn

where C and C are constants and m > 0. According to Equations 23 and 24,

Aa(p)
=140 —
M =1+0(2). Il
Then, together with Equations 26 and 27,
A 0 o o0 0
g(ﬂ):_imlnpnn P exp Pn Op"+Cl—Cf p
Aa (p) n=1 pn n=1 pn p n=1 ’n,pn

Consequently,
= o 1 1
m=1, C’:—COHP—O, and () = C’l—I-Z(O—)

n=1 Pn — Pn
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Theorem 3.3. If {p,, ant,>1 = {Pn, an},>; for each fixed a, then ¢ (z) = g(z), almost everywhere
in [0,7], h = h, and H = H. Thus, the spectral data {pn,an}, >, uniquely determines the operator
L.

PRrOOF.
Since p, = pn, according to Lemma 3.2, A, (p) = A, (p). Using Lemma 2.3 and «a,, = ap, B = Bn
and thus v (0, pp; ) = {/;(O, pn; ). For each fixed a, let

w (Oap; 04) — 1/} (0710; a)
Aa (p)

It is clear that H, (p) is entire on p. Moreover, by using Equations 7 and 14,

(0 =0 (%) lol=oc

Hence, H, (p) = 0 and ¢ (0, p; ) = ¥ (0, p; «). Consequently, from Equation 17, M, (p) = M, (p).
Thus, the proof is completed by Theorem 3.1. [

Hq (p) :=

4. Conclusion

The Weyl function and spectral data are very natural and useful spectral characteristics in inverse
problem theory. Until today, by using these concepts, many inverse problems have been studied for
various classes of operators, such as regular or singular Sturm-Liouville operators, diffusion operators,
and Dirac operators, including the classical derivatives. In [18], some inverse problems for the Sturm-
Liouville operator, including conformable fractional derivatives, are investigated.

In this study, the diffusion operator, which includes conformable fractional derivatives, is considered,
and the inverse problems are investigated for this operator for the first time according to both the
Weyl function and spectral data. This study can be considered as a partial a-generalization of similar
findings for the classical diffusion operator.

Considering this study’s results, some inverse problems can be investigated in the future for various
conformable operators with jump conditions, parameter-dependent boundary conditions, or non-local

boundary conditions.
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