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ABSTRACT. The objective of this article is to characterize each of compact,
sober, and T; for i = 0, 1,2 constant limit spaces as well as to investigate the
relationships between them. Finally, we compare our results in some topolog-
ical categories.

1. INTRODUCTION

The lack of natural function spaces in T'op, the category of topological spaces and
continuous maps which is not cartesian closed has been recognized as an awkward
situation for various applications in the field of functional analysis and homotopy
theory. The category Lim of limit spaces and continuous maps which is carte-
sian closed |17] supercategory of Top. Limit spaces with compatible vector space
structures are used to develop a calculus for vector spaces without norm [22].

Baran, in [2], introduced the notion of (strong) closedness in terms of final lifts,
initial lifts, and discrete structures which are available in a topological category.
He used these notions to generalize each of compact, sober, and T;, i = 1, 2, 3, 4
objects in topological categories in [2,/7,/12].

The sober spaces were introduced in [18] and used in the theory of non-T5 spaces.
In 2022, Baran and Abughalwa [12] gave various forms of sober objects in a topo-
logical category and investigated relationships among these various forms.
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The objective of this article is to characterize each of compact, sober, and T; for
1 = 0,1,2 constant limit spaces as well as to investigate the relationships between
them. Finally, we compare our results in some topological categories.

2. PRELIMINARIES

Definition 1. Let B # 0, F(B) be the set of filters (proper or improper) on B, and
the map K : B — P(F(B)). We call (B, K) is a constant limit space if K satisfies:

(i) [s] € K, Vs € B, where [s] ={U C B:s e U},
(ii) if « € K and o C B, then § € K,
(iii) if a, € K, thenanNpP e K.

Let (B, K) and (C, L) be constant limit spaces. If f(a) € L for every o € K, then
amap f:(B,K) — (C,L) is called continuous, where f(a) ={U Cc C: IV €
such that f(V) C U}.

We denote ConLim by the category of constant limit spaces and continuous
maps.

Proposition 1. ( [5]) (1) Let {(B;, K;),i € I} in ConLim, B be a set, and
{fi: B— (B, K;),i € I} be a source in Set. {f; : (B,K) — (B, K;),i € I} in
ConLim is an initial lift iff K ={a € F(B): fi(a) € K;,Vi € I}

(2) An epi sink {f; : (B;, K;) — (B, K)} in ConLim is a final lift iff « € K
implies (i, f(a;) C « for some a; € K;, i € I.

38) K = {a: a = [U],U C B is finite } is discrete structure on B, where
[U={VcB:UcCV}.

The constant limit structure on a finite set B is unique. Let B = {ay1,az2,...,an}.
The discrete structure on B, K = {a : a = [U],U C B} = F(B), the indiscrete
structure on B.

3. CLOSED SUBOBJECTS

Let X be a set, X*° = X x X x ... be the countable product of X, and a € X.
Voo X (resp., X/, X) is formed by taking countably many disjoint (resp., two
distinct) copies of X identifying them at the point a.

Definition 2. ( [2,6]) Define S, : X \/, X — X? by

ey i=1
Sa(ti)_{(a,t) ifi=2"
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Va: XV, X — X by valts) =t,

AP /P X — X by A () = (a,a,...,a,t,0,0,...),

and 72° : V0 X — X by vo(t;) = t for each i € I, where I is the index
set {i : t; is in the i-th component of \/5~ X }.

Definition 3. ( [2]) Let U : £ — Set be a topological functor [1|] and X be an
object of & with U(X) = B.

(1) If the initial lift of the U-source S, : B\, B — U(X?) = B? and v/, :
B\ ,B — UD((B)) = B is discrete, then X is called T\ at a, where D is the
discrete functor.

(2) If the initial lift of the U-source
A® V®B 5 U(X®) = B® and VX :VXB — UD((B)) = B
is discrete, then {a} is called closed.
(3) If {x} is closed in X/M, then M C X 1is called closed, where X /M is the
final lift of the epi U-sink
q:B=U(X)— B/M = (B\M) U {+,
identifying M with a point *.

(4) If X/M is Ty at *, then M is called strongly closed in X.

(5) If B= M = iff then M is to be (strongly) closed.

(6) M C X is open (resp., strongly open) iff M€ is closed (resp., strongly closed)
n X.

Remark 1. (1) In Top, by Corollary 2.2.6 of [2], M C B is closed iff M is closed
in the usual sense. Moreover, the notion of strong closedness implies closedness
and they coincide when a topological space is Ty [4)].

(2) In an arbitrary topological category, in general, the notions of closedness and
strong closedness are independent of each other [4)].

Theorem 1. Let (B,K) € ConLim. ) # M C B is closed (open) iff M = B.

Proof. Suppose ) # M C B and M # B. Then 3t € B with t ¢ M. Take
o =2, [t:] with t; € B/M. We have V.o = [t] and 7;A 0 = [x] N [t] € K, for
all 4, where K is the final structure on B/M. Since o is generated by the infinite
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set {t1,t2,....tn, ...}, 0 does not contain a finite set which contradicts {*} is being
closed. Hence, B = M.

If M = B, then \/°(B/M) = {*} and by Definition [3| (5), {*} = V>°(B/M) is
closed and consequently, M is closed.

The proof for openness follows from Definition O

Theorem 2. FEvery subset of constant limit space is both strongly closed and strongly
open.

Proof. Let (B,K) € ConLim and M C B. If M = (, then by Definition
M is strongly open (strongly closed). Suppose M # ) and let K; be the quotient
structure on B/M induced by ¢ : (B, K) — (B/M, K1), K, be the initial structure
on (B/M)\V,(B/M) induced by

S, : (B/M) V., (B/M) — ((B/M)? K?)

and
Ve i (B/M) V. (B/M) — (B/M, Ky),

where K7 is structure on (B/M)? and K, is the discrete structure on B/M.

Suppose o € K,;. Then by Proposition T840, m0S0 € K1 and V.o € K4. It
follows that V.o =[] or [U], U C B/M is finite with card(U) = m. If V.o = [{],
then o = [@]. If V.o = [U], then 3V € o such that U D v.V. Since U is finite,
card(V) < 2m and consequently, V' is finite. Hence, by Definition 2| (B/M, K;)
is Ty at * and M is strongly closed. The proof for strongly open follows from
Definition Bl (]

Theorem 3. (1) Let f : (A,L) — (B, K) be in ConLim. If M C B is (strongly)
closed, then f~Y(M) C A is (strongly) closed.

(2) Let (B,K) € ConLim. If M C N and N C B are (strongly) closed, then
M C B is (strongly) closed.

(3) Let (B;, K;) € ConLim for Vi € I and M; C B; be (strongly) open (resp.,
closed) for each i € I. Then [[,c; M; is (strongly) open (resp., closed) in [],.; B;.
Proof. We get the proof from Theorems [I] and O

Let X be a set and the wedge X?\/, X? be two distinct copies of X? identified
along the diagonal A [2]. Define A: X?\/, X? — X3 by

(s,t,s) ifi=1
(s,8,t) ifi=2"

A((s,1)i) = {

S X%\, X2 — X3 by
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s, t,1) ifi=1
Slls.0)) = {Esst)) if =2’
and V: X2\/, X2 — X2 by
V((s,)i) = (s,1)
fori=1,2.
Definition 4. ([2,5]) (1) If the initial lift of the U-source
A:B*VaA B> —U(X? =B and V:B?Va B? — U(D(B?) = B?

(resp.,

id : BVAB? — U(B?*VAB?) = B?VaAB? and V:B?*VaAB? — U(D(B?) = B?)

is discrete, then X is called Ty (resp., Ty ), where (B2 \/ A B?) is the final lift of the
U-sink {i1,io : U(X?) = B2 — B2V B?} and iy,is are the canonical injections.

(2) If X does not contain an indiscrete subspace with (at least) two points, then
X is called a Ty object.

(3) If the initial lift of the U-source
S:B*VaA B> —UX*) =B and V:B?*Vva B?> — U(D(B?) =B
is discrete, then X is called T;.

(4) If the initial lift of the U-sources A : B*\/, B> — U(X?) = B> and
S:B?*\/\ B> — U(X?) = B? agree, then X is called preTs.

(5) If the initial lift of the U-source S : BV A B> — U(X3) = B3 and the final
lift of the U-sink {i1,iz : U(X?) = B> — B2V B?} agree, then X is called preTQ/.

(6) X is KTy iff X is preTs and T,.
(7) X is LTy iff X is preTy and Th.

(8) X is NTy iff X is preTy and Ty.

Remark 2. In Top, by Theorem 2.2.11 of [2] and Remark 1.3 of [6], all of Ty,
TS and Ty (resp., KT, NTs, and LTs) are equal to Ty (resp., Tz). In the realm of
preTy topological spaces, by the Theorem 2.4 of (14, oll Ty, Th, and Ty spaces are
equivalent.

Theorem 4. Let (B,K) € ConLim. Then (B, K) is LTy iff (B, K) is KT».
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Proof. Let (B, K) be KT,. By Theorem 2.3 of [5], (B, K) is T}. Let K4 (resp.,
KF) be the initial lift of A (resp., final lift of {iy,is : B> — B? Vv B?} and
o € F(B?V B?)) with o € Kp. By Proposition[l] 3a, 8 € K? with o O ijaNisf,
where K? is structure on B2. Hence,

m Ao D mA(liaNiyf) = manmf,
ma Ao D meA(iia Nigfl) = maa N1 B,

m3A0 D 7T3A(i104 N ZQB) =manNmf.

Since K is a constant limit structure on B and 7w, moa, w13, mo8 € K, we have
miaNmTf, meaNm B, miaNmef € K, and consequently, m1 Ao, moAc, m3Ac € K.
By Proposition [l o € K4. Hence, Kp C K4.

Suppose 0 € F(B%?Va B?) with 0 € K4. If 0 = [()], then 0 € K. Suppose
o # [0]. Let ay1 = m Ao, g1 = meAo, and ajs = m3Ao. In case of (1) of The-
orem 3.8 of 3], we have 71 Ao = moAo.Let oy = n; *(m Ao) Un, H(m3A0). Since
m Aoy = m Ao = m9Ac € K and moAo; = m3Ao € K, we get 04 € K2.

We now show i101 = (m1A) (71 Ao) U (meA) " (maAo) U (m3A) " (m3Ao) = 0.

If U € iyo, then U D (Uy x Us); for some Uy € 11 Ao = Ao and U € m3Ao.
Since case 1 of Theorem 3.8 of [3] holds and 7 Ao U w3Ao is improper, we may
assume U; N U = 0.

Note that

(7T1A)71(U1) n (7T2A)71(U1) n (7T3A)71(U2) = (Ul X U2)1 € 0p
and consequently, U € og. Hence, i101 C 0y.

IfU € 09, then U D (U1 X U2)1 V((U1 ﬂUg) X UQ)Q for some Uy € m1 Ao = mo Ao
and Us € m3Ao.

Since case (1) of Theorem 3.8 of 3] holds and 7m; Ao Umz Ao is improper, we may
assume Uy N Uz = (0. Hence, U D (U; x Us); and consequently, U € iy07. Thus,
i101 = 0g. By Corollary 3.3 of |3], i101 = 09 C 0.

In case (2) of Theorem 3.8 of [3] holds, we have m1Ac = m3Ao. Let 01 =
7N (mAc) Uy H(mpAo).

Note that
mT101 = 771AO' S K,

moo1 = mo Ao € K.
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Consequently, o € K?2.

Let 09 = (m1 A) (1 Ac) U (m2A) (7 Ao) U (m3A) = (m3A0). Since case (2) of
Theorem 3.8 of 3] holds, then iso1 = oo and by Corollary 3.3 of [3], ia01 C 0.

In case (3) of Theorem 3.8 of [3] holds, we have m3Ao0 N Ao C m Ao

Let
o1 =7y (m3A0) Uyt (1 Ao)
and

oo = (mA) " Hm3A0) U (12 A) "1 ((meAc) N (13A0)) U (734) " (13A0).

By Corollary 3.3 of [3], 0¢g C 0, m1 Aoy =340 € K, myAoy = (m2Ao) N (n3A0) €
K, and m3Aog = m3Ao € K since K is a constant limit structure on B. We show
that [ i10’1 n igO’l.

If U € gg, then U D (Ul X (UQ n Ug))l \/((U1 n U3) X U2)2 for some U; € 7TgAO',
Us € (m2Ao) N (w3Ao), and Us € m34o.

Note that
((U1 N Ug) X (U2 N Ug)) €oq,
((Ul n Ug) X (Ug n UQ))l € 1101,
((Ul n U3) X (Ug n UQ))Q € 1901,
and

((Ul N Ug) X (Ug N UQ))l \/((U1 n U3) X (U3 n UQ))Q € 1101 N1iy07.

Hence, U € 1101 Nigoq and so og C 4101 Nigoy.

IfU €iy0; Nigoq, then U D (Ul X U2)1 \/(U1 X Ug)g for some Us € 7T2AO' and
U, € m3Ao. Note that
UsUUs; € (meAo) N (w3 Ao)
and
(7T1A)71(U3) n (7T2A)71(U3 U UQ) N (7T3A)71(U3) = (Ug X U2)1 \/(Ug X UQ)Q € 09
and consequently, U € gg. Hence, 0g = i101 Niso; C 0. Therefore K4 C Kr and

consequently, K4 = Kp. Since (B, K) is KTs, by Definition |4} Kg = K4, where
K is the initial lift of S. Hence, by Definition 4} Ks = K and (B, K) is LT5.
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Suppose (B, K) is LT,. By Theorem 2.3 of 5], (B, K) is T, and by Remark 3.6
of [11], (B, K) is preTs. Hence, by Definition 4, (B, K) is KTs. O

Let T{E (resp., ToE, ToE, ThE, KTRE, LT2E, and NT3E) be the subcategory
of &€ consisting of T} (resp., Ty, To, T1, KT, LTy, and NT3) objects of £.

Remark 3. (1) By Theorem 2.8 of [5] and Theorem To, T4 and Ty constant
limit spaces are equivalent. Furthermore, a constant limit space (B, K) is NTy iff
B is a point or the empty set. Moreover, NTy = KTy <= LT, but the converse is
not true, in general. For example, let be B = {a, b}, and K = {[a], [b], [a] N [b], [0]}.
(B, K) is LTy but it is not NT5.

(2) By Theorem 4 and Theorem 2.3 of [5], ToConLim, ToConLim, TjConLim,
TiConLim, KTosConLim, LToConLim, and ConLim are pairwise isomor-
phic categories. Since ConLim is a cartesian closed, all of these categories are
cartesian closed.

(3) By Theorems and we have Tietze Extension Theorem for constant limit
spaces. If (B, K) is a KTy constant limit space and A is non-empty closed subspace
of (B,K), then every morphism f : (A,L) — (R,S) has an extension morphism
g:(B,K) — (R,S), where R is the set of real numbers and S is any constant limit
structure on R.

(4) By Theorem we have Urysohn’s Lemma for constant limit spaces. Suppose
(B,K) is a KTy constant limit space and M and N are any nonempty disjoint
subsets of B. Then there exists a morphism f : (B, K) — ([0,1], L), where L is any
constant limit structure on [0,1] with f(w) =0 ifw € M and f(w) =1 ifw € N.

Note that Tietze Extension Theorem and Urysohn’s Lemma for constant filter

convergence spaces (resp., extended pseudo-quasi-semi metric spaces) are presented
in [21}23}[24].

Definition 5. Let (B, K) € ConLim and Z C B.

scl(Zy=({HCB:ZCH and H is strongly closed} is said to be
the strong closure of Z.

cd(Z)y=({HCB:ZCH and H s closed} is said to be the closure of
Z.

QZ)=({H CB:ZCH,H is closed and open} is called the quasi-
component closure of Z.

SQ(Z)=({HCB:ZCH,H is strongly closed and strongly open}
is said to be the strong quasi-component closure of Z.
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Theorem 5. cl = 1 = Q, the indiscrete closure operator and scl = § = SQ, the
discrete closure operator of ConLim.

Proof. Combine Definition [5], Theorems [1], and O
Definition 6. ([19])Let ¢ be a closure operator of E.

(1) Eoe ={W € E:sec({t}) andt € c({s}) implies s =t with s,t € W},
(2) E1c={W € E:e({s}) ={s}, Vs e W},

(3) E2c ={W € E:¢c(A) = A, the diagonal}.

Theorem 6. A constant limit space (B, K) € ConLimq fori=0,1,2 iff B=1
or B ={a}, a one point set.

Proof. We get the proof from Theorem O
Theorem 7. ConLim;sq, i = 0,1,2 are isomorphic to ConLim.

Proof. We get the proof from Theorem O

4. SOBER CONSTANT LIMIT SPACES

In this section, we characterize irreducible, sober, and quasi-sober constant limit
spaces.

Definition 7. ( [12,16]) Let £ be a topological category and X € Ob(E).

(1) X is called irreducible if Z1, Zy are closed subobjects of X and X = Z1 U Zs,
then X = Z1 or X = Z>.

(2) X is called quasi-sober if every nonempty irreducible closed subset of X is
the closure of a point .

(3) X is called Ty sober if X is Ty and a quasi-sober.
(4) X is called T sober if X is T} and a quasi-sober.

(5) X is called Ty sober if X is Ty and a quasi-sober.

Remark 4. In Top, by Remark 3.4 of [12], all of T} sober, Ty sober, and Ty sober
are equivalent and they reduce to the usual sober. Also, the notion of irreducibility
reduces to notion of the usual irreducibility [10)].

Theorem 8. Let (B,K) € ConLim.
(A) The following are equivalent:
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(1) A constant limit space (B, K) is quasi-sober.
(2) (B, K) is Ty sober.
(3) (B, K) is Tjy sober.
(4) (B, K) is irreducible.
(B) The following are equivalent:
(1) (B,K) is Tp.
(2) (B,K) is Ty sober.
(3) card(B) < 1.
Proof. (A) By Theorem 2.4 of [5] and Definition [7, we get (1) <= (2) <= (3).

(1) = (4): Suppose (B, K) is quasi-sober and B = B; U Ba, where B; and Bs
are closed subsets of B. By Theorem [l By = B or ) and B = B or (. Hence, by
Definition (7} (B, K) is irreducible.

(4) = (1): Suppose (B, K) is irreducible and @) # B; C B is irreducible closed.
Since Bj is closed, by Theorem [1} By = B and by Theorem |5, B = By = cl({b})
for some b € B. Hence, by Definition[7] (B, K) is quasi-sober. Thus, (1) <= (4).

(B) (1) = (2): Suppose (B, K) is Ty and §) # By C B is irreducible closed.
Since Bj is closed, by Theorem [ B; = B and hence, by Theorem 5|, By = B =
cl({b}) for some b € B. Hence, consequently, (B, K) is quasi-sober and by Defini-
tionm (B, K) is Tp sober.

(2) = (3): Suppose (B, K) is Ty sober and B # () and B # {a}. Then, 3s,t € B
with s # ¢ and ({s,t}, F({s,t})) is the indiscrete subspace of (B, K), contradicting
to (B, K) is being Tj sober. Hence, card(B) < 1.

(3) = (1): If card(B) < 1, then by Definition [i] (B, K) is Tp. O

5. COMPACT CONSTANT LIMIT SPACES

Definition 8. ([7]) Let € be a topological category, A, B € Ob(E), and f : A — B
be a morphism in .
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(1) If the image of every (strongly) closed subobject of A is a (strongly) closed
subobject of B, then f is said to be (strongly) closed.

(2) If the projection o : A x B — B 1s (strongly) closed for every object B in
E, then A is called (strongly) compact.

Remark 5. In Top, by Remark 2.2 of [7], the notion of compactness reduces to
usual one, the notion of strong compactness implies compactness and they coincide
when a topological space is T;.

Theorem 9. A constant limit space is compact iff it is strongly compact.

Proof. Suppose (B, K) is a compact constant limit space. We need to show that
for each constant limit space (C, L), the projection 7o : (B, K) x (C,L) — (C, L)
is strongly closed. Suppose M C B x C'is strongly closed. If M = (3, then 7o M = ()
is strongly closed. If M # (), then by Theorem [2| mo(M) is strongly closed subset
of C and hence, by Definition 8| 72 : (B, K) x (C, L) — (C, L) is strongly closed
and consequently, (B, K) is strongly compact.

Suppose (B, K) is a strongly compact constant limit space. We show my :
(B,K) x (C,L) — (C,L) is closed for each constant limit space (C,L). Sup-
pose M C B x C is closed. By Theorem[l] M =0 or M = B x C. If M = {), then
moM = () is closed in C. If M = B x C, then C = moM is closed. By Deﬁnition
ma: (B,K) x (C,L) — (C, L) is closed and hence, (B, K) is compact. |

Theorem 10. Let f: (B,K) — (C, L) be morphism in ConLim.
(1) If (B, K) is (strongly) compact, then the subspace f(B) is (strongly) compact.

(2) If (B, K) is connected (resp., strongly connected, D-connected, scl-connected,
cl-connected), then the subspace f(B) is connected (resp., strongly connected, D-
connected, scl-connected, cl-connected).

( (3) If/(B,K) is T (resg))., Ty, Th, KTy or LT5), then the subspace f(B) is Ty
resp., Ty, T1, KTy or LT;).

Proof. Tt follows from Theorems [} and [0

6. COMPARATIVE EVALUATION

We compare our findings in some topological categories and we infer:

(1) In Top,
(i) By Theorem 2.2.11 of [2], Remark 1.3 of [6], and Remark 2.6 of [9],

Topacy = Topasci = LT2Top = NTxTop = KT>Top C Topia
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= Topisct C Topoct = T0posct = TOTOP = TéTOp = ToT op.
and
Topig = Top2q
(ii) By Remark 3.4 of [12],
TySobTop = ToSobTop = ToSobT op

(iii) By Remark 4.4 of [14], there is no implication between preT, and each of
To, Ty and soberity. By Theorem 4.3 of [14], in the realm of PreTs topological
spaces, all Ty Ty, T, and sober spaces are equivalent.

(2) In ConLim,
(i) By Theorems [4] and [6]
ConLimgae =ConLimic = ConLimag
=ToConLim C ConLimggq
=ConLimyg. = ConLimggq
=ToConLim = TyConLim
=T1ConLim = KTy,ConLim = LTyConLim
(ii) By Theorem
ToConLim = ToSobConLim

and
ToSobConLim = TySobConLim = QSobConLim,

where QSobConLim is the full subcategory of ConLim consisting of all quasi-
sober constant limit spaces.

(iii) By Theorems |8 the categories ToSobConLim, TySobConLim, and
QSobConLim have all limits and colimits.

(iv) By Theorem |8 a T sober constant limit space is T}, sober, Ty sober, a
quasi-sober, and irreducible. The constant limit space (R, F(R)) is quasi-sober, T
sober, and T} sober, and irreducible but it is not Ty sober, where R is the set of
real numbers.

(v) By Theorem @ a constant limit space (B, K) is compact iff it is strongly
compact.

(3) In Lim,
(i) By Theorem 2.10 of |9] and Theorem 2.4 of [6],
Limgge C LToLim = NToLim C KT>Lim

and
LTyLim C Limq, = Limqge = T1 Lim
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C Limge = Limgse = ToLim = ToLim = TyLim

(4) In ConFCO (the category of constant filter convergence spaces and continu-
ous maps), by Theorems 4.3-4.5 of [20], Theorems 2.1, 2.2, 2.9, and 2.10 of [5],

LT;ConFCO C NT;ConFCO C KT;ConFCO C ConFCOz, = ConFCOg4¢
C ConFCO1,q = ConFCO14¢; = ToConFCO =T1ConFCO
=ToConFCO C ConFCOge = ConFCOgge C TéConFCO

(5) In FCO (the category of filter convergence spaces and continuous maps),
(i) By Theorems 2.9 and 2.11 of [|9] and Theorem 4.10 of [11],

LT FCO C NI, FCO C KT2FCO C FCOgz4¢; C FCO2qy
= FCO1¢ = FCO15c =T1 FCO C FCOga

= FCOgsc = ToFCO C ToFCO C Ty;FCO

(ii) By Theorem 6.3 of [10], (B, K) is strongly compact iff every ultrafilter in B
converges and every filter convergence space is compact.

(6) In C App (the category of approach spaces and contraction maps), by The-
orems 4.8, 4.9, 4.12, and 4.13 of [26] and Theorems 7, 9, and 10 of [25],
CApp2scl - CApplscl - CAPPOscl

and

CAppzct C CAppra C CAppoe = ToC App C ToC App C TyC App

(7) In psgMet (the category of extended pseudo-quasi-semi metric spaces and
non-expansive maps),

(i) By Theorem 6 of [15], Theorems 3.3-3.5 and 3.15 of [23], Theorem 3.10 of |16],

LTypgsMet = KTapgsMet = TipgsMet = pgsMeti1sqg = pgsMetisq

=pgsMetssci C pgsMet o = pgsMety = pgsMetig = Topquet
CTopgsMet C pgsMetoser C pgsMetoe C Tépquet
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(ii) By Theorem 3.13 of |12], {z} is closed for all x € X and the nonempty
proper irreducible closed subsets of X are exactly the one-point subsets iff an ex-
tended pseudo-quasi-semi metric space (X, d) is Ty sober,

(iii) By Theorem 3.13 of [12], (X, d) is a quasi-sober and an extended quasi-semi
metric space iff (X,d) is Ty sober.

(8) In RRel (the category of reflexive relation spaces and relation preserving func-
tions),

(i) By Theorem 3.7 of [12] and Theorem 3.7 of |13],
KT:RRel C RRely. = ToRRel = ToRRel

RRel2cl = RRel2scl = RRellsQ = RRelsz = RR€l2Q = LTzRRel = TlRRel
(ii) By Theorems 3.8 and 3.9 of [12],
T} SobRRel = QSobRRel,

where QSobRRel is the subcategory of RRel consisting of quasi-sober reflexive
spaces.

(iii) By Theorems 3.8 and 3.9 of |12],

ToSobRRel = ToSobRRel
(iv) By Theorems 3.8 and 3.9 of [12], a reflexive space (B, R) is Ty sober iff the
nonempty proper irreducible closed subsets of B are exactly the one-point subsets
and {z} is closed for all z € B iff (B, R) is Tp sober.
(v) By Theorems 3.2 and 5.2 of [13|, (B, R) € RRel1sq iff it is NTx.

(vi) By Theorem 5.2, Part (1), and Theorem of 3.8 of [12], if (B, R) € RRel15¢q,
then it is quasi-sober and Ty sober.

(vii) By Theorem 5.3 of [13], RRel1sqg C RReli1g and also by Theorem 5.2
of [13], if (B, R) € KT>, then (B, R) € RRel1sq iff (B, R) € RRel;q.

(viii) By Theorem 3.4 of |14], a reflexive space (A, R) is compact iff for every
x € A there exist a,b € A with xRa and bRx.

(9) In Rel (the category of relation spaces and relation preserving functions),
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(i) By Theorem 3.3 of [14],
Rellcl = RelzCl = RellQ = Rele = RellsQ = ReleQ

(i) By Theorem 4.5 of [14],

LTyRel C NTyRel C KTy Rel = ToRel = preTyRel
C Relig = T1Rel = TjRel = ToRel = Rel
(iii) By Theorem 3.3 of [14],
ToSobRel = T(;SobRel = QSobRel,

where QSobRel is the full subcategory of Rel consisting of all quasi-sober re-
lation spaces.

(iv) By Theorem 3.3 of [14], every relation space is compact.
(10) In any topological category,

(i) By Theorem 2.7 of [6], Ty implies T, but the converse is not true, in general
and by Theorem 3.1 of [g], preTQI implies preT». Furthermore, there is no relation-
ship between Ty and Tp. Also, by Theorem 3.1 of [8], LT, implies KT, but the
converse is not true, in general. Moreover, by Remark 2.8 (7) of 6], notions of KT,
and NT5 are independent of each other.

By Theorem 3.5 of [11], in the realm of preTs objects, Ty, 11, and T objects
are equivalent.

(ii) By Theorems 3.5, 3.13 and Parts (2) and (3) of [12], every Tp sober object
is T{ sober. Also, there is no implication between Ty sober and Tj sober.

(iii) By Remark 6.2 of [10] the notions of compactness and strongly compactness
are different from each other, in general.
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