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torsions and the curvature and torsion of the original curve are given. Moreover, the matrix relationship between the Darboux and 
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belong to the Frenet frames of these curves are compared. 
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1. Introduction 

Darboux frame, one of the tools used to study the differential 

geometry of a curve on a surface, consists of the tangent of 

the curve, the normal of the surface, and a third vector 

consisting of vector product of these two vectors. Therefore, 

the Darboux frame is an element of curves passing through 

the tangent plane or surface’s normal at any point on the 

surface. Using Darboux frame’s vectors, the normal and 

geodesic curvatures and geodesic torsion of the curve on a 

surface are obtained. Studies on the Darboux frame of a 

curve are available in (Uğurlu and Kocayiğit, 1996; Uğurlu 

and Çalışkan, 2012; Şentürk and Yüce, 2015; Yakıcı et al., 

2016; Özdemir, 2020; Li et al., 2023). There are 

relationships between these elements and the main 

curvatures of the curve. Another relationship is found 

between the Frenet and Darboux frames of the curve. In 

addition, just as the Darboux instantaneous rotation axis 

belong to the Frenet frame can be calculated, a rotation axis 

of the Darboux frame can also be calculated (Fenchel, 1951). 

While drawing a curve in 𝐸3, at every moment t, the Frenet 

vectors of the curve also form curves on unit sphere 𝑆2. 

These curves are called spherical indicatrices of the main 

curve. Geometric features such as curvatures and radii of 

curvature of the surface on it are examined with the spherical 

indicatrices. Moreover, Darboux frames of the curves and 

other geometric elements mentioned above can be 

calculated, since the spherical indicatrices of any curve are 

on the surface. Studies on the spherical indicatrices of the 

curve can be found in sources (Hacısalihoğlu, 1983; Aksan 

and Gür Mazlum, 2023; Bilici and Çalışkan, 2019; Kula and 

Yaylı, 2005; Gür and Şenyurt, 2010). The aim of this study 

is to examine the Darboux frames and some geometric 

properties (curvatures, torsions, Darboux vectors, angles 

etc.) of the spherical indicatrices on unit spheres 𝑆1
2 and 𝐻0

2 

of the spacelike Salkowski curve with spacelike binormal, 

which is one of the forms in Lorentzian 3-space of the well-

known Salkowski curve (Salkowski, 1909; Monterde 2009) 

in differential geometry. For basic information and various 

studies on Lorentzian space, which is one of the current 

fields in which physicists and geometers frequently work, 

the sources (O’Neill, 1983; Birman and Nomizu, 1984; 

Ratcliffe, 1994; Uğurlu and Kocayiğit, 1996; Uğurlu, 1997; 

Kahveci and Yaylı, 2002; Bükcü and Karacan, 2007; Uğurlu 

and Çalışkan, 2012; Lopez, 2014; Yüksel et al., 2014; Yakıcı 

et al., 2016; Babaarslan and Yaylı, 2017; Li et al., 2023) can 

be examined. In addition, other studies on the Salkowski 

curves are available in (Gür and Şenyurt, 2010; Ali, 2011; 

Gür Mazlum et al., 2022; Aksan and Gür Mazlum, 2023). 

 

2. Preliminaries 

The inner and vector product functions are defined as 

respectively: 

 

3 3

1 1 1 2 11 21 12 22 13 23,  : , ,  ,E E R Z Z Z Z Z Z Z Z      (1) 

 
3 3 3

1 1 1

1 2 13 22 12 23 11 23 13 21

11 22 12 21

 :   ,     

( ,  ,  

                ),

E E E

Z Z Z Z Z Z Z Z Z Z

Z Z Z Z

  

   



 
(2) 
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for the vectors   3

1 11 12 13 1,  ,  Z Z Z Z E   and 

  3

2 21 22 23 1,  ,  Z Z Z Z E  . Here, ,  is Lorentzian metric. 3E  

with the metric is called Lorentzian 3-space and is denoted 

by 3

1E . 3

1 1Z E  is spacelike (sl) vector, if 
1 1,  0Z Z   or 

1 0Z  , 3

1 1Z E  is timelike (tl) vector, if 
1 1,  0Z Z  , 

3

1 1Z E  is lightlike or null vector, if 
1 1,  0Z Z   and 

1 0Z  .  Besides, 3

1 1Z E  is future pointing (fp) timelike 

vector, if  
1,  0Z E   or 

1Z  is past pointing (pp) timelike 

vector, if 
1,  0Z E  , where  0,  0, 1E  .  The vectors 

3

1 2 1, Z Z E  are Lorentz orthogonal vectors, if 
1 2,  0Z Z  . 

Let 3

1 2 1, Z Z E  be nonzero Lorentz orthogonal vectors in 

3

1E ,  if 
1Z  is timelike, then 

2Z  is spacelike, (Ratcliffe, 

1994).  The norm of 3

1 1Z E  is 
1 1 1,  Z Z Z . If 

1 1Z  , 

3

1 1Z E  is a unit vector. The sets  

 2 3

1 1 1 1 |   is unit spacelike vectorS Z E Z  , 

 2 3

0 1 1 1 |  is unit timelike vectorH Z E Z  , 

 3

1 1 1 |  is unit lightlike vectorZ E Z     

are Lorentzian and hyperbolic unit spheres, and light cone, 

respectively. In 3

1E , timelike vectors are located inside the 

light cone, lightlike vectors are located on the light cone, and 

spacelike vectors are located outside the light cone, Figure 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. The vectors in 𝐸1
3. 

 

In 𝐸1
3, the angle between two vectors is defined as follows: 

(O’Neill, 1983; Ratcliffe, 1994). 

  If 3

1 2 1,   Z Z E  are future pointing (or past pointing) 

timelike vectors at the same time, then the hyperbolic angle 

between the vectors is 

1 2 1 2,    cosh .Z Z Z Z    

 If 3

1 1Z E  is future pointing and 3

2 1  EZ   is past pointing 

timelike vector, then the hyperbolic angle between the 

vectors is 

1 2 1 2,    cosh .Z Z Z Z   

 

  If 3

1 2 1,     Z Z E   are spacelike vectors lying in a spacelike 

plane, then the real angle between the vectors is 

1 2 1 2,        cos .Z Z Z Z   

  If 3

1 2 1,     Z Z E   are spacelike vectors lying in a timelike 

plane, then the hyperbolic angle between the vectors is 

1 2 1 2,      cosh .Z Z Z Z   

  If 3

1 1Z E  is a spacelike and 3

2 1  EZ   is a timelike vector, 

then the hyperbolic angle between the vectors is 

1 2 1 2,    sinh .Z Z Z Z   

An curve    in 𝐸1
3 is timelike, spacelike or lightlike curve, 

if all of the velocity vector of the curve are the timelike, 

spacelike or lightlike, respectively. When plotting a 

spacelike curve with the spacelike binormal  
 
in 𝐸1

3, the 

endpoints of the spacelike tangent, timelike principal normal 

and spacelike binormal vectors ,    and  T N B  of    draw 

the spacelike indicatrices  T  and  B  on the Lorentz unit 

sphere 𝑆1
2 and the timelike indicatrix  N  on the hyperbolic 

unit sphere 𝐻0
2 (Uğurlu and Çalışkan, 2012). A surface in 𝐸1

3  

is a spacelike (timelike), if the normal vector field of the 

surface at every points is timelike (spacelike). Let’s assume 

that the regular spacelike curve    t   is on a timelike 

surface. The Darboux frame of this curve is 

      ,  ,  T t g t n t , where  n t  is the spacelike normal 

vector of the timelike surface and      g t n t T t   is 

timelike (Uğurlu and Çalışkan, 2012).  

 

3. On Darboux Frames of Indicatrices of Spacelike 

Salkowski Curve with Spacelike Binormal in  𝑬𝟏
𝟑 

Definition 2.1. For mR and 
2 1

m
n

m



, the parametric 

equation of spacelike Salkowski curve with the spacelike 

binormal in 𝐸1
3 is given as (Ali, 2011):  

 

     

   

 

1 1
2sin sin 1 2 sin 1 2 ,

1 2 1 2

1 1
             2cos cos 1 2 cos 1 2 , 

1 2 1 2

1
              cos 2 ,

m

n n
t t n t n t

n n

n n
t n t n t

n n

nt
m


 

            

 
          





 

where, m > 1  or  m < -1, Figure 2. Besides 

 

   
 
2

sin
.

1
m

nt
t v t

m
   


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Figure 2. Salkowski curves
 
for 

5 5 9 5 5 9
, , , , , .

2 4 8 2 4 8
m      

 

The Frenet vectors of  𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡) are (Ali, 2011) 

 

     

       

     

     

       

sin cos cos sin ,

         sin sin cos cos , cos   sl ,

sin ,cos ,      tl ,

cos cos sin sin ,  

             cos sin sin cos , sin   sl .

T t nt t n nt t

n
nt t n nt t nt

m

n
N t t t m

m

B t nt t n nt t

n
nt t n nt t nt

m

  

 

   






   

 

  


 

(3) 

 

 The timelike tangent indicatrix  T  of  𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡) is a helix on 

𝑆1
2, the spacelike principal normal indicatrix  N  of  𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡) 

is a planar circle of radius n

m

 on 2

0H   and the timelike 

binormal indicatrix  B  of 𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡) is a helix on 𝑆1
2

 
(Aksan 

and Gür Mazlum, 2023), Figure 3. Besides, for the curves  

 

     

   

     

sin ,        

,       

cos ,

T

N

B

n
v t T t nt

m

n
v t N t

m

n
v t B t nt

m


 




 



 


 

(4) 

 

(Aksan and Gür Mazlum, 2023). 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3. Spherical indicatrices on 𝑆1
2

 
and 2

0H  of 𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡). 

3.1. The Darboux Frame of the Tangent Indicatrix  

(�⃗⃗� ) of  𝜸𝒎⃗⃗ ⃗⃗  ⃗(𝒕) 

The Frenet frame       ,  , T T TT t N t B t , curvature  T t  

and torsion  T t  of the timelike tangent indicatrix  

(�⃗� ) on 𝑆1
2

 
of the curve 𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡)in 3

1E
 

are as follows, 

respectively (Aksan and Gür Mazlum, 2023):  

 

   

     

   

     

sin ,  cos ,       tl ,

cos ,  sin ,  0      sl ,

sin ,  cos ,        sl ,

0,  0,  1        tl ,

T

T

T

T

n n
T t t t n

m m

N t t t

n
B t n t n t

m

F t

  
  
 


 


    

  



 

(5) 

 

 
 

 
 

1
       and       .

sin sin
T T

m
t t

nt nt
    

(6) 

 

Theorem 3.1. The Darboux frame       ,  ,  T T TT t g t n t  of 

the timelike tangent indicatrix  (�⃗� )  on 𝑆1
2 is as follows: 

 

 

     

     

     

     

sin ,  cos ,      (tl),

cos cos sin sin ,  

              cos sin sin cos , sin    (sl),

sin cos cos sin ,  

          sin sin cos cos , cos    (s

T

T

T

n n
T t t t n

m m

g t nt t n nt t

n
nt t n nt t nt

m

n t nt t n nt t

n
nt t n nt t nt

m

 
  
 

  


  



 


   


l).















 

(7) 

 

Proof: Since  TT t  is timelike and  T t  is spacelike, 

     T Tg t T t T t   . From (3) and (5), we get the vector 

 Tg t  in (7). Besides,  T t  can be taken as the surface’s 

normal for (�⃗� ) on 𝑆1
2, that is    Tn t T t  as in (3). Thus, 

the Darboux frame is obtained as in (7). 

Theorem 3.2. The normal curvature    n T
t of the tangent 

indicatrix  (�⃗� ) on 𝑆1
2 of  𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡) is as follows: 

 

    1n T
t   (8) 

 

Proof: The normal curvature of (�⃗� ) is calculated by 

 

   
   

 2

,  
,

T

n T
T

n t T t
t

t





  (9) 

 

(Uğurlu and Çalışkan, 2012). From (3), we get 
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     

     

2 3

2 2

2 3 3

2 2

sin cos cos sin ,  

            sin sin cos cos ,  cos .

n n
T t nt t nt t

m m

n n n
nt t nt t nt

m m m


  




  



 

(10) 

 

From (7) and (10), we have 

 

     
2

2

2
,  sin .T

n
n t T t nt

m
   (11) 

 

If we substitute (4) and (11) in (9), we obtain the normal 

curvature of (�⃗� ) as in (8). 

Theorem 3.3. The geodesic curvature    g T
t  of the 

tangent indicatrix  (�⃗� ) on 𝑆1
2 of  𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡)is as follows: 

 

   
 

 

cos
.

sin
g T

nt
t

nt
    

(12) 

 

Proof: The geodesic curvature    g T
t  of the tangent 

indicatrix (�⃗� ) is calculated by 

 

   
   

 2

,  
.

T

g T
T

g t T t
t

t





  (13) 

 

From (7) and (10), we have 

 

       
2

2
,  cos sin .T

n
g t T t nt nt

m
    (14) 

 

If we substitute (4) and (14) in (13), we obtain the geodesic 

curvature of (�⃗� ) as in (12). 

Theorem 3.4. The geodesic torsion    g T
t  of the tangent 

indicatrix (�⃗� ) on 𝑆1
2 of  𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡) is as follows: 

 

    0.g T
t   (15) 

 

Proof: The geodesic torsion (𝜏𝑔)
𝑇
(𝑡) of (�⃗� ) is calculated by 

 

   
   

 2

,  

.
T T

g T
T

g t n t

t
t






   (16) 

 

From (7), we have 

 

       
2 2 2

2 2
sin sin ,  sin cos ,  sin .T

n n n
n t nt t nt t nt

m m m

 
   

 

 
(17) 

 

So, from (7) and (17), we get 

 

   ,  0.T Tg t n t   (18) 

 

If we substitute (4) and (18) in (16), we obtain the geodesic 

torsion of (�⃗� )  as in (15). 

Corollary 3.1. The timelike tangent indicatrix (�⃗� ) on 𝑆1
2 of 

𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡)
 
is a curvature line. 

Theorem 3.5. Let       ,  ,  T T TT t g t n t  be Darboux frame 

of the timelike tangent indicatrix (�⃗� ) on 𝑆1
2 of 𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡). 

Darboux frame equations of  T  are as follows: 

 

 

 

 

   

 

 

 

 

 

0 cos sin

cos 0 0 .

sin 0 0

T
T

T T

T
T

n n
nt nt

T t m m T t
n

g t nt g t
m

n tnn t
nt

m

 
                               

  

 

(19) 

 

Proof: We can construct the following matrix equation 

between Darboux vectors and their derivatives: 

 

 

 

 

 

 

 

1 1 1

1 1 1

1 1 1

,

T
T

T T

T
T

T t T ta b c

g t d e f g t

k l m n tn t

      
          
         

 

 
(20) 

 

where 
1 1 1 1 1 1 1 1 1,  ,  ,  ,  ,  ,  ,  ,  a b c d e f k l m  are arbitrary functions 

of t . Now let's find these coefficients in order. From (20), 

we write the equation below: 

 

       1 1 1 .T T T TT t a T t b g t c n t     (21) 

 

Let's apply the inner product of the vectors 𝑇𝑇
⃗⃗⃗⃗ (𝑡), 𝑔𝑇⃗⃗ ⃗⃗  (𝑡) and 

𝑛𝑇⃗⃗ ⃗⃗  (𝑡) to both sides of (21), respectively. So, we have 

 

   

   

   

1

1

1

,  ,        

,  ,        

,  .

T T

T T

T T

a T t T t

b g t T t

c n t T t



 



 

(22) 

 

From (7), we get 

 

  cos ,  sin ,  0 .T

n n
T t t t

m m

    
 

 (23) 

 

From (7), (22) and (23), we have 

 

   1 1 10,       cos ,        sin .
n n

a b nt c nt
m m

     (24) 

 

From (20), we write the equation below: 

 

       1 1 1T T T Tg t d T t e g t f n t     (25) 
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Let's apply the inner product of the vectors 𝑇𝑇
⃗⃗⃗⃗ (𝑡), 𝑔𝑇⃗⃗ ⃗⃗  (𝑡)  and  

𝑛𝑇⃗⃗ ⃗⃗  (𝑡) to both sides of  (25), respectively. So, we have 

 

   

   

   

1

1

1

,  ,        

,  ,        

,  .

T T

T T

T T

d T t g t

e g t g t

f n t g t







 

(26) 

 

From (7), we get 

 

    
2

2
cos sin ,cos ,1 .T

n
g t nt t t

m
    (27) 

 

From (7), (26) and (27), we have 

 

 1 1 1cos ,       0,        0.
n

d nt e f
m

    (28) 

 

From (20), we write the equation below: 

 

       1 1 1 .T T T Tn t k T t l g t m n t     (29) 

 

Let's apply the inner product of the vectors 𝑇𝑇
⃗⃗⃗⃗ (𝑡), 𝑔𝑇⃗⃗ ⃗⃗  (𝑡) and  

𝑛𝑇⃗⃗ ⃗⃗  (𝑡) to both sides of (29), respectively. So, we have 

 

   

   

   

1

1

1

,  ,        

,  ,        

,  .

T T

T T

T T

k T t n t

l g t n t

m n t n t







 

(30) 

 

From (7), (17) and (30), we have 

 

 1 1 1sin ,       0,        0.
n

k nt l m
m

    (31) 

 

If we substitute (24), (28) and (31) in (20), we get the 

expression (19). 

Theorem 3.6. Let       ,  ,  T T TT t N t B t  and 

      ,  ,  T T TT t g t n t  be the Frenet and Darboux frames of 

the timelike tangent indicatrix (�⃗� ) on  

𝑆1
2 of 𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡), respectively. The real angle  T t  between 

𝑛𝑇⃗⃗ ⃗⃗  (𝑡) and 𝑁𝑇
⃗⃗⃗⃗  ⃗(𝑡) is as follows: 

 

  .
2

T t nt


    (32) 

 

Proof: For the real angle  T t  between the spacelike 

vectors 𝑛𝑇⃗⃗ ⃗⃗  (𝑡) and 𝑁𝑇
⃗⃗⃗⃗  ⃗(𝑡), Figure 4, we write 

   

         ,  cos .T T T T Tn t N t n t N t t  (33) 

 

Since 𝑛𝑇⃗⃗ ⃗⃗  (𝑡) and 𝑁𝑇
⃗⃗⃗⃗  ⃗(𝑡) are unit vectors and using (5) and (7), 

from the inner product of these vectors in (33), we have 

 

     ,  sin cos .T T Tn t N t nt    (34) 

 

Similarly, using (5) and (7), from the inner product of  𝑛𝑇⃗⃗ ⃗⃗  (𝑡) 

and 𝐵𝑇
⃗⃗⃗⃗  ⃗(𝑡), we get  

 

       ,  sin cos .T T Tn t B t t nt    (35) 

 

So, from (34) and (35), we obtain the expression (32). 

 

 

 

 

 

 

 

 

 

 

Figure 4. The real angle 𝜃𝑇(𝑡) between 𝑛𝑇⃗⃗ ⃗⃗  (𝑡) and 𝑁𝑇
⃗⃗⃗⃗  ⃗(𝑡). 

 

Theorem 3.7. The spacelike Darboux vector 𝑊𝑇
⃗⃗⃗⃗⃗⃗ (𝑡) of 

Darboux frame of the timelike tangent indicatrix  

(�⃗� ) on 𝑆1
2 of  𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡) is as follows: 

 

   
2 2 2

2
sin ,  cos ,       sl .T

n n n
W t t t

m m m

 
    
 

 
(36) 

 

Proof: For the Darboux vector 𝑊𝑇
⃗⃗⃗⃗⃗⃗ (𝑡) belong to the Darboux 

frame, we know 

 

     

     

     

,        

,        

,

T T T

T T T

T T T

T t W t T t

g t W t g t

n t W t n t

  

  

  

 
(37) 

 

(Uğurlu and Çalışkan, 2012). From (37), using (7) and (17), 

we have (36). 

Corollary 3.2. The spacelike Darboux vector 𝑊𝑇
⃗⃗⃗⃗⃗⃗ (𝑡) of 

Darboux frame of timelike tangent indicatrix (�⃗� ) on 𝑆1
2 of 

𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡) is as follows: 

 

         sin cos .T T T

n n
W t nt g t nt n t

m m
   (38) 

 

Proof: We write the vector 𝑊𝑇
⃗⃗⃗⃗⃗⃗ (𝑡) as follows: 

 

        ,T T T TW t T t g t n t      (39) 
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where , ,   are arbitrary functions of t. For (32) and (37) 

to be satisfied simultaneously, we have 

 

    

    

    

,      

,      

T g T

T n T

T g T

t t

t t

t t

  

  

  





 

 

 

in (39). If we substitute these values in (39), we obtain 

 

   
           

     
,

g T n TTT

T T

g TT

t T t t g t
W t t

t n t

 




 
 
 
 

 
(40) 

 

(Uğurlu and Çalışkan, 2012). If we substitute (4), (8), (12) 

and (15) in (40), we get (38). Moreover, if we substitute (8) 

in (39) also, it is clear that we get the expression (37). 

 

Theorem 3.8. There are the following relations between the 

normal curvature(𝐾𝑛)𝑇(𝑡), geodesic curvature (𝐾𝑔)
𝑇
(𝑡), 

geodesic torsion (𝜏𝑔)
𝑇
(𝑡) and torsion 𝜏𝑇(𝑡), curvature 

𝐾𝑇(𝑡) of the timelike tangent indicatrix (�⃗� ) on  

𝑆1
2 of  𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡): 

 

       

       

     
 

sin ,

cos ,

.
sin

n TT

g TT

g TT

t t nt

t t nt

m
t t

nt

 

 

 






 

  



 
(41) 

 

Proof: For Darboux vector 𝐹𝑇
⃗⃗⃗⃗ (𝑡) of Frenet frame of (�⃗� ), we 

write 

 

      ,T T TT t F t T t    (42) 

 

(Uğurlu and Çalışkan, 2012).  From the equality of (37) and 

(42), we have 

 

       0,T T TT t F t W t    (43) 

 

where 

 

              0,  0, 1T T T T T TF t t t T t t B t     
 

 (44) 

 

(Aksan and Gür Mazlum, 2023).  If we substitute (40) and 

(44) in (43), we get 

 

                0.T T n T g TT T
t N t t n t t g t      (45) 

 

If we apply the inner product with 𝑛𝑇⃗⃗ ⃗⃗  (𝑡) and 𝑔𝑇⃗⃗ ⃗⃗  (𝑡) on both 

sides of (45), respectively, we get 

 

         

       

         

       

,

                 , ,

,

                 , .

n T T TT

g T TT

g T T TT

n T TT

t t N t n t

t g t n t

t t N t g t

t g t n t

 



 



 

 





 


 

(46) 

 

From (5) and (7), we get 

 

     , cos .T TN t g t nt   (47) 

 

If we substitute (34) and (47) in (46), we have 

 

       

       

sin ,        

cos .

n TT

g TT

t t nt

t t nt

 

 



 

 
(48) 

 

Besides, if we take the derivatıve of both sides of 

     ,  sinhT T Tn t N t t  in (34), we get 

 

         
 

,  ,  sin .
T

T T T T T

d t
N t n t N t n t t

dt


     (49) 

 

From the derivative formulas (Uğurlu and Çalışkan, 2012), 

we obtain  

 

                

 
 

,  ,  

sin .

T g T T T T TT

T

T

t t N t g t t B t n t

d t
t

dt

  






 

 
(50) 

 

If we substitute (32), (35) and (47) in (50), we have 

 

     
 
1

.T
g TT

T

d
t t

t dt


 


 

 
(51) 

 

Also, from (4) and (32), we get 

 

     
 

.
sin

g TT

m
t t

nt
    

(52) 

 

From (48) and (52), we obtain (41). 

 

Theorem 3.9. Let       ,  ,  T T TT t N t B t  and 

      ,  ,  T T TT t g t n t  be the Frenet and Darboux frames of 

the timelike tangent indicatrix (�⃗� ) on 𝑆1
2 of 𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡), 

respectively. There is the following relationship between 

these frames: 
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 

 

 

   

   

 

 

 

1 0 0

0 cos sin .

0 sin cos

T T

T T

T T

T t T t

N t nt nt g t

nt ntB t n t

    
    

     
            

 
(53) 

 

Proof: We can construct the following matrix equation 

between the vectors of the Frenet and Darboux frames: 

 

 

 

 

 

 

 

2 2 2

2 2 2

2 2 2

T T

T T

T T

T t T ta b c

N t d e f g t

k l mB t n t

    
    

    
           

, 
(54) 

 

where 
2 2 2 2 2 2 2 2 2,  ,  ,  ,  ,  ,  ,  ,  a b c d e f k l m   are arbitrary 

functions of t . Now let's find these coefficients in order. 

From (54), we write the equation below: 

 

       2 2 2 .T T T TT t a T t b g t c n t    (55) 

 

Let's apply the inner product of the vectors 𝑇𝑇
⃗⃗⃗⃗ (𝑡), 𝑔𝑇⃗⃗ ⃗⃗  (𝑡) and 

𝑛𝑇⃗⃗ ⃗⃗  (𝑡) to both sides of (55), respectively. So, it is clear that 

 

2 2 21,      0,      0.a b c    (56) 

 

Similarly, from (54), we write 

 

       2 2 2 .T T T TN t d T t e g t f n t    (57) 

 

Let's apply the inner product of the vectors 𝑇𝑇
⃗⃗⃗⃗ (𝑡), 𝑔𝑇⃗⃗ ⃗⃗  (𝑡) and 

𝑛𝑇⃗⃗ ⃗⃗  (𝑡) to both sides of (57), respectively. From (34) and (47), 

we get 

 

   2 2 20,      cos ,      sin .d e nt f nt     (58) 

 

Similarly, from (54), we write 

 

       2 2 2 .T T T TB t k T t l g t m n t    (59) 

 

Let's apply the inner product of the vectors 𝑇𝑇
⃗⃗⃗⃗ (𝑡), 𝑔𝑇⃗⃗ ⃗⃗  (𝑡) and 

𝑛𝑇⃗⃗ ⃗⃗  (𝑡) to both sides of (59), respectively. From (35) and (59), 

we have 

 

   2 2 20,      sin ,      cos .k l nt m nt     (60) 

 

If we substitute (56), (58) and (60) in (54), we obtain the 

expression (53). 

 

Theorem 3.10. Let       ,  ,  T T TT t g t n t  be the Darboux 

frame of the timelike tangent indicatrix (�⃗� ) on  

𝑆1
2 of 𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡). There is the following relationship between the 

Darboux vectors 𝐹𝑇
⃗⃗⃗⃗ (𝑡) and 𝑊𝑇

⃗⃗⃗⃗⃗⃗ (𝑡) belong to the Frenet and 

Darboux frames, respectively: 

 

     .T T TW t F t nT t   (61) 

 

Proof:  It is clear that (5), (36) and (44). 

Theorem 3.11. The real angle 𝜑𝑇(𝑡) between 𝑊𝑇
⃗⃗⃗⃗⃗⃗ (𝑡) and 

𝑔𝑇⃗⃗ ⃗⃗  (𝑡) of the timelike tangent indicatrix (�⃗� ) on 𝑆1
2 of 𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡) 

is as follows: 

 

  sin .T

n
t arc nt

m


 
  

 

 (62) 

 

Proof: For the real angle 𝜑𝑇(𝑡) between the unit spacelike 

vectors 𝑊𝑇
⃗⃗⃗⃗⃗⃗ (𝑡) and 𝑔𝑇⃗⃗ ⃗⃗  (𝑡), Figure 5, we write 

 

     ,  cos .T T Tg t W t t  (63) 

 

 

 

 

 

 

 

 

 

 

 

Figure 5. The real angle 𝜑𝑇(𝑡) between 𝑊𝑇
⃗⃗⃗⃗⃗⃗ (𝑡) and 𝑔𝑇⃗⃗ ⃗⃗  (𝑡). 

 

Besides, since timelike 𝑛𝑇⃗⃗ ⃗⃗  (𝑡) and spacelike 𝑔𝑇⃗⃗ ⃗⃗  (𝑡) are 

perpendicular, the angle between them is zero in the 

Lorentzian sense, we write 

 

        ,  sinh sinh .T T T Tn t W t t t      (64) 

 

On the other hand, from (7) and (36), we get 

 

     

     

,  sin ,        

,  cos .

T T

T T

n
g t W t nt

m

n
n t W t nt

m





 
(65) 

 

From (66), (67) and (68), we obtain 

 

   

   

cosh sin ,

sinh cos .

T

T

n
t nt

m

n
t nt

m







 

 
(66) 

 

From (66), we get 

 

       

  

cosh sin sinh cos

sin .

T T

T

t nt t nt

n
t nt

m

 





  

 
(67) 
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3.2. The Darboux Frame of the Principal Normal 

indicatrix of  𝜸𝒎⃗⃗ ⃗⃗  ⃗(𝒕) 

The Frenet frame {𝑇𝑁
⃗⃗ ⃗⃗  (𝑡),𝑁𝑁

⃗⃗ ⃗⃗  ⃗(𝑡), 𝐵𝑁
⃗⃗⃗⃗  ⃗(𝑡)}, Darboux vector 

belong to Frenet frame 𝐹𝑁(𝑡), curvature 𝐾𝑁(𝑡) and torsion 

𝜏𝑁(𝑡) of spacelike principal normal indicatrix (�⃗⃗� ) on 𝐻0
2+

 
of 

𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡)
 
are 

 

     

     

     

     

cos ,  sin ,  0      sl ,

sin ,  cos ,  0      sl ,

0,  0,  1       tl ,

0,  0,  1      tl ,

N

N

N

N

T t t t

N t t t

B t

F t

  


  


 



 

(68) 

 

          and       0,N N

m
t t

n
    (69) 

 

respectively, (Uğurlu and Çalışkan, 2012). 

Theorem 4.1. The Darboux frame {𝑇𝑁
⃗⃗ ⃗⃗  (𝑡), 𝑔𝑁⃗⃗⃗⃗  ⃗(𝑡), 𝑛𝑁⃗⃗⃗⃗  ⃗(𝑡)} of 

spacelike principal normal indicatrix (�⃗⃗� ) on 𝐻0
2+ of 𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡)

 
is 

as follows: 

 

   

 

 

cos ,  sin ,  0     (sl),

sin ,  cos ,       (sl),

sin ,  cos ,       (tl).

N

N

N

T t t t

n
g t n t n t

m

n n
n t t t n

m m


  

  

  
 

  
  
 

 

(70) 

 

Proof: Since 𝑇𝑁
⃗⃗ ⃗⃗  (𝑡) is spacelike and �⃗⃗� (𝑡) is timelike, 

𝑔𝑁⃗⃗⃗⃗  ⃗(𝑡) = −𝑁(𝑡)𝑇𝑁
⃗⃗ ⃗⃗  (𝑡). From (3) and (68), we get the vector 

𝑔𝑁⃗⃗⃗⃗  ⃗(𝑡) in (70). Besides, �⃗⃗� (𝑡)can be taken as the normal 

vector of the surface for (�⃗⃗� ) on 𝐻0
2+, that is �⃗� (𝑡) = �⃗⃗� (𝑡) as 

in (3). Thus, the Darboux frame is as in (70). 

Theorem 4.2. The normal curvature (𝐾𝑛)𝑁(𝑡)of principal 

normal indicatrix (�⃗⃗� ) on  𝐻0
2+ of  𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡) is as follows: 

 

    1.n N
t   (71) 

 

Proof: The normal curvature of  (�⃗⃗� ) is calculated by 

 

   
   

 2

,  
,

N

n N
N

n t N t
t

t





   (72) 

 

(Uğurlu and Çalışkan, 2012). From (3), we obtain 

 

  sin ,  cos ,  0 .
n n

N t t t
m m

 
    

 

 
(73) 

 

From (70) and (73), we have 

 

   
2

2
,  .N

n
n t N t

m
    (74) 

 

If we substitute (4) and (74) in (72), we obtain the normal 

curvature of  (�⃗⃗� )  as in (71). 

Theorem 4.3. The geodesic curvature (𝐾𝑔)
𝑁
(𝑡) of principal 

normal indicatrix (�⃗⃗� ) on  𝐻0
2+ of  𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡) is as follows: 

 

    .g N
t m    (75) 

 

Proof: (𝐾𝑔)
𝑁
(𝑡) for (�⃗⃗� ) is calculated by 

 

   
   

 2

,  
,

N

g N
N

g t N t
t

t





  (76) 

 

(Uğurlu and Çalışkan, 2012). From (70) and (73), we get 

 

   
2

,  .N

n
g t N t

m
    (77) 

 

If we substitute (4) and (77) in (76), we obtain the geodesic 

curvature of (�⃗⃗� )  as in (75). 

Theorem 4.4. The geodesic torsion  (𝜏𝑔)
𝑁
(𝑡) of principal 

normal indicatrix (�⃗⃗� ) on 𝐻0
2+ of  𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡) is as follows: 

 

    0.g N
t   (78) 

 

Proof: (𝜏𝑔)
𝑁
(𝑡) for (�⃗⃗� ) is calculated by 

 

   
   

 2

,  

,
N N

g N
N

g t n t

t
t






   (79) 

 

(Uğurlu and Çalışkan, 2012). From (7), we have 

 

  cos ,  sin ,  0 .N

n n
n t t t

m m

    
 

 (80) 

 

So, from (7) and (80), we get 

 

   ,  0.N Ng t n t   (81) 

 

If we substitute (4) and (81) in (79), we obtain the geodesic 

torsion of (�⃗⃗� ) as in (78). 

 

Corollary 4.1. The spacelike principal normal indicatrix  

(�⃗⃗� ) on  𝐻0
2+ of  𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡) is a curvature line. 

Theorem 4.5. Let {𝑇𝑁
⃗⃗ ⃗⃗  (𝑡), 𝑔𝑁⃗⃗⃗⃗  ⃗(𝑡), 𝑛𝑁⃗⃗⃗⃗  ⃗(𝑡)} be Darboux frame 

of spacelike principal normal indicatrix (�⃗⃗� ) on  𝐻0
2+ of 

𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡). Darboux frame equations of (�⃗⃗� )  are as follows: 
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 

 

 

 

 

 

0

0 0

0 0

N
N

N N

N
N

n
T t n T tm

g t n g t

n n tn t
m

       
   

     
   

      
   

. 

 

Proof: The proof can be done similarly to the proof of 

Theorem 3.5. 

Theorem 4.6. Let {𝑇𝑁
⃗⃗ ⃗⃗  (𝑡),𝑁𝑁

⃗⃗ ⃗⃗  ⃗(𝑡), 𝐵𝑁
⃗⃗⃗⃗  ⃗(𝑡)} and 

{𝑇𝑁
⃗⃗ ⃗⃗  (𝑡), 𝑔𝑁⃗⃗⃗⃗  ⃗(𝑡), 𝑛𝑁⃗⃗⃗⃗  ⃗(𝑡)} be Frenet and Darboux frames of 

spacelike principal normal indicatrix (�⃗⃗� ) on  𝐻0
2+ of 𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡), 

respectively. The hyperbolic angle  N t  between 𝐵𝑁
⃗⃗⃗⃗  ⃗(𝑡) 

and 𝑛𝑁⃗⃗⃗⃗  ⃗(𝑡) is as follows: 

 

 
1 1 1

arctan h ln .
2 1

N

m
t

m m


   
    

   

 (82) 

 

Proof: From the inner product of 𝐵𝑁
⃗⃗⃗⃗  ⃗(𝑡) and 𝑛𝑁⃗⃗⃗⃗  ⃗(𝑡) in (68) 

and (70), for the angle  N t  between unit timelike vectors 

𝐵𝑁
⃗⃗⃗⃗  ⃗(𝑡) (future pointing) and 𝑛𝑁⃗⃗⃗⃗  ⃗(𝑡) (past pointing), Figure 6, 

we have 

 

   ,  cosh .N N NB t n t n   (83) 

 

 

 

 

 

 

 

 

 

 

 

Figure 6. The real angle  N t  between 𝐵𝑁
⃗⃗⃗⃗  ⃗(𝑡) and 𝑛𝑁⃗⃗⃗⃗  ⃗(𝑡). 

 

Similarly, from inner product of unit spacelike 𝑁𝑁
⃗⃗ ⃗⃗  ⃗(𝑡) and 

unit timelike 𝑛𝑁⃗⃗⃗⃗  ⃗(𝑡) vectors, (here since timelike𝐵𝑁
⃗⃗⃗⃗  ⃗(𝑡) and 

spacelike 𝑁𝑁
⃗⃗ ⃗⃗  ⃗(𝑡) are perpendicular, the angle between them 

is zero in the Lorentzian sense), we have 

 

       ,  sinh sinh .N N N N

n
N t n t

m
        (84) 

 

So, from (83) and (84), we obtain the expression (82). 

Theorem 4.7. The timelike Darboux vector 𝑊𝑁
⃗⃗⃗⃗ ⃗⃗ (𝑡) of 

Darboux frame of spacelike principal normal indicatrix (�⃗⃗� ) 

on 𝐻0
2+ of  𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡) is as follows: 

 

   0,  0,  1         (tl).NW t   (85) 

 

Proof: For the Darboux vector 𝑊𝑁
⃗⃗⃗⃗ ⃗⃗ (𝑡) belong to the Darboux 

frame, we know 

     

     

     

,        

,        

,

N N N

N N N

N N N

T t W t T t

g t W t g t

n t W t n t

  

  

  

 
(86) 

 

(Uğurlu and Çalışkan, 2012). From (86), using (70) and (80), 

we get (85). 

Corollary 4.2. The timelike Darboux vector 𝑊𝑁
⃗⃗⃗⃗ ⃗⃗ (𝑡) of 

Darboux frame of spacelike principal normal indicatrix (�⃗⃗� ) 

on 𝐻0
2+ of  𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡) is as follows: 

 

     .N N N

n
W t g t nn t

m
    

 

Proof: The proof can be done similarly to Corollary 3.2. 

Theorem 4.8. There are the following relations between the 

normal curvature (𝐾𝑛)𝑁(𝑡), geodesic curvatures 

(𝐾𝑔)
𝑁
(𝑡), geodesic torsion (𝜏𝑔)

𝑁
(𝑡) and curvature 𝐾𝑁(𝑡), 

torsion 𝜏𝑁(𝑡) of spacelike principal normal indicatrix (�⃗⃗� ) on 

𝐻0
2+ of 𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡): 

 

     

     

     

,

,

.

n NN

g NN

g NN

n
t t

m

t n t

t t

 

 

 





 






 

 

Proof: The proof is similar to Theorem 3.8. 

Theorem 4.9. Let {𝑇𝑁
⃗⃗ ⃗⃗  (𝑡),𝑁𝑁

⃗⃗ ⃗⃗  ⃗(𝑡), 𝐵𝑁
⃗⃗⃗⃗  ⃗(𝑡)} and 

{𝑇𝑁
⃗⃗ ⃗⃗  (𝑡), 𝑔𝑁⃗⃗⃗⃗  ⃗(𝑡), 𝑛𝑁⃗⃗⃗⃗  ⃗(𝑡)} be the Frenet and Darboux frames of 

spacelike principal normal indicatrix (�⃗⃗� ) on 𝐻0
2+ of 𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡), 

respectively. There is the following relation between the 

frames: 

 

 

 

 

 

 

 

1 0 0

0 .

0

N N

N N

N N

T t T t
n

N t n g t
m

B t n tn
n

m

 
    
    
      
    
         
 

 

 

Proof: The proof can be done similarly to Theorem 3.9. 

Theorem 4.10. Let {𝑇𝑁
⃗⃗ ⃗⃗  (𝑡), 𝑔𝑁⃗⃗⃗⃗  ⃗(𝑡),𝑛𝑁⃗⃗⃗⃗  ⃗(𝑡)} be Darboux frame 

of spacelike principal normal indicatrix (�⃗⃗� ) on 𝐻0
2+ of 

𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡). There is the following relation between Darboux 

vectors 𝐹𝑁
⃗⃗ ⃗⃗  (𝑡)  and 𝑊𝑁

⃗⃗⃗⃗ ⃗⃗ (𝑡) belong to the Frenet and Darboux 

frames, respectively: 

 

   .N NW t F t  

 

Proof:  It is clear that (68) and (85). 
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Theorem 4.11. The hyperbolic angle 𝜑𝑁(𝑡) between 𝑊𝑁
⃗⃗⃗⃗ ⃗⃗ (𝑡) 

and 𝑛𝑁⃗⃗⃗⃗  ⃗(𝑡) of spacelike principal normal indicatrix (�⃗⃗� ) on 

𝐻0
2+ of 𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡) is as follows: 

 

 
1

arctan h .N t
m


 

  
 

 
(87) 

 

Proof: For hyperbolic angle 𝜑𝑁(𝑡) between unit timelike 

(past pointing) vectors 𝑊𝑁
⃗⃗⃗⃗ ⃗⃗ (𝑡) and 𝑛𝑁⃗⃗⃗⃗  ⃗(𝑡), Figure 7, we know 

 

     ,  cosh .N N Nn t W t t   (88) 

 

 

 

 

 

 

 

 

 

 

Figure 7. The real angle 𝜑𝑁(𝑡) between 𝑊𝑁
⃗⃗⃗⃗ ⃗⃗ (𝑡) and 𝑛𝑁⃗⃗⃗⃗  ⃗(𝑡). 

 

Besides, since timelike 𝑛𝑁⃗⃗⃗⃗  ⃗(𝑡) and spacelike 𝑔𝑁⃗⃗⃗⃗  ⃗(𝑡) are 

perpendicular, the angle between them is zero in the 

Lorentzian sense, we have 

 

        ,  sinh sinh .N N N Ng t W t t t      (89) 

 

On the other hand, from (70) and (85), we get 

 

       ,  ,        ,  .N N N N

n
n t W t n g t W t

m
     (90) 

 

From (88), (89) and (90), we obtain 

 

   cosh      and     sinh .N N

n
t n t

m
    (91) 

 

From (91), we have (87). 

 

3.3. The Darboux Frame of Binormal Indicatrix (�⃗⃗� ) of 

𝜸𝒎⃗⃗ ⃗⃗  ⃗(𝒕) 

The Frenet frame {𝑇𝐵
⃗⃗⃗⃗ (𝑡),𝑁𝐵

⃗⃗⃗⃗  ⃗(𝑡), 𝐵𝐵
⃗⃗⃗⃗  ⃗(𝑡)}, Darboux vector 

belong to Frenet frame 𝐹𝐵
⃗⃗⃗⃗ (𝑡), curvature 𝐾𝐵(𝑡) and torsion 

𝜏𝐵(𝑡) of the timelike binormal indicatrix (�⃗� )  on 𝑆1
2 

 
of 

𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡)
 
are 

 

   

     

   

   

sin ,  cos ,       tl ,

cos ,  sin ,  0      sl ,

sin ,  cos ,        sl ,

0,  0,  1 ,

B

B

B

B

n n
T t t t n

m m

N t t t

n
B t n t n t

m

F t

  
    
 


 


    

  



 

(92) 

 

 
 

 
 

1
       and       

cos cos
B B

m
t t

nt nt
   

 
(93) 

 

respectively, (Uğurlu and Çalışkan, 2012). 

 

Theorem 5.1. The Darboux frame {𝑇𝐵
⃗⃗⃗⃗ (𝑡), 𝑔𝐵⃗⃗ ⃗⃗  (𝑡), 𝑛𝐵⃗⃗ ⃗⃗  (𝑡)}, of 

the timelike binormal indicatrix (�⃗� ) on 𝑆1
2 

 
of 𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡)

 
is as 

follows: 

 

 

     

     

     

     

sin , cos ,     (tl),

sin cos cos sin ,  

              sin sin cos cos , cos    (sl),

cos cos sin sin ,  

               cos sin sin cos , sin

B

B

B

n n
T t t t n

m m

g t nt t n nt t

n
nt t n nt t nt

m

n t nt t n nt t

n
nt t n nt t nt

m

 
    
 

 


  



  


  


   (sl).















 

(94) 

 

Proof: Since 𝑇𝐵
⃗⃗⃗⃗ (𝑡) is timelike and �⃗� (𝑡) is spacelike, 

𝑔𝐵⃗⃗ ⃗⃗  (𝑡) = −𝐵(𝑡)𝑇𝐵
⃗⃗⃗⃗ (𝑡). From (3) and (92), we get the vector 

𝑔𝐵⃗⃗ ⃗⃗  (𝑡) in (94). Besides �⃗� (𝑡) of 𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡) can be taken as the 

normal vector of the surface for (�⃗� ) on 𝑆1
2, that is 𝑛𝐵⃗⃗ ⃗⃗  (𝑡) =

�⃗� (𝑡)  as in (3). Thus, Darboux frame is as in (94). 

Theorem 5.2. The normal curvature (𝐾𝑛)𝐵(𝑡) of binormal 

indicatrix (�⃗� ) on 𝑆1
2 

 
of  𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡)

 
is as follows: 

 

    1.n B
t   (95) 

 

Proof: The normal curvature of (�⃗� ) is calculated by 

 

   
   

 2

,  
,

B

n B
B

n t B t
t

t





  (96) 

 

(Uğurlu and Çalışkan, 2012). From (3), we get 

 

     

     

2

2
cos cos sin sin ,

                       cos sin sin cos , sin .

n
B t nt t n nt t

m

nt t n nt t nm nt

   



 
(97) 

 

From (94) and (97), we have 

 

     
2

2

2
,  cos .B

n
n t B t nt

m
   (98) 

 

If we substitute (4) and (98) in (96), we obtain the normal 

curvature of (�⃗� ) as in (95). 

Theorem 5.3. The geodesic curvature (𝐾𝑔)
𝐵
(𝑡) of binormal 

indicatrix (�⃗� ) on 𝑆1
2 

 
of  𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡)

 
is as follows: 

 

   
 

 

sin

cos
g B

nt
t

nt
   . 

(99) 
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Proof: (𝐾𝑔)
𝐵
(𝑡) for (�⃗� )  is calculated by 

 

   
   

 2

,  
.

B

g B
B

g t B t
t

t





  (100) 

 

(Uğurlu and Çalışkan, 2012). From (94) and (97), we have 

 

       
2

2
,  cos sin .B

n
g t B t nt nt

m
    (101) 

 

If we substitute (4) and (101) in (100), we obtain the 

geodesic curvature of  (�⃗� )  as in (99). 

Theorem 5.4. The geodesic torsion (𝜏𝑔)
𝐵
(𝑡) of binormal 

indicatrix (�⃗� ) on 𝑆1
2 

 
of  𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡)

 
is as follows: 

 

    0.g B
t   (102) 

 

Proof: (𝜏𝑔)
𝐵
(𝑡)  for (�⃗� ) is calculated by 

 

   
   

 2

,  

,
B B

g B
B

g t n t

t
t






   (103) 

 

(Uğurlu and Çalışkan, 2012). From (7), we have 

 

       
2 2 2

2 2
cos sin , cos cos , cos .B

n n n
n t nt t nt t nt

m m m

 
   

 

 
(104) 

 

So, from (7) and (104), we get 

 

   ,  0.B Bn t g t   
(105) 

 

If we substitute (4) and (105) in (103), we obtain the 

geodesic torsion of (�⃗� ) as in (102). 

Corollary 5.1. The timelike binormal indicatrix (�⃗� ) on 𝑆1
2 

 
of  𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡)

 
is a curvature line. 

Theorem 5.5. Let {𝑇𝐵
⃗⃗⃗⃗ (𝑡),𝑔𝐵⃗⃗ ⃗⃗  (𝑡), 𝑛𝐵⃗⃗ ⃗⃗  (𝑡)} be Darboux frame 

of timelike binormal indicatrix (�⃗� ) on 𝑆1
2

 
of 𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡). Darboux 

frame equations of (�⃗� ) are as follows: 

 

 

 

 

   

 

 

 

 

 

0 sin cos

sin 0 0

cos 0 0

B
B

B B

B
B

n n
nt nt

T t m m T t
n

g t nt g t
m

n tnn t
nt

m

 
                                

  

 

 

Proof: The proof can be done similarly to Theorem 3.5. 

Theorem 5.6. Let {𝑇𝐵
⃗⃗⃗⃗ (𝑡),𝑁𝐵

⃗⃗⃗⃗  ⃗(𝑡), 𝐵𝐵
⃗⃗⃗⃗  ⃗(𝑡)} and  

{𝑇𝐵
⃗⃗⃗⃗ (𝑡), 𝑔𝐵⃗⃗ ⃗⃗  (𝑡), 𝑛𝐵⃗⃗ ⃗⃗  (𝑡)} be the Frenet and Darboux frames of 

the timelike binormal indicatrix (�⃗� ) on 𝑆1
2 

 
of  𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡), 

respectively. The angle 𝜃𝐵(𝑡) between 𝑁𝐵
⃗⃗⃗⃗  ⃗(𝑡) and 𝑛𝐵⃗⃗ ⃗⃗  (𝑡) is as 

follows: 

 

  .B t nt    (106) 

 

Proof: From the inner product of 𝑁𝐵
⃗⃗⃗⃗  ⃗(𝑡) and 𝑛𝐵⃗⃗ ⃗⃗  (𝑡) in (92) 

and (94), for the real angle 𝜃𝐵(𝑡) between unit spacelike 

vectors 𝑁𝐵
⃗⃗⃗⃗  ⃗(𝑡) and 𝑛𝐵⃗⃗ ⃗⃗  (𝑡), Figure 8, we get 

 

       ,  cos cos .B B BN t n t t nt   (107) 

 

 

 

 

 

 

 

 

 

 

Figure 8. The real angle 𝜃𝐵(𝑡) between 𝑁𝐵
⃗⃗⃗⃗  ⃗(𝑡) and 𝑛𝐵⃗⃗ ⃗⃗  (𝑡). 

 

Similarly, we have 

 

       ,  sin sin .B B BB t n t t nt    (108) 

 

So, from (107) and (108), we obtain the expression (106). 

 

Theorem 5.7. The spacelike Darboux vector 𝑊𝐵
⃗⃗⃗⃗⃗⃗ (𝑡) of 

Darboux frame of the timelike binormal indicatrix (�⃗� ) on 𝑆1
2 

 
of  𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡)

 
is as follows: 

 

 
2 2 2

sin ,  cos ,       (sl).B

n n n
W t t t

m m m

 
    
 

 
(109) 

 

Proof: For the Darboux vector 𝑊𝐵
⃗⃗⃗⃗⃗⃗ (𝑡) belong to the Darboux 

frame, we know 

 

     

     

     

,        

,        

,

B B B

B B B

B B B

T t W t T t

g t W t g t

n t W t n t

  

  

  

 
(110) 

 

(Uğurlu and Çalışkan, 2012). From (110), using (94) and 

(104), we get the expression (109). 

Corollary 5.2. The spacelike Darboux vector 𝑊𝐵
⃗⃗⃗⃗⃗⃗ (𝑡) of 

Darboux frame of timelike binormal indicatrix (�⃗� ) on 𝑆1
2 

 
of  

𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡)is as follows: 

 

         cos sin .B B B

n n
W t nt g t nt n t

m m
   

 

Proof: The proof can be done similarly to Corollary 3.2. 
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Theorem 5.8. There are the following relations between the 

normal curvature (𝐾𝑛)𝐵(𝑡), geodesic curvatures (𝐾𝑔)
𝐵
(𝑡), 

geodesic torsion (𝜏𝑔)
𝐵
(𝑡) and curvature 𝐾𝐵(𝑡), torsion 

𝜏𝐵(𝑡) of the timelike binormal indicatrix (�⃗� ) on 𝑆1
2 

 
of 

𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡): 

 

       

       

     
 

cos ,

sin ,

.
cos

n BB

g BB

g BB

t t nt

t t nt

m
t t

nt

 

 

 






 

  



 

 

Proof: The proof is similar to Theorem 3.8. 

Theorem 5.9. Let {𝑇𝐵
⃗⃗⃗⃗ (𝑡),𝑁𝐵

⃗⃗⃗⃗  ⃗(𝑡), 𝐵𝐵
⃗⃗⃗⃗  ⃗(𝑡)} and 

{𝑇𝐵
⃗⃗⃗⃗ (𝑡), 𝑔𝐵⃗⃗ ⃗⃗  (𝑡), 𝑛𝐵⃗⃗ ⃗⃗  (𝑡)} be Frenet and Darboux frames of 

timelike binormal indicatrix (�⃗� ) on 𝑆1
2 of 𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡), 

respectively. There is the following relation between the 

frames: 

 

 

 

 

   

   

 

 

 

1 0 0

0 sin cos .

0 cos sin

B B

B B

B B

T t T t

N t nt nt g t

nt ntB t n t

    
    

     
            

 

 

Proof: The proof can be done similarly to Theorem 3.9. 

Theorem 5.10. Let {𝑇𝐵
⃗⃗⃗⃗ (𝑡), 𝑔𝐵⃗⃗ ⃗⃗  (𝑡), 𝑛𝐵⃗⃗ ⃗⃗  (𝑡)} be the Darboux 

frame of the timelike binormal indicatrix (�⃗� ) on 𝑆1
2 of 

𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡). There is the following relationship between the 

Darboux vectors 𝐹𝐵
⃗⃗⃗⃗ (𝑡) and 𝑊𝐵

⃗⃗⃗⃗⃗⃗ (𝑡) belong to the Frenet and 

Darboux frames, respectively: 

 

     .B B BW t F t nT t   

 

Proof:  It is clear that (92) and (109). 

Theorem 5.11. The angle 𝜑𝐵(𝑡) between 𝑊𝐵
⃗⃗⃗⃗⃗⃗ (𝑡) and 𝑔𝐵⃗⃗ ⃗⃗  (𝑡) 

of timelike binormal indicatrix (�⃗� ) on 𝑆1
2 of 𝛾𝑚⃗⃗⃗⃗  ⃗(𝑡) is as 

follows: 

 

  arccos .B

n
t nt

m


 
  

 

 (111) 

 

Proof: For the real angle 𝜑𝐵(𝑡) between unit spacelike 

vectors 𝑊𝐵
⃗⃗⃗⃗⃗⃗ (𝑡) and 𝑔𝐵⃗⃗ ⃗⃗  (𝑡), Figure 9, we know 

 

     ,  cos .B B BW t g t t  (112) 

 

Besides, we have 

 

     ,  sin .B B BW t n t t  (113) 

 

On the other hand, from (70) and (85), we get 

 

 

 

 

 

 

 

 

 

 

 

Figure 9. The real angle 𝜑𝐵(𝑡) between 𝑊𝐵
⃗⃗⃗⃗⃗⃗ (𝑡) and 𝑔𝐵⃗⃗ ⃗⃗  (𝑡). 

 

     

     

,  cos ,           

,  sin .

B B

B B

n
W t g t nt

m

n
W t n t nt

m





 
(114) 

 

From (112), (113) and (114), we obtain 

 

       

  

cos cos sin sin

cos

B B

B

t nt t nt

n
t nt

m

 





  

 
(115) 

 

From (115), we have (111). 

 

4. Discussion and Conclusion 

In this study, the some geometric elements (Darboux frames, 

curvatures, torsions, Darboux vectors, angles etc.) of 

timelike tangent indicatrix (�⃗� ) and timelike binormal 

indicatrix (�⃗� ) on the Lorentzian unit sphere 𝑆1
2, spacelike 

principal normal indicatrix (�⃗⃗� ) on the hyperbolic unit sphere 

𝐻0
2 of the spacelike Salkowski curve with spacelike binormal 

in Lorentzian 3-space 𝐸1
3 are obtained. And the relationships 

between these elements are studied. Similar studies can also 

be done on other types of Salkowski curves in Lorentzian 3-

space or other well-done curves. 
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