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1. Introduction

Darboux frame, one of the tools used to study the differential
geometry of a curve on a surface, consists of the tangent of
the curve, the normal of the surface, and a third vector
consisting of vector product of these two vectors. Therefore,
the Darboux frame is an element of curves passing through
the tangent plane or surface’s normal at any point on the
surface. Using Darboux frame’s vectors, the normal and
geodesic curvatures and geodesic torsion of the curve on a
surface are obtained. Studies on the Darboux frame of a
curve are available in (Ugurlu and Kocayigit, 1996; Ugurlu
and Caliskan, 2012; Sentiirk and Yiice, 2015; Yakici et al.,
2016; Ozdemir, 2020; Li et al, 2023). There are
relationships between these elements and the main
curvatures of the curve. Another relationship is found
between the Frenet and Darboux frames of the curve. In
addition, just as the Darboux instantaneous rotation axis
belong to the Frenet frame can be calculated, a rotation axis
of the Darboux frame can also be calculated (Fenchel, 1951).
While drawing a curve in E3, at every moment t, the Frenet
vectors of the curve also form curves on unit sphere S2.
These curves are called spherical indicatrices of the main
curve. Geometric features such as curvatures and radii of
curvature of the surface on it are examined with the spherical
indicatrices. Moreover, Darboux frames of the curves and
other geometric elements mentioned above can be
calculated, since the spherical indicatrices of any curve are
on the surface. Studies on the spherical indicatrices of the
curve can be found in sources (Hacisalihoglu, 1983; Aksan
and Giir Mazlum, 2023; Bilici and Caligkan, 2019; Kula and

Yayli, 2005; Giir and Senyurt, 2010). The aim of this study
is to examine the Darboux frames and some geometric
properties (curvatures, torsions, Darboux vectors, angles
etc.) of the spherical indicatrices on unit spheres S? and HZ
of the spacelike Salkowski curve with spacelike binormal,
which is one of the forms in Lorentzian 3-space of the well-
known Salkowski curve (Salkowski, 1909; Monterde 2009)
in differential geometry. For basic information and various
studies on Lorentzian space, which is one of the current
fields in which physicists and geometers frequently work,
the sources (O’Neill, 1983; Birman and Nomizu, 1984;
Ratcliffe, 1994; Ugurlu and Kocayigit, 1996; Ugurlu, 1997;
Kahveci and Yayli, 2002; Biikcii and Karacan, 2007; Ugurlu
and Caligkan, 2012; Lopez, 2014; Yiiksel et al., 2014; Yakict
et al., 2016; Babaarslan and Yayli, 2017; Li et al., 2023) can
be examined. In addition, other studies on the Salkowski
curves are available in (Giir and Senyurt, 2010; Ali, 2011,
Gilir Mazlum et al., 2022; Aksan and Giir Mazlum, 2023).

2. Preliminaries
The inner and vector product functions are defined as
respectively:

<,> : EJ.3X Ef - R,<Z—l, Z—2> =212y + 2,2y — Ly, 1)
At EXERSE?,

Zl A Zz = (213222 - 212223Y Z11223 - 2132211 (2)
Z11222 - Z12221)1
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for the vectors

Z :(211' Zy,, 213) € Ef) and
Z :(221, Z, 223)6 E13 Here, <> is Lorentzian metric. E3
with the metric is called Lorentzian 3-space and is denoted
by Ef. Z, < E? is spacelike (sl) vector, if <Z Z>>0 or

Z,=0, Z,eE? is timelike (tl) vector, if <Z Z><0,
Z, cE? is lightlike or null vector, if <z—1 z—1>:0 and
Z,+0. Besides, 7 cE? is future pointing (fp) timelike
vector, if <Z E><0 or Z, is past pointing (pp) timelike
vector, if <Z E>>o, where E:(O, 0,1) The vectors
Z,, Z, e E} are Lorentz orthogonal vectors, if <Z Z> -0
Let 7,,Z, eE? be nonzero Lorentz orthogonal vectors in
E3, if Z, is timelike, then Z  is spacelike, (Ratcliffe,

1994). The norm of 7 < E? is HZH: Kz—l Z> 1 HZH=1

Z, e E} is aunit vector. The sets

S = {Z e E? | Z, is unit spacelike vector}l
HZ = {Z—1 e E? | Z, is unit timelike vector} :
A= {Z e E} | Z, is unit lightlike vector}

are Lorentzian and hyperbolic unit spheres, and light cone,
respectively. In Ef, timelike vectors are located inside the

light cone, lightlike vectors are located on the light cone, and
spacelike vectors are located outside the light cone, Figure 1.

\
=2
b
pp

Figure 1. The vectors in E3.

In E3, the angle between two vectors is defined as follows:
(O’Neill, 1983; Ratcliffe, 1994).

e If 7, 7,eE} are future pointing (or past pointing)
timelike vectors at the same time, then the hyperbolic angle
between the vectors is

. z)--J2z

o If Z e E? is future pointing and Z, < E? is past pointing

cosh ¢.

timelike vector, then the hyperbolic angle between the
vectors is

(7. Z)-[z]|Eove

o If Z Ze E? are spacelike vectors lying in a spacelike
plane, then the real angle between the vectors is

(2 Z)=[z][Z]cose

o If 7, Z,cE} are spacelike vectors lying in a timelike
plane, then the hyperbolic angle between the vectors is

(. Z) |-z ]|z ]ccshe.

o If Z IS Ef is a spacelike and 2—26 E} is a timelike vector,

then the hyperbolic angle between the vectors is
(Z.Z) -l smne

An curve (5) in E3 is timelike, spacelike or lightlike curve,

if all of the velocity vector of the curve are the timelike,
spacelike or lightlike, respectively. When plotting a

spacelike curve with the spacelike binormal (E) in £3, the

endpoints of the spacelike tangent, timelike principal normal

and spacelike binormal vectors T N and B of (E) draw

the spacelike indicatrices (f) and (B) on the Lorentz unit

sphere S? and the timelike indicatrix (N) on the hyperbolic
unit sphere H2 (Ugurlu and Caligkan, 2012). A surface in E3
is a spacelike (timelike), if the normal vector field of the
surface at every points is timelike (spacelike). Let’s assume

that the regular spacelike curve (5) =a(t) is on a timelike

surface. The Darboux frame of this curve is
{T(1), 9(1), n(t)}, where f(t) is the spacelike normal
vector of the timelike surface and g(t):ﬁ(t),\f(t) is

timelike (Ugurlu and Caligskan, 2012).

3. On Darboux Frames of Indicatrices of Spacelike
Salkowski Curve with Spacelike Binormal in E3

m
Jm? -1

equation of spacelike Salkowski curve with the spacelike
binormal in E3 is given as (Ali, 2011):

Definition 2.1. For meR and n= , the parametric

Vu(t)= (ZSint—ll_Jann sin[ (1-2n)t |-
11j2nn cos| (1-2n)t]-

%cos(2nt)],

1-n
1+2n

1-n
1+2n

sin[(1+2n)t],

2cost —

cos[(1+2n)t],

where, m>1 or m < -1, Figure 2. Besides

~ sin(nt)
mi-1

7a(t)]=v ()
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Figure 2. Salkowski curves for m :—g,—%, —%ggg
The Frenet vectors of y,,(t) are (Ali, 2011)
f(t):(sin(nt)cost—ncos(nt)sint,
—sin(nt)sint—ncos(nt)cost,—%cos(nt)] (sh),
W(t):%(sint,cost,m) (1), ©)

E(t) =(—cos(nt)cost—nsin(nt)sint,

cos(nt)sint—nsin(nt)cost,—%sin(nt)} (sh).

The timelike tangent indicatrix (f) of Y, (t) is a helix on
S2, the spacelike principal normal indicatrix (N) of ¥m(t)

is a planar circle of radius N on HZ and the timelike
m

binormal indicatrix (E) of ¥ (t) is a helix on S? (Aksan

and Giir Mazlum, 2023), Figure 3. Besides, for the curves

v (t):|ﬁ(t)||:%sin(m),
v (=[N (0] =<, @)

Vs (1) :"g'(t)":%cos(nt),

(Aksan and Giir Mazlum, 2023).

—ee e
e ——

v A+

Future pointing hyperbolic unit sphere

-Pasl pointing hyperbolic unit sphere

- Lorentzian unit sphere

s Principal normal indicatrix curve

Binormal indicatrix curve

Tangent indicatrix curve

Figure 3. Spherical indicatrices on S? and HZ of Ym (0).

3.1. The Darboux Frame of the Tangent Indicatrix
(T) of V(0

The Frenet frame {f(t) N, (t), a(t)} curvature g (t)
and torsion 7, (t) of the timelike tangent indicatrix
(T) on S% of the curve ¥, (t)in E’ are as follows,

respectively (Aksan and Giir Mazlum, 2023):

1

(t):[%sint, %cost, n) (1),

N; (t)=(cost, -sint, 0)  (sl),

©)
a(t):(nsint, ncost, %) (sh),
F)-(0.01 (1)
e ()= sin?nt) and = ()= sinr?nt)' ©

Theorem 3.1. The Darboux frame {T—T(t) g (1), E(t)} of

the timelike tangent indicatrix (T') on SZ is as follows:

T, (t):[%sint, %cost, n) (th),
g, (t)=(-cos(nt)cost —nsin(nt)sint,
cos(nt)sint—nsin(nt)cost,—%sin(nt)j @, ()

ny (t)=(sin(nt)cost—ncos(nt)sint,

—sin(nt)sint— ncos(nt)cost,—%cos(nt)] (sl).

Proof: Since T:(t) is timelike and f(t) is spacelike,
E(t) =-T (t)/\T—T(t)- From (3) and (5), we get the vector
E(t) in (7). Besides, T(t) can be taken as the surface’s
normal for (T) on SZ, that is E(t) :f(t) as in (3). Thus,

the Darboux frame is obtained as in (7).
Theorem 3.2. The normal curvature (Kn )T (t)of the tangent

indicatrix (T') on SZ of ¥, (¢) is as follows:
(0 )r (1) =1 ®)

Proof: The normal curvature of (f) is calculated by

(m (). T'()
e () ="— ©)

(Ugurlu and Caliskan, 2012). From (3), we get
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3

2
T'(t)= (%sin(nt)cost +%cos(nt)sint,

n’ n® n® (10)
—Wsm(nt)smt+Wcos(nt)cost, Hcos(nt)].
From (7) and (10), we have
— — n2 .,
(n (1), T”(t)>:Fsm (nt). (12)

If we substitute (4) and (11) in (9), we obtain the normal
curvature of (T) as in (8).

Theorem 3.3. The geodesic curvature (Kg)T (t) of the
tangent indicatrix (T') on SZ of ¥,,(t)is as follows:

_cos(nt)

(KQ)T (V= sin(nt)” (12)

Proof: The geodesic curvature (’fg)T (t) of the tangent

indicatrix (T) is calculated by

(), (-2 ) @)

From (7) and (10), we have

2

<a(t), ﬁ(t)>=—%cos(nt)sin(nt). (14)

If we substitute (4) and (14) in (13), we obtain the geodesic
curvature of (T) as in (12).

Theorem 3.4. The geodesic torsion (Tg )T (t) of the tangent

indicatrix (T) on S7 of ¥ (¢) is as follows:
(7 ), (=0 (15)

Proof: The geodesic torsion (7). (¢) of (T) is calculated by

(7, )T (t):_wl (16)

From (7), we have

—_— nZ nZ nZ
nT'(t):[Wsin(nt)sint, ﬁsin(nt)cost, Hsin(nt)]. (17)
So, from (7) and (17), we get

<§(t), n—T'(t)>=0- (18)

If we substitute (4) and (18) in (16), we obtain the geodesic
torsion of (T) as in (15).
Corollary 3.1. The timelike tangent indicatrix (T') on $? of
¥m(t) is a curvature line.

Theorem 3.5. Let {TT(t) 9 (t). E(t)} be Darboux frame
of the timelike tangent indicatrix (T) on S? of ¥, (t).

Darboux frame equations of (T) are as follows:

E(t) 0 7%cos(nt) %sin(nt) T
o/ (t)|=| Teos(nt) 0 0 |l ()] (19
nT'(t) %sin(nt) 0 0 N (t)

Proof: We can construct the following matrix equation
between Darboux vectors and their derivatives:

"0 s b o]0
o ()]=|d & f|lg(t)] (20)
n()| L bomnc(h)

where a, b, c,d, e, f, k, |, m are arbitrary functions

of t. Now let's find these coefficients in order. From (20),
we write the equation below:

T (H)=aT; (1) +bg; (1)+cn (t). (21)

Let's apply the inner product of the vectors TT(t), gr(t) and
77 (t) to both sides of (21), respectively. So, we have

a=(T ). 7).

B =-(a: (0, T/ (1)), @)
6 =(m (0. 7 ()

From (7), we get

T?(t):(%cost, —%sint, 0). (23)
From (7), (22) and (23), we have

n n .
a =0, bl_—acos(nt), cl—asm(nt). (24)

From (20), we write the equation below:

gT’(t):dlﬁ(t)+elaT.(t)+ fla(t) (25)
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Let's apply the inner product of the vectors ﬁ(t), gr(t) and
n7(t) to both sides of (25), respectively. So, we have

o=(T 0. 5/ (),
. =(a:1). 5/ (). (20
b=(m (), 9/ ()

From (7), we get

—_— 2

gT'(t):—%cos(nt)(sint,cost,l). 27)
From (7), (26) and (27), we have

d, =%cos(nt), f,=0. (28)

From (20), we write the equation below:

0 (0 =K, (041, () - (). @)

Let's apply the inner product of the vectors TT(t), gr(t) and
nr(t) to both sides of (29), respectively. So, we have

|l:<a(t), nT'(t)>, (30)

From (7), (17) and (30), we have

k, :%sin(nt), m, =0. (31)

If we substitute (24), (28) and (31) in (20), we get the
expression (19).

Theorem 36, Let (T (1), N7 (1), B/()}  and
{ﬁ(t) g (1), E(t)} be the Frenet and Darboux frames of
tangent indicatrix ~ (T)  on
S2 of ¥ (t), respectively. The real angle o, (t) between

the timelike
77 (¢) and Np(t) is as follows:
6 (t) =%+nt. (32)

Proof: For the real angle ¢, (t) between the spacelike

vectors iy (t) and m(t), Figure 4, we write

(1 (0. N, O) = O (0)]eos6; 1), )

Since m7(t) and Ny (t) are unit vectors and using (5) and (7),
from the inner product of these vectors in (33), we have

<E(t) N—T(t)>:sin(nt):cos@. (34)

Similarly, using (5) and (7), from the inner product of 77 (t)
and E(t), we get

(7 (1), By (1)) =sing; (1) =-cos(nt). (35)

So, from (34) and (35), we obtain the expression (32).

) By (sl)
Oz

v

N7 (sD) 7 (s)
Figure 4. The real angle 8;(t) between n7(t) and ﬁ;(t).

Theorem 3.7. The spacelike Darboux vector Wr(t) of

Darboux frame of the timelike tangent indicatrix
(T) on SZ of y(t) is as follows:

2 n2 n2
W, (t)= [——smt - cost, _Fj (sh). (36)

Proof: For the Darboux vector W;(t) belong to the Darboux
frame, we know

TT’(t) Wr (1) ATy (1),
)7 (1), S

W (t
(t) W (£) A (©),

(Ugurlu and Caligkan, 2012). From (37), using (7) and (17),
we have (36).

Corollary 3.2. The spacelike Darboux vector W{(t) of
Darboux frame of timelike tangent indicatrix (7) on S? of
Ym(t) is as follows:

W, (t)=ES|n(nt)gT( )+ %cos(nt)a(t). (38)

Proof: We write the vector W{(t) as follows:

W, (t) = pT, (t)+og, (t)+¢n, (1), (39)
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where p, o, ¢ are arbitrary functions of t. For (32) and (37)
to be satisfied simultaneously, we have

' (40)

(Ugurlu and Caliskan, 2012). If we substitute (4), (8), (12)
and (15) in (40), we get (38). Moreover, if we substitute (8)
in (39) also, it is clear that we get the expression (37).

Theorem 3.8. There are the following relations between the
normal curvature(K,)r(t), geodesic curvature (Kg)T(t),

geodesic torsion (z4),(t) and torsion 7.(t), curvature

Kr(t) of the timelike tangent indicatrix (T) on
S2 of ¥ (D)
(), (0= %, (Usin(nt).

(%), (£) =—=x (t)cos(nt), (41)

Proof: For Darboux vector Fr(t) of Frenet frame of (T), we
write

T (0=F (AT, (1), @2

(Ugurlu and Caligkan, 2012). From the equality of (37) and
(42), we have

T ()A(F (H)-Wr (1)) =0, (43)

where

Fr(t) =(0.0.9)=v ()& ()T (1)-x7 (B ()] (44)

(Aksan and Giir Mazlum, 2023). If we substitute (40) and
(44) in (43), we get

e (DN (8) (), (O ()= (x), (D)9 (1) =0, a5)

If we apply the inner product with 77(t) and g7 (t) on both

sides of (45), respectively, we get

(%) (1) = ()(N7 (1), (1)
‘( )y (00 (0.7 (1)),
<N t) gT > (46)
L OF R )

From (5) and (7), we get

(N7 (t), 97 (1)) =—cos(nt). (47)
If we substitute (34) and (47) in (46), we have

(), (6= (0)sin (1)
(x5 ), (t) == (t)cos(nt).

(48)

Besides, if we take the derivative of both sides of

<E(t) N—T(t)> =sinh & (1) in (34), we get

(R0, 0 )+ (), 7 () ==sing, (1)

From the derivative formulas (Ugurlu and Caligkan, 2012),
we obtain

F(1), & (1)-= (O)(B/ (1), 7 (1))
0 (50)

If we substitute (32), (35) and (47) in (50), we have

1 dé;
(TQ)T (t):z'T (t)_VT (t)? (51)
Also, from (4) and (32), we get
m
(Tg )T (t)_TT (t) sin(nt) (52)

From (48) and (52), we obtain (41).

{Tr(®), N7 (1), B/(t)}  and
{T (1), o/ (t), ™ (1)} be the Frenet and Darboux frames of

the timelike tangent indicatrix (T) on S? of ¥m(b),
respectively. There is the following relationship between
these frames:

Theorem 3.0. Let
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TO| 1 o o T
N; (t)[=]0 —cos(nt) sin(nt) || g, (t)]- (53)
B/ (t)| [0 —sin(nt) —cos(nt)] n’(t)

Proof: We can construct the following matrix equation
between the vectors of the Frenet and Darboux frames:

()| [a b, c]T(t)
N, (t) =|d, & 2 || Yr (t) l (54)
E(t) k, 1, m, f‘:(t)

where a, b, c, d,, e, f, k, I,, m, are arbitrary

functions of t. Now let's find these coefficients in order.
From (54), we write the equation below:

T, (t)=a,T; (t)+b,g, (t)+c,n, (t). (55)

Let's apply the inner product of the vectors Ty (t), g7 (¢) and
nr(t) to both sides of (55), respectively. So, it is clear that

a, =1, c, =0. (56)

Similarly, from (54), we write

N, (t)=d,T; (t)+e,9, (t)+ f,n; (). (57)

Let's apply the inner product of the vectors Tr(t), g7 (¢) and
n7(t) to both sides of (57), respectively. From (34) and (47),
we get

e,=—cos(nt), f,=sin(nt). (58)

Similarly, from (54), we write
Br (1) =k, T (1) +1,; (1) +myn (t). (59)

Let's apply the inner product of the vectors Ty (t), g7 (¢) and
nr(t) to both sides of (59), respectively. From (35) and (59),
we have

k,=0, l,=-sin(nt), m,=cos(nt). (60)
If we substitute (56), (58) and (60) in (54), we obtain the
expression (53).

Theorem 3.10. Let {ﬁ(t) gr (1), E(t)} be the Darboux
frame of the timelike tangent indicatrix (T) on
S2 of y,,(t). There is the following relationship between the

Darboux vectors FT(t) and W{(t) belong to the Frenet and
Darboux frames, respectively:

W, (t)=F (t)-nT; (t). (61)

Proof: Itis clear that (5), (36) and (44).

Theorem 3.11. The real angle ¢+(t) between W{(t) and
g7(t) of the timelike tangent indicatrix (T) on S2 of ¥, (¢)
is as follows:

o (t):arcsin[%)+nt. (62)

Proof: For the real angle ¢ (t) between the unit spacelike
vectors WT’(t) and g7 (t), Figure 5, we write

(or (1), Wi (1)) = cosee (1) (63)
J—j_ o T;r (D)
Pr

9r (sh Wr (sI)

Figure 5. The real angle ¢ () between W (¢) and g7 (¢).

Besides, since timelike n,(t) and spacelike gr(t) are
perpendicular, the angle between them is zero in the
Lorentzian sense, we write

(nr (1), Wr (1)) =sinh (=g (1)) ==sinh g, (1). (64)

On the other hand, from (7) and (36), we get

(or (1), W; (1)) = Zsin(nt),

- ; (65)
(nr (1), W, (t)>:acos(nt).
From (66), (67) and (68), we obtain
cosh g, (t):ﬂsin(nt),

" (66)
sinh g, (t):—%cos(nt).
From (66), we get
cosh g, (t)sin(nt)—sinh g (t)cos(nt)

(67)

=sin (g (t)—nt)=%.
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3.2. The Darboux Frame of the Principal Normal
indicatrix of y,,(t)

The Frenet frame {ﬁ;(t),m(t),ﬁg(t)}, Darboux vector
belong to Frenet frame Fy(t), curvature Ky(t) and torsion
7y (t) of spacelike principal normal indicatrix (N) on H3* of
Ym(t) are

T—N(t)z(cost, -sint, 0)  (sl),

Ny (t)=(-sint, —cost, 0)  (sl),

B, (1)=(0.0, -1)  (tl), (68)
Fu(H)=(0.0) (1),
Ky (t)=% and 7y (t)zol (69)

respectively, (Ugurlu and Caligkan, 2012).

Theorem 4.1. The Darboux frame {Ty (t), gy (t), iy ()} of
spacelike principal normal indicatrix (IV) on HZ* of ¥, (t) is
as follows:

Ty (t)=(cost, —sint, 0) (sI),

o (t):[nsint, ncost, %} (s, (70)

ny (t):[%sint, %cost, nj (t0.

Proof: Since Ty(t) is spacelike and N(t) is timelike,
gn() = —N(t)Aﬁ(t). From (3) and (68), we get the vector
gn(®) in (70). Besides, N(t)can be taken as the normal
vector of the surface for (V) on HZ*, that is 7i(t) = N(t) as
in (3). Thus, the Darboux frame is as in (70).

Theorem 4.2. The normal curvature (K,)y(t)of principal

normal indicatrix (N) on H3* of ¥, (t) is as follows:

(x), (H)=1. (71)

() () == — 5 (72)
(Ugurlu and Caliskan, 2012). From (3), we obtain
— n . n
N"(t)=| ——sint, ——cost, 0 |.
(t) ( - - ] (73)

From (70) and (73), we have

(e (1), WP (1)) =" @

If we substitute (4) and (74) in (72), we obtain the normal
curvature of (N) asin (7).
Theorem 4.3. The geodesic curvature (Kg)N(t) of principal

normal indicatrix (N) on H3* of ¥,,(t) is as follows:
(xy), (t)=—m. (75)

Proof: (K,), (¢) for (N) is calculated by

(76)

(gu (1), N'(1))
(%,), (t):W

VN

(Ugurlu and Caligkan, 2012). From (70) and (73), we get

— — n
(90 (t), N(t))=——-. (77)
If we substitute (4) and (77) in (76), we obtain the geodesic

curvature of (N) as in (75).
Theorem 4.4. The geodesic torsion (rg)N(t) of principal

normal indicatrix (N) on H3* of ¥, (t) is as follows:

(7,), (t)=0. (78)

Proof: (z4) ,(t) for (N) is calculated by

(6., 0, )

N (79)
O
(Ugurlu and Caliskan, 2012). From (7), we have
nN/(t):(%cost, —%sint, Oj. (80)
So, from (7) and (80), we get
(). 0 0) -0, 1)

If we substitute (4) and (81) in (79), we obtain the geodesic
torsion of (N) as in (78).

Corollary 4.1. The spacelike principal normal indicatrix
(N) on HZ* of () is a curvature line.

Theorem 4.5. Let {Ty(t), gn (t), 7y (t)} be Darboux frame
of spacelike principal normal indicatrix (N) on HZ* of
¥m (t). Darboux frame equations of (N) are as follows:

BS] Eng Sci / Birkan AKSAN and Siimeyye GUR MAZLUM 408



Black Sea Journal of Engineering and Science

WO o T
g (®)]=/n o ollg. )]
()] |2 0 0|

Proof: The proof can be done similarly to the proof of
Theorem 3.5.

Theorem  4.6. Let  {Ty(t),Ny(t),By(t)} and
{T?(t),ﬁ(t),ﬁ(t)} be Frenet and Darboux frames of
spacelike principal normal indicatrix (N) on HZ* of y,(t),
respectively. The hyperbolic angle g (1) between By ()

and ny (¢) is as follows:

6, (t)=arctan h(%j =%In[2—tﬂ. (82)

Proof: From the inner product of By (¢) and niy(t) in (68)
and (70), for the angle 0, () between unit timelike vectors

By (©) (future pointing) and 7y (t) (past pointing), Figure 6,
we have

(B (1) ny (1)) =coshd, =n. (83)
_)'I_Q . — .
) N Ny (sD)
BN

Figure 6. The real angle 6, (t) between E\,)(t) and ny (t).

Similarly, from inner product of unit spacelike Ny (t) and
unit timelike 7y (t) vectors, (here since timelikeBy (t) and

spacelike NT,’(t) are perpendicular, the angle between them
is zero in the Lorentzian sense), we have

(Ny (1), mn):sinh(_aN):_sinh(eN):_%. (84)

So, from (83) and (84), we obtain the expression (82).
Theorem 4.7. The timelike Darboux vector Wy(t) of
Darboux frame of spacelike principal normal indicatrix (IV)
on H3* of 7,,(¢t) is as follows:

W, (t)=(0,0,1) (). (85)

Proof: For the Darboux vector W,{(t) belong to the Darboux
frame, we know

|

N' (t) :VTN(t)/\TN (t),
gy’ (1) =W, (1)~ gy (1), (86)

' (£) =W, (1) A, (1),

|

|

(Ugurlu and Caligkan, 2012). From (86), using (70) and (80),
we get (85).

Corollary 4.2. The timelike Darboux vector WN(t) of
Darboux frame of spacelike principal normal indicatrix (IV)
on H2* of ¥,,(t) is as follows:

W, ()= =2 g, (1) +nn 1).

Proof: The proof can be done similarly to Corollary 3.2.

Theorem 4.8. There are the following relations between the
normal  curvature  (K,)n(t), geodesic curvatures
(Ky),,(®), geodesic torsion (z4) (¢) and curvature Ky(t),

torsion Ty (t) of spacelike principal normal indicatrix (IV) on
HE of ¥, (0):

Proof: The proof is similar to Theorem 3.8.

Theorem  4.9. Let  {Ty(t),Ny(t),By(t)} and
{Ty (t),gn (), 7y ()} be the Frenet and Darboux frames of
spacelike principal normal indicatrix (N) on H3* of ¥,,(t),
respectively. There is the following relation between the
frames:

NG R (

—_— n —_—

%(t ={0 -n - g_N(t

By (t N n, (t
m

Proof: The proof can be done similarly to Theorem 3.9.

Theorem 4.10. Let {ﬁ(t),g_,\,’(t),ﬁ(t)} be Darboux frame
of spacelike principal normal indicatrix (N) on HZ* of
Ym(t). There is the following relation between Darboux

vectors Fy(£) and Wy (¢) belong to the Frenet and Darboux
frames, respectively:

Proof: Itis clear that (68) and (85).
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Theorem 4.11. The hyperbolic angle ¢y (t) between WN’(t)
and ny (t) of spacelike principal normal indicatrix (IV) on
HE* of 7, (£) is as follows:

oy (t)=arctanh (%) (87)

Proof: For hyperbolic angle ¢y (t) between unit timelike
(past pointing) vectors Wy (¢) and 7y (¢), Figure 7, we know

(1 (), W (1)) =~coshon, (1) o)
- —
| J<"¥n o (sD)
PN

Figure 7. The real angle @y (t) between Wy (¢) and 7y (£).

Besides, since timelike my(t) and spacelike gy(t) are
perpendicular, the angle between them is zero in the
Lorentzian sense, we have

(94 (1), Wy (1)) =sinh (=g, (1)) ==sinh g, (t). (89)

On the other hand, from (70) and (85), we get

<nN (t), Wy (t)> =-n,

— n

(9u (1), W, (t));m. (90)
From (88), (89) and (90), we obtain

coshg, (t)=n and sinh(pN(t):%. (91)

From (91), we have (87).

3.3. The Darboux Frame of Binormal Indicatrix (B) of
Ym (D

The Frenet frame {ﬁ(t),m(t),B_B)(t)}, Darboux vector
belong to Frenet frame F_B’(t), curvature Kz (t) and torsion
75(t) of the timelike binormal indicatrix (B) on S of
Ym(t) are

X

B(t):[—%sint, —%cost, —n) (),
N, (t)=(~cost, sint, 0)  (sl),

B—B(t):(nsint, ncost, %J (sh),

R (1)=(0,0,1),

(92)

Ky (t) = and 7 (t)=— (93)

respectively, (Ugurlu and Caligskan, 2012).

Theorem 5.1. The Darboux frame {T_B)(t),g?(t),n_g’(t)}, of
the timelike binormal indicatrix (B) on S? of y,(t) is as
follows:

ﬂ(t):(—ﬂsint,—ﬂcost,—nj (th),

m m

g—B(t)=(sin(nt)cost—ncos(nt)sint,
sin(nt)sint—ncos(nt)cost,—%cos(nt)) s, (94)

ng (t) =(—cos(nt)cost —nsin(nt)sint,

cos(nt)sint7nsin(nt)cost,7%sin(nt)j (s).

Proof: Since Ty(t) is timelike and B(t) is spacelike,
75(t) = —B(t)AT5(t). From (3) and (92), we get the vector
75(t) in (94). Besides B(t) of ¥;,(t) can be taken as the
normal vector of the surface for (B) on SZ, that is 75 (t) =
B(t) asin (3). Thus, Darboux frame is as in (94).

Theorem 5.2. The normal curvature (K,)g(t) of binormal
indicatrix (B) on S of ,,(t) is as follows:

() (1) =1. (95)

Proof: The normal curvature of (E) is calculated by

(n, (1), B(1))

= - 7 96
() (¢ SOR (9%)
(Ugurlu and Caliskan, 2012). From (3), we get
B—”(t):r:—zz(—cos(nt)cost+nsin(nt)sint, o7

cos(nt)sint +nsin(nt)cost, nmsin (nt)).
From (94) and (97), we have
<nB (1), B”(t)>=ﬁcosz(nt). (98)

If we substitute (4) and (98) in (96), we obtain the normal
curvature of (B) as in (95).
Theorem 5.3. The geodesic curvature (K) (t) of binormal

indicatrix (B) on S of ,(t) is as follows:

(Kg)B (t)- sin(nt) | (@9)

_cos(nt)
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Proof: (K, ) ,(t) for (B) is calculated by

(9:(1). B'(1))
HON

(Ugurlu and Caliskan, 2012). From (94) and (97), we have

(100)

(Kg )B (t) =

. 2

<gB(t), W(t)>:—n—2cos(nt)sin(nt). (101)
m

If we substitute (4) and (101) in (100), we obtain the

geodesic curvature of (B) as in (99).

Theorem 5.4. The geodesic torsion (z4) (t) of binormal

indicatrix (B) on S7 of ¥ (t) is as follows:

(102)

(Tg )B (t) =0.

Proof: (z,) ,(t) for (B) is calculated by

9s (1) ne' (1)
(@NF‘%’

(103)

(Ugurlu and Caligkan, 2012). From (7), we have
— n2 n2 n2
nB'(t):—[Wcos(nt)sint,ﬁcos(nt)cost,Hcos(nt)]. (104)

So, from (7) and (104), we get

<”B' (1), g—B(t)> =0. (105)
If we substitute (4) and (105) in (103), we obtain the
geodesic torsion of (B) as in (102).

Corollary 5.1. The timelike binormal indicatrix (B) on $7
of ¥m(t) is a curvature line.

Theorem 5.5. Let {T;(t),ﬁ(t),ﬁ(t)} be Darboux frame
of timelike binormal indicatrix () on S? of 7, (t). Darboux
frame equations of (B) are as follows:

T—B(t) 0 —%sin(nt) %cos(nt) T
g—B’(t) = —%sin(nt) 0 0 %(t)
ng (1) ﬂcos(nt) 0 0 Y

Proof: The proof can be done similarly to Theorem 3.5.

Theorem  56. Let {T(t),Ns(t),Bz(t)} and
{ﬂ’(t),ﬁ(t),ﬁ(t)] be the Frenet and Darboux frames of
the timelike binormal indicatrix (B) on S? of ¥m(2),

respectively. The angle 65 (t) between E(t) and ng (t) is as
follows:

G5 (t)=-nt. (106)

Proof: From the inner product of E(t) and ng(t) in (92)
and (94), for the real angle 65(t) between unit spacelike

vectors N_B'(t) and nz(t), Figure 8, we get

<NB(t)’ E('[)>=COSt9B (t)=cos(nt). (107)
”253 By (sD)
Ng (sI) 75 (sD)

Figure 8. The real angle 65 (t) between N?(t) and 5 (t).

Similarly, we have

<B:(t), FB(t)>:sinHB(t):—sin(nt). (108)

So, from (107) and (108), we obtain the expression (106).

Theorem 5.7. The spacelike Darboux vector Wy(t) of
Darboux frame of the timelike binormal indicatrix (B) on S?
of ¥, (t) is as follows:

. n2 n2 n2
WB(t):[—Hsint, —Ecost, _Hj (sh). (109)

Proof: For the Darboux vector W;(t) belong to the Darboux
frame, we know

(110)

(Ugurlu and Caliskan, 2012). From (110), using (94) and
(104), we get the expression (109).

Corollary 5.2. The spacelike Darboux vector ﬂ(t) of
Darboux frame of timelike binormal indicatrix (5) on S7 of
Ym ()is as follows:

W, (t)= %cos(nt)g—s(t)nL%sin(nt)@(t).

Proof: The proof can be done similarly to Corollary 3.2.

BS] Eng Sci / Birkan AKSAN and Siimeyye GUR MAZLUM 411



Black Sea Journal of Engineering and Science

Theorem 5.8. There are the following relations between the
normal curvature (K,)g(t), geodesic curvatures (Kg)B(t),

geodesic torsion (rg)B(t) and curvature Kg(t), torsion

t5(t) of the timelike binormal indicatrix (B) on S? of
Y ():

(), (t) =5 (t)cos(nt),

Proof: The proof is similar to Theorem 3.8.

Theorem  5.9. Let {T_B)(t),m(t),B_B)(t)} and
{T5(t),g5(t), ns(t)} be Frenet and Darboux frames of
timelike binormal indicatrix (§) on SZ of yn(b),
respectively. There is the following relation between the
frames:

(t)
(t) |
(t)

LMl 1 o 0o T
Ng(t)|=|0 =sin(nt) cos(nt) || g,
By(t)| L0 —cos(nt) —sin(nt) || n.
Proof: The proof can be done similarly to Theorem 3.9.
Theorem 5.10. Let {T;(t),g5(t),n5(t)} be the Darboux
frame of the timelike binormal indicatrix (B) on S? of
Ym(t). There is the following relationship between the

Darboux vectors Fg(t) and W (t) belong to the Frenet and
Darboux frames, respectively:

W, (t)=F, (t)+nT, (1).

Proof: Itis clear that (92) and (109).

Theorem 5.11. The angle ¢ (t) between W (t) and g5 (t)
of timelike binormal indicatrix (B) on S% of ¥,(t) is as
follows:

P (t)= arccos(%j +nt. (111)

Proof: For the real angle ¢g(t) between unit spacelike
vectors WB(t) and g5 (t), Figure 9, we know

(Ws (), g5 (1)) =cosgy (). (112)
Besides, we have
(W5 (1), ng (t)) =sing, (t). (113)

On the other hand, from (70) and (85), we get

-/ g (s

Y

g5 (s

=
Wy (sl)

Figure 9. The real angle ¢ (t) between W,;(r) and gz (t).

S — n
(W (1), 8 (1)) = cos ),
- . (114)
(Wy (1), ng (t)>:asm(nt).
From (112), (113) and (114), we obtain
cos g (t)cos(nt)+sin g, (t)sin(nt)

(115)

=cos (g, (t)—nt) :%

From (115), we have (111).

4. Discussion and Conclusion

In this study, the some geometric elements (Darboux frames,
curvatures, torsions, Darboux vectors, angles etc.) of
timelike tangent indicatrix (T) and timelike binormal
indicatrix (B) on the Lorentzian unit sphere S?, spacelike
principal normal indicatrix (ﬁ) on the hyperbolic unit sphere
HZ of the spacelike Salkowski curve with spacelike binormal
in Lorentzian 3-space E; are obtained. And the relationships
between these elements are studied. Similar studies can also
be done on other types of Salkowski curves in Lorentzian 3-
space or other well-done curves.
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