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Abstract. In this study, we introduce two new subclasses of close-to-convex functions of complex order, which
are introduced here by means of a certain non-homogenous Cauchy-Euler-type differential equation of order m, and
determine the coefficient bounds for functions belonging to these new classes.
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1. Introduction, Definitions and Preliminaries

Let R = (−∞,∞) be the set of real numbers, C : = C∗∪ {0} be the set of complex numbers,

N := {1, 2, 3, . . .} = N0\ {0}

be the set of positive integers and
N∗ := N\ {1} = {2, 3, 4, . . .} .

LetA denote the class of functions of the form

f (z) = z +
∞∑

i=2

ai zi (1.1)

which are analytic in the open unit disc

U = {z : z ∈ C and |z| < 1} .

Faisal and Darus [5] defined the following differential operator:

D0 f (z) = f (z) ,

D1
λ (α, β, µ) f (z) =

(
α − µ + β − λ

α + β

)
f (z) +

(
µ + λ

α + β

)
z f ′ (z) ,

D2
λ (α, β, µ) f (z) = D

(
D1
λ (α, β, µ) f (z)

)
...

Dn
λ (α, β, µ) f (z) = D

(
Dn−1
λ (α, β, µ) f (z)

)
. (1.2)
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If f is given by (1.1), then it is easily seen from (1.2) that

Dn
λ (α, β, µ) f (z) = z +

∞∑
i=2

(
α + (µ + λ) (i − 1) + β

α + β

)n

ai zi

( f ∈ A; α, β, µ, λ ≥ 0; α + β , 0; n ∈ N0) .

In the light of the work of Xu et al. [16], Bulut [3] introduced the subclasses

Mg (n, α, β, µ, λ, ζ, ξ) and Mg (n, α, β, µ, λ, ζ, ξ; m, τ)

of analytic functions of complex order ξ ∈ C∗, and obtained the coefficient bounds for the Taylor-Maclaurin coefficients
for functions in each of the above subclasses, which is given by Definition 1.1 and Definition 1.2.

Definition 1.1 ( [3]). Let φ : U→ C be a convex function such that

φ(0) = 1 and ℜ{φ (z)} > 0 (z ∈ U) .

We denote byMφ (n, α, β, µ, λ, ζ, ξ) the class of functions f ∈ A satisfying

1 +
1
ξ

 z
[
ζDn+1
λ (α, β, µ) f (z) + (1 − ζ) Dn

λ (α, β, µ) f (z)
]′

ζDn+1
λ (α, β, µ) f (z) + (1 − ζ) Dn

λ (α, β, µ) f (z)
− 1

 ∈ φ (U) ,

where z ∈ U; 0 ≤ ζ ≤ 1; ξ ∈ C∗.

Definition 1.2 ( [3]). A function f ∈ A is said to be in the classMφ (n, α, β, µ, λ, ζ, ξ; m, τ) if it satisfies the following
non-homogenous Cauchy-Euler differential equation:

zm dmw
dzm +

(
m
1

)
(τ + m − 1) zm−1 dm−1w

dzm−1 + · · · +

(
m
m

)
w

m−1∏
j=0

(τ + j) = q(z)
m−1∏
j=0

(τ + j + 1)

(
w = f (z) ∈ A; q ∈ Mφ (n, α, β, µ, λ, ζ, ξ) ; m ∈ N∗; τ ∈ (−1,∞)

)
.

Making use of Definition 1.1 and Definition 1.2, Bulut [3] proved the following coefficient bounds for the Taylor-
Maclaurin coefficients for functions in the subclasses

Mg (n, α, β, µ, λ, ζ, ξ) and Mg (n, α, β, µ, λ, ζ, ξ; m, τ)

of analytic functions of complex order ξ ∈ C∗.

Theorem 1.3 ( [3]). Let the function f ∈ A be defined by (1.1). If

f ∈ Mφ (n, α, β, µ, λ, ζ, ξ) ,

then

|ai| ≤

(α + β)n+1
i−2∏
j=0

[
j + |ξ| |φ′(0)|

]
(i − 1)!

[
α + ζ (µ + λ) (i − 1) + β

] [
α + (µ + λ) (i − 1) + β

]n (i ∈ N∗) .

Theorem 1.4 ( [3]). Let the function f ∈ A be defined by (1.1). If

f ∈ Mφ (n, α, β, µ, λ, ζ, ξ; m, τ) ,

then

|ai| ≤

(α + β)n+1
i−2∏
j=0

[
j + |ξ| |φ′(0)|

] m−1∏
j=0

(τ + j + 1)

(i − 1)!
[
α + ζ (µ + λ) (i − 1) + β

] [
α + (µ + λ) (i − 1) + β

]n m−1∏
j=0

(τ + j + i)
(i ∈ N∗) .

Here, in our present sequel to some of the aforecited work of Bulut [3], we first introduce the following subclasses
of analytic functions of complex order ξ ∈ C∗.
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Definition 1.5. Let φ : U → C be a convex function such that φ(0) = 1 and ℜ{φ (z)} > 0 (z ∈ U). We denote by
MQ

n,α,β,µ,λ
φ (ζ, ξ, δ, γ) the class of functions f ∈ A satisfying

1 +
1
ξ

 z
[
ζDn+1
λ (α, β, µ) f (z) + (1 − ζ) Dn

λ (α, β, µ) f (z)
]′

ζDn+1
λ (α, β, µ) g (z) + (1 − ζ) Dn

λ (α, β, µ) g (z)
− 1

 ∈ φ (U) (z ∈ U) ,

where g ∈ Mφ (n, α, β, µ, λ, δ, γ) ; 0 ≤ ζ, δ ≤ 1; ξ, γ ∈ C∗.

Definition 1.6. A function f ∈ A is said to be in the class KQn,α,β,µ,λ
φ (ζ, ξ, δ, γ; m, τ) if it satisfies the following

non-homogenous Cauchy-Euler differential equation of order m :

zm dmw
dzm +

(
m
1

)
(τ + m − 1) zm−1 dm−1w

dzm−1 + · · · +

(
m
m

)
w

m−1∏
j=0

(τ + j) = q(z)
m−1∏
j=0

(τ + j + 1)

(
w = f (z) ∈ A; q ∈ MQn,α,β,µ,λ

φ (ζ, ξ, δ, γ) ; m ∈ N∗; τ ∈ (−1,∞)
)
.

Remark 1.7. If we let n = 0 and µ + λ = α + β , 0 in Definition 1.5 and Definition 1.6, then we have the classes

MQ
0,α,β,µ,λ
φ (ζ, ξ, δ, γ) = SQφ (ζ, ξ, δ, γ)

and
KQ

0,α,β,µ,λ
φ (ζ, ξ, δ, γ; m, τ) = KQφ (ζ, ξ, δ, γ; m, τ) ,

respectively, introduced and studied by Bulut [4].

Similar interesting results can be found into the work of Altıntaş et al. [1], Nasr and Aouf [7], Robertson [9],
Srivastava et al. [11] and Ul-Haq et al. [13, 14], (see also [2, 6, 8, 12, 15]).

In this paper, by using the subordination principle between analytic functions, we obtain coefficient bounds for the
Taylor-Maclaurin coefficients for functions in the substantially more general function classes

MQ
n,α,β,µ,λ
φ (ζ, ξ, δ, γ) and KQ

n,α,β,µ,λ
φ (ζ, ξ, δ, γ; m, τ)

of analytic functions of complex order ξ ∈ C∗, which we have introduced here.

2. Main Results and Their Demonstration

In our investigation, we shall make use of the principle of subordination between analytic functions, which is
explained in Definition 2.1 below.

Definition 2.1. For two functions f and g, analytic in U, we say that the function f is subordinate to g in U, and write

f (z) ≺ g (z) (z ∈ U) ,

if there exists a Schwarz function ω, analytic in U, with

ω (0) = 0 and |ω (z)| < 1 (z ∈ U)

such that
f (z) = g (ω (z)) (z ∈ U) .

Indeed, it is known that

f (z) ≺ g (z) (z ∈ U)⇒ f (0) = g (0) and f (U) ⊂ g (U) .

Furthermore, if the function g is univalent in U, then we have the following equivalence

f (z) ≺ g (z) (z ∈ U)⇔ f (0) = g (0) and f (U) ⊂ g (U) .

In order to prove our main results (Theorems 2.3 and 2.4 below), we first recall the following lemma due to Ro-
gosinski [10].
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Lemma 2.2. Let the function g given by

g (z) =
∞∑

k=1

bkzk (z ∈ U)

be convex in U. Also let the function f given by

f(z) =
∞∑

k=1

akzk (z ∈ U)

be holomorphic in U. If

f (z) ≺ g (z) (z ∈ U) ,

then

|ak | ≤ |b1| (k ∈ N) .

We now state and prove each of our main results given by Theorems 2.3 and 2.4 below.

Theorem 2.3. Let the function f ∈ A be defined by (1.1). If

f ∈ MQn,α,β,µ,λ
φ (ζ, ξ, δ, γ) ,

then

|ai| ≤

(α + β)n+1
i−2∏
j=0

[
j + |γ| |φ′(0)|

]
i!

[
α + δ (µ + λ) (i − 1) + β

] [
α + (µ + λ) (i − 1) + β

]n

+
(α + β)n+1 |ξ| |φ′ (0)|

i
[
α + ζ (µ + λ) (i − 1) + β

] [
α + (µ + λ) (i − 1) + β

]n

×

1 +
i−2∑
j=1

[
α + ζ (µ + λ) (i − j − 1) + β

] i− j−2∏
k=0

[
j + |γ| |φ′(0)|

]
(i − j − 1)!

[
α + δ (µ + λ) (i − j − 1) + β

]
 (i ∈ N∗) ,

(
g ∈ Mφ (n, α, β, µ, λ, δ, γ) ; 0 ≤ ζ, δ ≤ 1; ξ, γ ∈ C∗

)
.

Proof. Let the function f ∈ MQn,α,β,µ,λ
φ (ζ, ξ, δ, γ) be of the form (1.1). Therefore, there exists a function

g(z) = z +
∞∑

n=2

bnzn ∈ Mφ (n, α, β, µ, λ, δ, γ)

so that

1 +
1
ξ

 z
[
ζDn+1
λ (α, β, µ) f (z) + (1 − ζ) Dn

λ (α, β, µ) f (z)
]′

ζDn+1
λ (α, β, µ) g (z) + (1 − ζ) Dn

λ (α, β, µ) g (z)
− 1

 ∈ φ (U) . (2.1)

Note that, by Theorem 1.3, we have

|bi| ≤

i−2∏
j=0

[
j + |γ| |φ′(0)|

]
(i − 1)! χi (δ)

(i ∈ N∗) , (2.2)

where

χi (δ) :=
[
α + δ (µ + λ) (i − 1) + β

] [
α + (µ + λ) (i − 1) + β

]n

(α + β)n+1 .
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Let

F (z) = ζDn+1
λ (α, β, µ) f (z) + (1 − ζ) Dn

λ (α, β, µ) f (z) = z +
∞∑

i=2

Ai zi, (2.3)

G (z) = ζDn+1
λ (α, β, µ) g (z) + (1 − ζ) Dn

λ (α, β, µ) g (z) = z +
∞∑

i=2

Bi zi, (2.4)

where

Ai := χi (ζ) ai and Bi := χi (ζ) bi,

with

χi (ζ) :=
[
α + ζ (µ + λ) (i − 1) + β

] [
α + (µ + λ) (i − 1) + β

]n

(α + β)n+1 .

Then, (2.1) is of the form

1 +
1
ξ

(
zF′ (z)
G (z)

− 1
)
∈ φ (U) .

Let us define the function p(z) by

p(z) = 1 +
1
ξ

(
zF′ (z)
G (z)

− 1
)

(z ∈ U). (2.5)

Therefore, we deduce that

p (0) = φ (0) = 1 and p(z) ∈ φ (U) (z ∈ U).

So, we have

p(z) ≺ φ(z) (z ∈ U).

Hence, by Lemma 2.2, we obtain ∣∣∣∣∣∣ p(m) (0)
m!

∣∣∣∣∣∣ = |cm| ≤
∣∣∣φ′ (0)

∣∣∣ (m ∈ N) , (2.6)

where

p(z) = 1 + c1z + c2z2 + · · · (z ∈ U).

Also from (2.5), we find

zF′(z) −G(z) = ξ (p(z) − 1) G(z). (2.7)

Since A1 = B1 = 1, in view of (2.7), we obtain

iAi − Bi = ξ {ci−1 + ci−2B2 + · · · + c1Bi−1} = ξ

ci−1 +

i−2∑
j=1

c jBi− j

 (i ∈ N∗) . (2.8)

Now, we get from (2.2) , (2.3), (2.4) , (2.6) and (2.8) ,

|ai| ≤

i−2∏
j=0

[
j + |γ| |φ′(0)|

]
i! χi (δ)

+
|ξ| |φ′ (0)|

i χi (ζ)

1 +
i−2∑
j=1

χi− j (ζ)
i− j−2∏
k=0

[
j + |γ| |φ′(0)|

]
(i − j − 1)! χi− j (δ)

 (i ∈ N∗) .

This evidently completes the proof of Theorem 2.3. □

Theorem 2.4. Let the function f ∈ A be defined by (1.1). If

f ∈ KQn,α,β,µ,λ
φ (ζ, ξ, δ, γ; m, τ) ,
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then

|ai| ≤


(α + β)n+1

i−2∏
j=0

[
j + |γ| |φ′(0)|

]
i!

[
α + δ (µ + λ) (i − 1) + β

] [
α + (µ + λ) (i − 1) + β

]n

+
(α + β)n+1 |ξ| |φ′ (0)|

i
[
α + ζ (µ + λ) (i − 1) + β

] [
α + (µ + λ) (i − 1) + β

]n

×

1 +
i−2∑
j=1

[
α + ζ (µ + λ) (i − j − 1) + β

] i− j−2∏
k=0

[
j + |γ| |φ′(0)|

]
(i − j − 1)!

[
α + δ (µ + λ) (i − j − 1) + β

]

 ×

m−1∏
j=0

(τ + j + 1)

m−1∏
j=0

(τ + j + i)
(i ∈ N∗) , (2.9)

(0 ≤ ζ, δ ≤ 1; ξ, γ ∈ C∗; m ∈ N∗; τ ∈ (−1,∞)) .

Proof. Let the function f ∈ A be given by (1.1). Also, let

q(z) = z +
∞∑

i=2

qi zi ∈ MQ
n,α,β,µ,λ
φ (ζ, ξ, δ, γ) .

We then deduce from Definition 1.6 that

ai =

m−1∏
j=0

(τ + j + 1)

m−1∏
j=0

(τ + j + i)
qi (i ∈ N∗, τ ∈ (−1,∞)) .

Thus, by using Theorem 2.3 in conjunction with the above equality, we have assertion (2.9) of Theorem 2.4. This
completes the proof of Theorem 2.4. □

Remark 2.5. If we let n = 0 and µ + λ = α + β , 0 in Theorem 2.3 and Theorem 2.4, then we get Theorem 1.3 and
Theorem 1.4, respectively.

3. Conclusion

In this study, for functions of the form

f (z) = z +
∞∑

i=2

ai zi ∈ A (z ∈ U),

we consider the subclassMφ (n, α, β, µ, λ, ζ, ξ) defined by means of the differential operator

Dn
λ (α, β, µ) f (z) = z +

∞∑
i=2

(
α + (µ + λ) (i − 1) + β

α + β

)n

ai zi

(α, β, µ, λ ≥ 0; α + β , 0; n ∈ N0) ,
as follows:

Mφ (n, α, β, µ, λ, ζ, ξ) =

 f ∈ A : 1 +
1
ξ

 z
[
ζDn+1
λ (α, β, µ) f (z) + (1 − ζ) Dn

λ (α, β, µ) f (z)
]′

ζDn+1
λ (α, β, µ) f (z) + (1 − ζ) Dn

λ (α, β, µ) f (z)
− 1

 ∈ φ (U)

 ,
where φ : U→ C is a convex function such that

φ(0) = 1 and ℜ{φ (z)} > 0 (z ∈ U) .

By means of this class, we introduce following subclasses:

MQ
n,α,β,µ,λ
φ (ζ, ξ, δ, γ) =

 f ∈ A : 1 +
1
ξ

 z
[
ζDn+1
λ (α, β, µ) f (z) + (1 − ζ) Dn

λ (α, β, µ) f (z)
]′

ζDn+1
λ (α, β, µ) g (z) + (1 − ζ) Dn

λ (α, β, µ) g (z)
− 1

 ∈ φ (U)

 ,
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where z ∈ U; g ∈ Mφ (n, α, β, µ, λ, ζ, ξ) ; 0 ≤ ζ, δ ≤ 1; ξ, γ ∈ C∗;

KQ
n,α,β,µ,λ
φ (ζ, ξ, δ, γ; m, τ) =

 f ∈ A : zm dm f (z)
dzm + · · · +

(
m
m

)
f (z)

m−1∏
j=0

(τ + j) = q(z)
m−1∏
j=0

(τ + j + 1)

 ,
where z ∈ U; q ∈ MQn,α,β,µ,λ

φ (ζ, ξ, δ, γ) ; m ∈ N∗; τ ∈ (−1,∞) .
For functions f belong to the classes

MQ
n,α,β,µ,λ
φ (ζ, ξ, δ, γ) and KQ

n,α,β,µ,λ
φ (ζ, ξ, δ, γ; m, τ) ,

we investigate upper bounds for the general coefficient |an|, respectively.
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