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Abstract

Once the spectral radius and energy of a graph structure have been defined,
many properties have been studied. The spectral radius and energy of a
graph are related to the eigenvalues of the adjacency matrix of the graph.
In this paper, we define an adjacency matrix for a prime ideal sum (PI5)
graph and then extend the concepts of spectral radius and energy to PIS
graphs. Some bound theorems on the energy and spectral radius of PIS
graph structures are given. A SageMath code for plotting these graphs is
also provided.
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Oz

Bir graf yapisinin spektral yarigapi ve enerjisi tanimlandiktan sonra bircok
ozelligi incelenmigtir. Graflarin spektral yaricap:r ve enerjisi komsuluk
matrisin 6zdegerleriyle iligkilidir. Bu c¢alismada bir asal ideal toplam
(PIS) graf icin bir komsuluk matrisi tamimlanmistir ve daha sonra
spektral yarigap ve enerji kavramlari P[S graflar igin genigletilmisgtir.
PIS graf yapilarinin enerjisi ve spektral yarigapmna iliskin bazi sinir
teoremleri verilmistir. Ayrica bu graflar1 ¢cizmek icin bir SageMath kodu
da sunulmaktadir.

Anahtar Kelimeler: Graf enerjisi, asal ideal toplam graf, spektral yaricap

Introduction

The graph structure is represented by G = (V, E'), where V' = {v1, va, ..., v, } is the set of vertices and
E = E(G) is the set of edges. Let i, j € V, and we say that two vertices are adjacent if there is at least

one edge between ¢ and j. If vertices ¢ and j are adjacent, they are denoted by i~j. The degree of a

point i is the number of edges connected to i and it is denoted by d; [1]. Spectral graph theory has used

spectra of certain matrices associated with a graph, such as the adjacency matrix, the Laplace matrix, or

other forms of these, to provide information about a graph. It is possible to characterize certain graph

structures with a spectrum (with the help of one of these matrices) [2]. The adjacency matrix is an n X n
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matrix, denoted by A(G), and is defined as follows [3]:

A(G):{ Lo

0, otherwise

The adjacency matrix is a real and symmetric matrix, and all eigenvalues are real. Given different
eigenvalues A1, Ao, ..., A, of the adjacency matrix, the inequality Ay > Ay > ... > ), exists for these
eigenvalues. The largest eigenvalue )\ is called the spectral radius of the graph [4].

Another concept related to the spectrum of a graph is energy. Let A(G) be the adjacency matrix of a
graph G, A1, Ao, ..., A, be the eigenvalues of this matrix, the energy of a graph is denoted by E(G) and
E(G) =2 iy Al [5].

Defining zero divisor graphs over commutative rings is the beginning of graph theory in pure algebra
[6,7]. Nowadays, studies on the zero divisor graph of Z, is a trending field in spectral and chemical
graph theory [8—10]. Studies on these topics in the literature motivated us to study computing different
topological descriptors with respect to the prime ideal sum graphs. The prime ideal sum graph of a ring is
described as a graph whose vertices are all non-trivials of the ring and whose edges connect two vertices
whenever the sum of these vertices is a prime ideal [11].

In this study, motivated by the works mentioned above, we investigate the spectral radius and energy of
some commutative rings according to the prime ideal sum graph structures of them. A SageMath code

for drawing P15 graph structures is also provided.

Main Results

Spectral Radius and Energy of P1.S Graphs

Definition 1. Let I, J € Z,, non-trivial two ideals. Then,

AG(Z) :{ 1, I+ Jprime

0, otherwise

where AG(Z,,) will represent the adjacency matrix of P1S(Z,,) .

Theorem 1. Let p be a prime number. The sum of the eigenvalues of the adjacency matrix of Za is

Z€r10.

Proof. Let us list all ideals of Zy«. Then we have {0}, p® 1 Zpo, p® 2ZZpo, p*Zpo, pLpe, Lo . Note
that pZy« is a prime ideal of Zpa.

Taking into account the PIS graph over Zao, pZpo is adjacent to p® 1 Zya, p* 2 Zpo ....p> Lo, p* Ly as
Zipe 1s local and so the sum of these ideals is equal to Zj« . Considering the following graph representation

of Zya Figure 1 the adjacency matrix of Za is as follows.
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Figure 1. Prime Ideal Sum Graph of Zy
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AG(Zy~) =
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For a matrix of this form, n — 2 of the n eigenvalues are zero. Since two non-zero eigenvalues have

opposite numbers, therefore Ay + Ao + ... + A, = 0.

Theorem 2. For two non-zero eigenvalues A1, Ay of Z,« with spectral radius A\
A < Aq.

Proof. 1tis clear from thm 1.

Theorem 3. Let E(G) denotes the graph energy of Zyo. Then E(G) = |A1] + |X2|. Here, since
Ao =—\1, E(G) =2|\].

Proof. The adjacency matrix of Zy= has two non-zero eigenvalues and since they have opposite numbers,

E(G) = 2 il = Ml + el = [Aa] + =AM = 2 [\

Theorem 4. Let p, g be prime numbers. The spectral radius and energy of Z,, are zero.

O O
Plpg  qLyg

Figure 2. Prime Ideal Sum Graph of Zy,

Proof. For the prime ideals pZ,, and qZ,,, the prime ideal sum graph of Z,,, is as Figure 2. As seen
from Figure 2 both pZ,, and qZ,, are isolated vertices and so has degree zero. Therefore, its spectral

radius and energy are zero.
Theorem S. Let p, g be prime numbers. For the PI.S graph representation of Z,2,, for the spectral radius
A with [V(G)| =n =4,

4

ZMSM < Z d<:;z)

i=1 wEV(G)
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Proof. Let us consider the ideals uy = pZy2,, uz = qZp24, u3 = pqlop24, Uy = pQszq, where u; and ug

are the prime ones. Then P1S(Z,2,) is as Figure 3. Thus the adjacency matrix of Z,2, is as follows.

s

Uo
us

Uy

Figure 3. Prime Ideal Sum Graph of Z,2,

AG(Zp,) =

p=q

_ = O O
_ o O O
_ o O =
S = ==

44

Therefore, the eigenvalues are A\; = 2.170, A2 = 0.311, \3 = —1.481 and Ay = —3, from which the

spectral radius is Ay = 2.170. Also d(u1) = 2,d(u2) = 1,d(ug) = 3 and d(uyg) = 2, 2?21 A< <
d(u;
Suevic) 5

d(u;
Theorem 6. Let E(G) denotes the graph energy of Z,2,. Then, E(G) < M.

Proof. The graph energy of Z,2, is clear from thm 5 that F(G) = 6.96. Considering the number of

d(u;
vertices n = 4 and the sum of degrees of u;, we have E(G) < M.

Theorem 7. Let p, q be prime numbers. For the PIS graph representation of Z,2 .. for the spectral
radius \; with |V(G)| =n =171,

7 d(u,
Zizl Ai S A< ZuiEV(G) g

Proof. Let us consider the ideals uy = pZy2p2,us = qlp2p2, U3 = pqlyzg2,uy = p2qszqz,U5 =

quszqz, ug = pzszqz,w = qQszqz, where u1 and uy are the prime ones. Then PIS(Z,2,2) is as

Figure 4. Thus the adjacency matrix of Z,2 2 is as follows.

Figure 4. Prime Ideal Sum Graph of Z,2
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0010111
0001111
1000101
AG(Zypgz)=10 1 0 0 1 1 0
1111000
1101000
1110000

- = Tx7

Therefore, the eigenvalues are Ay = 3.48, Ao = 1.41, A3 = 0.20, \y = 0, A5 = —1.49, \¢ = —1.41 and
A7 = 2.56 from which the spectral radius is A\; = 3.48. Also d(u1) = 4,d(u2) = 4,d(u3) = 4, d(u4) =
3,d(us) = 3,d(ug) = 3and d(uz) = 3, Y, i < M < X0, ey D).

n—1

d(u;)

n—3°

Theorem 8. Let £(G) denotes the graph energy of Zyz2. Then, E(G) <23, cv(q)

Proof. The graph energy of Z, 2 is clear from thm 7 that £(G) = 10.56. Considering the number of
d(u;)

vertices n = 7 and the sum of degrees of u;, we have, E(G) <23, cv(q) 73 -

Theorem 9. Let p,q and r be prime numbers. From the PIS graph representation of Z,,, for the
spectral radius A\; with [V (G)| =n = 6,

D ev(a) Hui)

6
Doimg A S AL S 2(n—4)

Proof. Letus consider the ideals w1 = pZyqr, U2 = qlipgr, U3 = 1lpgr, Us = PqLipgr, Us = P Lipgr, Ug =
qrZpqr, Where uy, up and us prime ones. Then P1.S(Zy,,) is as Figure 5. Thus the adjacency matrix of

Lipgr 1s as follows.

wy s us

Figure 5. Prime Ideal Sum Graph of Zpqr

(0 0 0 1 1 0]
000101
000011
e
10110 1
01111 0]
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Therefore, the eigenvalues are A\ = 3.24, \23 = 0.62, \s5 = —1.62 and \¢ = —1.23 from which

the spectral radius is \; = 3.24. Also d(u1) = 2,d(u2) = 2,d(u3) = 2,d(uq) = 4,d(us) = 4 and
d(u6) = 4,
Z?zl Ai <A1 <

ZuiEV(G) d(u;)
2(n—4) )

d(u;
Theorem 10. Let E(G) denotes the graph energy of Z,,-. Then, E(G) < M
Proof. The graph energy of Z,,, is clear from thm 9 that E(G) = 8.95. Considering the number of

vertices n = 6 and the sum of degrees of u;, we have

Duwev(a) Aui)

EG) < 5

Theorem 11. Let p, g be prime numbers. For the PIS graph representation of Z,3, for the spectral
radius Ay with |V(G)| =n =6,

2w ev(a) dui)—1
n—1

SO NS <

Proof. Letus consider the ideal uy = pZ,s,, u2 = qZysg, 43 = p* Ly g, us = pqlaysy, s = P°Lys g, Ug =

Piq
quZpgq, where u1 and up prime ones. Then PIS(Z,s,) is as Figure 6. Thus the adjacency matrix of

Zpsq is as follows.

Ui UG
Ug

us '@, w9
U4

Figure 6. Prime Ideal Sum Graph of Z,3,

AG(Zy,) =

= = R RO O
= = O O O O
S = O O O =
SO = O O O =
S O = ==
S O O O = =

L 4 626

Therefore, the eigenvalues are A\ = 2.903, A2 = 0.806, 34 = 0,5 = —1.709 and \¢ = —2 from

which the spectral radius is A\; = 2.903. Also d(u;) = 4,d(u2) = 2,d(ug) = 2,d(usg) = 4,d(us) = 2
d(ug)—1

and d(ug) = 2, 21‘6:1 N <A\ < M

n—1

ZuiEV(G) d(ug)

Theorem 12. Let £/(G) denotes the graph energy of Z,s,. Then, E(G) < 5

31



Oztiirk Sizen and Eryasar Sinop Uni J Nat Sci 9(1): 26-35 (2024)
E-ISSN: 2564-7873

Proof. The graph energy of Z,3, is clear from thm 11 that F(G) = 7.42. Considering the number of

ZuieV(G) d(u;)

R

vertices n = 6 and the sum of degrees of u;, we have E(G) <

Theorem 13. Let p, ¢ and r be prime numbers . From the PIS graph representation of Z,2, for the
d(u;

spectral radius A; with V(G) = n = 10, ZZ& A<\ < W

Proof. Let us consider the ideal uy = pZy2gr,uz = qlp2gr,u3 = Tlp2gp, Uy = p2Zp2qT, us =

2 2
PqLo2qr, U6 = PrLy2gy, U7 = P qlp2qr, us = PTLp2gr, U9 = qrilp2gr, U10 = PqrLp2 gy, Where uy, ug and

u3 prime ones. Then P1S(Z,2,,) is as Figure 7. Thus the adjacency matrix of Z,2,. is as follows.

w10

Figure 7. Prime Ideal Sum Graph of Z2 4,

0001111101
00001071011
00000T10T1T11
1000110001
1101010110

AG(Z 5. ) =

Zra) =1 01110101 0
11000100710
10101000710
0110111100
111100000 0f,

Therefore the eigenvalues are A\; = 4.98, Ao = 1.48, A3 = 1, Ay = 0.79, A5 = 0.41, A6 = —0.09, A7 =
—1.49, A8 = —2, g = —2.41 and A9 = —2.67 from which the spectral radius A\; = 4.98. Also
d(uy) = 6,d(uz) = 4,d(u3) = 4,d(uy) = 4,d(us) = 6,d(ug) = 6,d(uy) = 4,d(ug) = 4,d(ug) = 6
and d(u1o) = 4, 110, X < Ay < Zuev@ )

n—2

2uev(a) Wui)t+n

Theorem 14. Let £(G) denotes the graph energy of Z Then, E(G) < 3

p2qr-
is clear from thm 13 that £(G) = 17.33. Considering the number of
3 :

Proof. The graph energy of Z,2,,

vertices n = 10 and the sum of degrees of u;, we have
Theorem 15. Let p, ¢, r and s be prime numbers . From the PI.S graph representation of Z,4,s for the

d(u;
spectral radius A with V(G) = n = 14, Zilil A< < M

n—2
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Proof. Let us consider the ideal w1 = pZpgrs, U2 = qlipgrs, U3 = Tlpgrs,Us = Pqlipgrs,Us =

3qu7"57 U = pTquT& U7 = pSquTS7 ug = qTquT& ug = qSqu’r’57 U0 = ququ’!‘Sa Uil = 7ASqur& U2 =
PGS Lpgrs, W13 = PrSLpgrs, W14 = qrSLpgrs, Where uy, us, ug and us prime ones. Then PIS(Zpgrs) is

as Figure 8. Thus the adjacency matrix of Zj,s is as follows.

Figure 8. Prime Ideal Sum Graph of Zygys

000101100107110
0001000111010 1
000001010110 1°1
110001111000 T1°1
00000O0OT1O0T10T1T11]1
1011001100T1T1Q0°1
1001110011100 1
AG(ZWS):01110100101110
01 011011011010
11100010101000
0010111111010 0
11001101001000
101110011000¢00
01 111110000000 @

Therefore the eigenvalues are A\; = 7, X234 = 1, A5 = 0, A6 7.8 = —2.56, A\g.10 = —2, A\11,12,13 = 1.56
and A4 = —3 from which the spectral radius A\; = 7. Also d(u;) = 6,d(u2) = 6,d(u3) = 6,d(us) =
8,d(us) = 6,d(ug) = 8,d(uy) = 8,d(ug) = 8,d(ug) = 8,d(uig) = 6,d(u11) = 8,d(u12) =
6, d(u1s) = 6 and d(u1s) = 6, "1 A < Ay < Zmev@ ),

n—2

n

Theorem 16. Let £/(G) denotes the graph energy of Zy,,s. Then, E(G) <

Proof. The graph energy of Z,q. is clear from thm 15 that F(G) = 29.36. Considering the number of
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52 0 ev(e) Uwi)

vertices n = 14 and the sum of degrees of u;, we have E(G) < -

Sage code algorithm for drawing P15 (Z,,)

n=
V=[]

foriin [2..(n-1)]:

if n%i==0:

V.append(i)

E=[ |

forain V:

forbin V:

if gcd(a,b).is_prime()==True and a!=b:
E.append((a,b))

G=Graph()

G.add_vertices(V)

G.add_edges(E)

G.plot()
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