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Abstract 
The aim of this paper is to investigate the existence of pseudo-solutions for a First- order multivalued 
differential equation with nonlocal integral boundary condition in a Banach space. 
 
Our approach is based on the use of the technique of measures of weak noncompactness and a fixed-
point theorem of Mönch type. 
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1. Introduction 

 
There are many problems in applied mathematics such as: control theory, economical systems, 
Hamiltonian system, that lead us to the study of differential inclusions 
 

ሻݐᇱሺݔ ∈ ,ݐሺܨ  ሻሻݐሺݔ
 
where	ܨሺ. , . ሻis a set valued map (see [3] and [11] for instance and references there in). 
 
The main purpose of this paper is to establish the existence of pseudo-solutions to the nonlocal 
boundary value problems of integral type 
 

ቐ
ሻݐᇱሺݔ ∈ ,ݐ൫ܨ ݐ							,ሻ൯ݐሺݔ ∈ ܫ ൌ ሾ0, ܶሿ																																																																																																		ሺ1ሻ

ሺ0ሻݔ  නߤ ݏሻ݀ݏሺݔ
்


ൌ ሺ2ሻ																																																																																																																	ሺܶሻݔ

 

 
where ܨ: ܫ ൈ ܧ → ܲሺܧሻ is a multivalued map, ܧ is a Banach space with the norm ‖. ‖, 
 
ܲ	ሺܧሻ is the family of all subsets of ܧ and ߤ ∈ Թ⋆ 
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Nonlocal problems for ordinary differential equations (single valued ܨ ) have been investigated 
by several authors (see for instance [12] and references therein), also classical initial values 
problems for multivaled differential equations have been considered by many authors (see [15]) 
and nonlocal differential inclusions have been studied by many authors (see for instance [9] and 
the references therein). 
 
Boundary value problems with integral boundary conditions constitute a very interesting and 
important class of problems. They include two, three, multi-point and nonlocal boundary value 
problems as special cases. Integral boundary conditions are often encountered in various 
applications, it is worthwhile mentioning the applications of those conditions in the study of 
population dynamics [8] and cellular systems [1]. Moreover, boundary value problems with 
integral boundary conditions have been studied by a number of authors such as Arara and 
Benchohra [2], Benchohra et al [5 ]- [7], Infante [14] and references therein. 
 
In our investigation, we apply the method associated with the technique of measures of weak 
noncompactness and fixed point theorem of Mönch type. 
 
The remainder of this paper is organized as follows. In section 2, we present some basic 
definitions and notations about pseudo-solutions and multivalued map. In section 3, we give 
main results for nonlocal boundary value problem for differential inclusions of integral type. 
 

2. Preliminaries 
 
In this section, we introduce notations, definitions and preliminary facts that used in the 
remainder of this paper. Let ܧ be a real Banach space with the norm ‖. ‖ and dual space ܧ⋆ , let 
;ܫሺܥ  with the norm ܧ to ܫ ሻ be the Banach space of all continuous functions fromܧ	
 

ஶ‖ݕ‖ ൌ ;‖ሻݐሺݕ‖ሼݑݏ 				0  ݐ  ܶሽ, 
 
and let ܮଵሺܫ; :ݕ ሻ denote the Banach space of functionsܧ	 ܫ →  that are lebesgue integrable ܧ
with norm 
 

భ‖ݕ‖ ൌ න ݐ݀‖ሻݐሺݕ‖
்


 

 
let ܮஶሺܫ, :ݕ ሻ to be the Banach space of bounded measurable functionsܧ ܫ →  equipped with ܧ
the norm 
 

ಮ‖ݕ‖ ൌ ݂݅݊ሼܿ  ‖ሻݐሺݕ‖		;0  ܿ,			ܽ. ݁. ݐ ∈  .ሽܫ
 
Also let ܲ	ሺܧሻ is the set of all nonempty subsets of ܧ. 
 
ܲሺܧሻ ൌ ሼܻ ∈ ܲሺܧሻ;  .ሽ݀݁ݏ݈ܿ	ݏ݅	ܻ			

 
ܲ௩ሺܧሻ ൌ ሼܻ ∈ ܲሺܧሻ;  .ሽݔ݁ݒ݊ܿ	ݏ݅	ܻ			

 
ܲௗሺܧሻ ൌ ሼܻ ∈ ܲሺܧሻ;  .ሽ݀݁݀݊ݑܾ	ݏ݅	ܻ			

 
ܲ,௩ሺܧሻ ൌ ሼܻ ∈ ܲሺܧሻ;  .ሽݔ݁ݒ݊ܿ	݀݊ܽ	݀݁ݏ݈ܿ	ݏ݅	ܻ			
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ܲ,௩ሺܧሻ ൌ ሼܻ ∈ ܲሺܧሻ;  .ሽݔ݁ݒ݊ܿ	݀݊ܽ	ݐܿܽ݉ܿ	ݏ݅	ܻ			
 
Definition 2.1: A set-valued function ܨ: ܧ → ܲሺܧሻ is called convex, closed and compact valued 
respectively if ܨ	ሺݔሻ is convex, closed, compact respectively for all ݔ ∈  .ܧ
 
Definition 2.2: A set-valued function ܨ: ܧ → ܲሺܧሻ is called bounded valued on bounded sets 
ሻܤሺܨ if ܤ ൌ ⋃ ሻ௫∈ݔሺܨ  is bounded in ܧ for all ܤ ∈ ܲௗሺܧሻ or equivalently;  
 

;|ݑ|ሼݑݏ௫∈൛ݑݏ ݑ		 ∈ ሻሽൟݔሺܨ ൏ ∞. 
 
Definition 2.3: A set-valued function ܨ: ܧ → ܲሺܧሻ is called upper semicontinuous (u.s.c) on ܧ 
if for each ݔ ∈  ܰ and if for each open set ܧ ሻ is nonempty closed subset ofݔሺ	ܨ the set ܧ
containing ܨሺݔሻ, there exist an open neighborhood ܰ	of ݔ such that ܨሺ ܰሻ ⊆ ܰ. In other 
words, ܨ is u.s.c if the set ିܨଵሺܣሻ ൌ ሼݔ ∈ ሻݔሺܨ		:ܧ ∈  in ܣ for every open set ܧ ሽ is open inܣ
ሻܣାሺܨ the set ܧ of ܣ Or if every closed subset .ܧ ൌ ሼݔ ∈ ܣ						:ܧ ∩ ሻݔሺܨ ് ∅ሽ is closed in ܧ. 
 
Definition 2.4: A set-valued function ܨ: ܧ → ܲሺܧሻ is called sequentially weakly upper semi-
continuous (w.u.s.c) if ܨ is u.s.c with respect to the weak topology of ܧ. 
 
Definition 2.5: A set-valued function ܨ: ܫ → ܲሺܧሻ is said to be measurable if for any ݐ ∈  the ,ܫ
function ݐ ↦ ݀൫ݔ, ሻ൯ݐሺܨ ൌ ݂݅݊ሼ|ݔ െ ݑ				:|ݑ ∈  ሻሽ is measurable. Or for every closed setݐሺܨ
 .ሻ is measurableܯଵሺିܨ,ܯ
 
Definition 2.6: ݔሺ. ሻ: ܫ → ݐ is called weakly continuous (measurable) at	ܧ ∈ ߮ if for every ܫ ∈
,⋆ܧ ߮ሺݔሺ. ሻሻ is continuous (measurable) at ݐ. 
 
Definition 2.7: A family ܩ ൌ ሼ ݂, ݅ ∈  ሻሽ is said to be weakly equicontinuous if givenݔሺ݅݊݀݁ܬ
ߝ  0, ߮ ∈ ߜ there exists ⋆ܧ  0 such that for each ݐ, 	ݏ ∈ ݐ| if ܫ െ |ݏ ൏  then ߜ
|߮ሺ ݂ሺݐሻ െ ݂ሺݏሻሻ| ൏ ݅ for all ߝ ∈  .ܬ
 
Definition 2.8: The function ݔሺ. ሻ: ܫ →  if and only if there ܫ is said to be Pettis integrable on ܧ

is an element ݔ ∈ ܬ corresponding to each ܧ ⊆ ൯ݔsuch that ߮൫ ܫ ൌ  ߮൫ݔሺݏሻ൯݀ݏ  for all ߮ ∈

  where the integral in the right is assumed to exist in the sense of Lebesgue. By definition ⋆ܧ
 

ݔ ൌ න ݏሻ݀ݏሺݔ


. 

 
We denote ܲଵሺܫሻ the space of Pettis integrable functions on ܫ. 
ܵிሺݔሻ ൌ ሼ݂ ∈ ܲଵሺܫሻ:			݂ ∈  it is clear that , ܨ ሽ denotes the set of Pettis selections functions ofܨ
 

ܵிሺݔሻ ⊃ ܵி,௫ ൌ ሼ݂ ∈ ݂		:ሻܫଵሺܮ ∈  .ሽܨ
 
Definition 2.9: Let Ωா be the family of bounded subsets of ܧ and ܤଵ be the unit ball in ܧ. The 
De Blasi measure of weak noncompactness is the map 
 

Ωா	:ߚ → ሾ0,∞ሿ 
defined by 
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ሺܺሻߚ ൌ ݂݅݊ሼߝ  ܺ	ݐ݄ܽݐ	݄ܿݑݏ	ܧ	݂	Ω	ݐ݁ݏܾݑݏ	ݐܿܽ݉ܿ	ݕ݈݇ܽ݁ݓ	ܽ	ݏݐݏ݅ݔ݁	݁ݎ݄݁ݐ					:0 ⊂ Ω   ଵሽܤߝ
 
Lemma 2.10: Let ܣ, ,ሽݔand ሼ ܧ be bounded subsets of ܤ ሼݕሽ be bounded sequences in ܧ. 
Then: 
 
ܣ -1 ⊆ ሻܣሺߚ then ܤ   ,ሻܤሺߚ
 
ሻܣሺߚ  -2 ൌ  ,ܣ തതതതത denotes the weak closure of	௪ܣ ௪തതതതሻ whereܣሺߚ
 
ሻܣሺߚ  -3 ൌ 0 if and only if ܣ௪തതതത is weakly compact, 
 
ܣሺߚ  -4 ∪ ሻܤ ൌ max	ሺߚሺܣሻ,  ,ሻሻܤሺߚ
 
ሻܣሺߚ -5 ൌ  ,ሻሻܣሺܥሺߚ
 
ܣሺߚ	 -6  ሻܤ  ሻܣሺߚ   ,ሻܤሺߚ
 
ሽሻݔሺሼߚ	 -7 െ ሽሻݕሺሼߚ  ݔሺሼߚ െ  ,ሽሻݕ
 
ݔሺߚ	 -8  ሻܣ ൌ ݔ ሻ whereܣሺߚ ∈  ,ܧ
 
ሻܣݐሺߚ	 -9 ൌ ,ሻܣሺߚݐ ݐ  0. 
 
Proof. Proof  See [10] 
 
Proposition 1: Let ܧ be a normed space and element ݔ ് 0. Then there exists ߮ ∈   with ⋆ܧ
 
‖߮‖ ൌ 1 and ߮ሺݔሻ ൌ  .‖ݔ‖
 
Proof. See [19] (Chapter IV, Corollary 2). 
 
Definition 2.11: A function ݔሺ. ሻ ∈ ,ܫሺܥ .ሺݔሻ is said to be weakly differentiable if ߮ሺܧ ሻሻ is 
derivable for every ߮ ∈  .⋆ܧ
 
Definition 2.12: A function ݔሺ. ሻ ∈ ,ܫሺܥ  to a function ܫ ሻ is said to be pseudo-differentiable onܧ
:ݕ ܫ → ߮ if for every ܧ ∈ ሺݏ݁݉ .there exists a null set ܰ' (i.e ⋆ܧ ఝܰ)=0) such that the real 
function ݐ ↦ ሺ߮, \ܫ ሻሻ is differentiable onݐሺݔ ఝܰ ' and  
 

݀
ݐ݀
൫߮, ሻ൯ݐሺݔ ൌ ൫߮, ݐ				,ሻ൯ݐሺݕ ∈ \ܫ ఝܰ, 

 

The function ݕ is called a pseudo-derivative of ݔ and it will denoted by ݔᇱሺ. ሻ or by 
ௗ
ௗ௧
.ሺݔ ሻ. 

 
In the other words ሺ߮, .ሺݔ ሻሻ differentiable a.e. on ܫ.  
 
Definition 2.13:  A function ݔሺ. ሻ: ܫ →  is said to be a pseudo-solution of problem (1)-(2) if it ܧ
satisfies the following conditions 
.ሺݔ -1 ሻ is absolutely continuous, 
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ሺ0ሻݔ	 -2  ߤ  ݏሻ݀ݏሺݔ
்
 ൌ  ,ሺܶሻݔ

 
3- For each ߮ ∈ ݐ there exists a null set ఝܰ such that for each ⋆ܧ ∈ \ܫ ఝܰ, 
 

߮൫ݔᇱሺݐሻ൯ ൌ ߮ሺݒሺݐሻሻ 
 
Where ݒሺݐሻ ∈ ,ݐ൫ܨ ,ሻ൯ݐሺݔ ݐ ∈  .and ′ denotes a pseudo-derivative ܫ
 
In other words by a pseudo-solution of the problem (1) - (2) we will understand an absolutely 

continuous function  ݔሺ. ሻ such that	ݔሺ0ሻ  ߤ  ݏሻ݀ݏሺݔ
்
 ൌ ߮ ሺܶሻ  and for eachݔ ∈ ,⋆ܧ .ሺݔ ሻ 

satisfies the following: 
 

߮൫ݔᇱሺݐሻ൯ ൌ ߮൫ݒሺݐሻ൯,			ܽ. ݐ		.݁ ∈  ܫ
 
where ݒሺݐሻ ∈ ,ݐ൫ܨ ,ሻ൯ݐሺݔ ݐ ∈  .ܫ
 

Remark 2.14: If ݃ is Pettis integrable and ݔሺݐሻ ൌ  ݃ሺݏሻ݀ݏ
௧
 ,then ݔሺ. ሻ is weakly differentiable 

 
and ݔᇱሺݐሻ ൌ ݃ሺݐሻ. 
 
If  ݔሺ. ሻ: ܫ →  then we have ,ܫ is a function weakly differentiable on ܧ
 

݀
ݐ݀
൫߮, ሻ൯ݐሺݔ ൌ ൫߮, ݐ			,ሻ൯ݐᇱሺݔ ∈  ܫ

 
for every ߮ ∈  .⋆ܧ
 
Definition 2.15: A function ܨ: ܧ → ܲ,௩ሺܧሻ has a weakly sequentially closed graph if for any 
sequence ሺݔ, ሻݕ ∈ ܧ ൈ ,ܧ ݕ ∈ ݊ ሻ forݔሺܨ ∈ ሼ0,1,2,3, … ሽ with ݔሺݐሻ ⇀ ݐ ሻ for eachݐሺݔ ∈  ܫ
and ݕሺݐሻ ⇀ ݐ ሻ for eachݐሺݕ ∈ ݕ then ,ܫ ∈  .ሻ, where ⇀ denote a weak convergenceݔሺܨ
 
Lemma 2.16: If ݔሺ. ሻ is Pettis integrable and ݄ሺ. ሻ is a measurable and essentially bounded real 
valued function, then ݔሺ. ሻ݄ሺ. ሻ	is Pettis integrable. 
 
Next, we shall use the following fundamental theorem 
 
Theorem 2.17: (Mönch fixed point theorem) Let ܧ be a Banach space with ܳ a nonempty, 
bounded, closed, convex, equicontinuous subset of ܥሺܫ,  .ሻܧ
 
Suppose ܰ:ܳ → ܲ,௩ሺܳሻ has a weakly sequentially closed graph. If the implication 
 

തܸ ൌ തതതതതതതሺܰሺܸሻݒ݊ܿ ∪ ሼ0ሽሻ ⇒  ሺ∗ሻ								ݐܿܽ݉ܿ	ݕ݈݇ܽ݁ݓ	ݕ݈݈݁ݒ݅ݐ݈ܽ݁ݎ	ݏ݅	ܸ
 
holds for every subset ܸ of ܳ, then the operator inclusion ݔ ∈ ܰሺݔሻ has a solution in ܳ. 
 
 
 



6 
 

3.  The main result 
 
In this section we give the state and the proof of our result.  
 
Firstly we have the following lemma 
 
Lemma 3.1: Let ݄ሺ. ሻ ∈ ܲଵሺܫሻ be a given function, then the boundary value problem 
 

ቐ
ሻݐᇱሺݔ ൌ ݄ሺݐሻ,							ݐ ∈ ܫ ൌ ሾ0, ܶሿ											ሺ3ሻ

ሺ0ሻݔ  නߤ ݏሻ݀ݏሺݔ
்


ൌ ሺ4ሻ																	ሺܶሻݔ

 

 
has a solution given by  
 

ሻݐሺݔ ൌ න ,ݐሺܩ ݏሻ݀ݏሻ݄ሺݏ
்


 

 
where ܩሺ. , . ሻ is the function defined by the formula: 
 

,ݐሺܩ ሻݏ ൌ

ە
۔

ۓ
ݏ
ܶ


1
ܶߤ

,																	0  ݏ ൏ ݐ

െሺܶ െ ሻݏ
ܶ


1
ܶߤ

ݐ				,  ݏ  ܶ
 

 
Proof: we can reduce the equation (3) to an equivalent integral equation 
 

ሻݐሺݔ ൌ ሺ0ሻݔ  න ݄ሺݏሻ݀ݏ
௧


 

 
By integration we have (using Fubini’s integral theorem)  
 

න ݏሻ݀ݏሺݔ ൌ න ݏሺ0ሻ݀ݔ  න ሺන ݄ሺ߬ሻ݀߬ሻ݀ݏ
௦



்



்



்


ൌ ሺ0ሻݔܶ  න ሺන ሻ݄ሺ߬ሻ݀߬ݏ݀

்

ఛ

்



ൌ ሺ0ሻݔܶ  න ሺܶ െ ߬ሻ݄ሺ߬ሻ݀߬
்


 

 
applying the boundary condition (4), we get: 
 

නߤ ݏሻ݀ݏሺݔ ൌ ሺ0ሻݔܶߤ  නߤ ሺܶ െ ߬ሻ݄ሺ߬ሻ݀߬
்



்


 

 
this implies that 
 

ሺܶሻݔ െ ሺ0ሻݔ ൌ ሺ0ሻݔܶߤ  නߤ ሺܶ െ ߬ሻ݄ሺ߬ሻ݀߬
்
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hence  
 

ሺ0ሻݔ  න ݄ሺݏሻ݀ݏ
்


െ ሺ0ሻݔ ൌ ሺ0ሻݔܶߤ  නߤ ሺܶ െ ߬ሻ݄ሺ߬ሻ݀߬

்


 

 
therefore  
 

ሺ0ሻݔ ൌ
1
ܶߤ

ቈන ݄ሺݏሻ݀ݏ
்


െ නߤ ሺܶ െ ݏሻ݀ݏሻ݄ሺݏ

்


 

 
hence 
 

ሻݐሺݔ ൌ
1
ܶߤ

ቈන ݄ሺݏሻ݀ݏ
்


െ නߤ ሺܶ െ ݏሻ݀ݏሻ݄ሺݏ

்


  න ݄ሺݏሻ݀ݏ

௧



ൌ
1
ܶߤ

න ൫1 െ ሺܶߤ െ ݏሻ݀ݏሻ൯݄ሺݏ
௧




1
ܶߤ

න ൫1 െ ሺܶߤ െ ݏሻ݀ݏሻ൯݄ሺݏ
்

௧
 න ݄ሺݏሻ݀ݏ

௧


 

 
This implies that  
 

ሻݐሺݔ ൌ න ,ݐሺܩ ݏሻ݀ݏሻ݄ሺݏ
்


 

 
which completes the proof.  
 

Remark 3.2: The function ݐ ↦  ,ݐሺܩ| ݏ݀|ሻݏ
்
  is continuous on ܫ, and hence is bounded, let  

 

෨ܩ ൌ ݑݏ ቊන ,ݐሺܩ| ;ݏ݀|ሻݏ ݐ			 ∈ ܫ
்


ቋ. 

 
Now, we are in position to state and prove our existence result for the problem (1)-(2), firstly 
we need the following assumptions; 
 
a) The set-valued function ܨ: ܫ ൈ ܧ → ܲ,௩ሺܧሻ is measurable in the first variable and ݔ ↦

,ݐሺܨ ݐ .ሻ is sequentially weakly upper semicontinuous a.eݔ ∈  ,ܫ
 

b) There exist ߮ி ∈ ,ܫஶሺܮ Թାሻ and a continuous nondecreasing function ߩி:	ሾ0,∞ሾ →
ሾ0,∞ሾ such that  

 
,ݐሺܨ‖ ‖ሻݔ ൌ ;|ݒ|ሼݑݏ ݒ		 ∈ ,ݐሺܨ ሻሽݔ  	߮ிሺݐሻߩிሺ‖ݔ‖ሻ, 

 
c) There exists a constant ܴ  0 such that  

 
ܴ

ிሺܴሻߩ෨‖߮ி‖ಮܩ
 1, 

 
d) For each bounded set ܳ ⊂ ݐ and each ܧ ∈   ,ܫ
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,ݐሺܨ൫ߚ ܳሻ൯  ߮ிሺݐሻߚሺܳሻ. 
 
Theorem 3.3: Assume that the assumptions a)-b) are satisfied. If  
 

‖߮ி‖ಮܩ෨ ൏ 1, 
 
then, the boundary value problem (1) - (2) has at least one solution. 
 
Proof: From the assumptions a)-b) we deduce that there exists a petties selection function 
݂: ܫ → ሻݐi.e. ݂ሺ) ܨ of ܧ ∈ ,ݐ൫ܨ ,ሻ൯ݐሺݔ ݐ∀ ∈  .ሻܫ
 
Now, we transform the problem (1) - (2) into fixed point problem by considering the 
multivalued operator ܰ: ,ܫሺܥ ሻܧ → ܲ,௩ሺܥሺܫ,  ሻሻ defined byܧ
 

ܰሺݔሻ ൌ ቊ݄ ∈ ,ܫሺܥ ;ሻܧ 			݄ሺݐሻ ൌ න ,ݐሺܩ ݏሻ݀ݏሻ݂ሺݏ
்


, ݂ ∈ ܵிሺݔሻቋ, 

 
Firstly, we show that the operator ܰ makes sense, to see this, let ݔ ∈ ,ܫሺܥ  ሻ, by a)-b) thereܧ
exists a pettis integrable function ݂: ܫ → ሻݐsuch that ݂ሺ ܧ ∈ ,ݐሺܨ ݐ .ሻሻ for a.eݐሺݔ ∈  .ܫ
 
Since ܩሺݐ, . ሻ ∈ ,ݐሺܩ ஶ, thenܮ . ሻ݂ሺ. ሻ is pettis integrable and thus ܰ is well defined. 
 
Let ܴ  0, and consider the set  
 

ܳ ൌ ቊݔ ∈ ,ܫሺܥ ஶ‖ݔ‖					;ሻܧ  ଵሻݐሺݔ‖	݀݊ܽ		ܴ െ ‖ଶሻݐሺݔ

 ‖߮ி‖ಮߩிሺܴሻන ,ଵݐሺܩ| ሻݏ െ ,ଶݐሺܩ ,ଵݐ	ݎ݂		ݏ݀|ሻݏ ଶݐ ∈ ܫ
்


ቋ. 

 
Notice that ܳ is a closed, convex, bounded and equicontinuous subset of ܥሺܫ,  ሻ. We shallܧ
show that ܰ satisfies the assumptions of Mönch fixed point theorem, to see this we have 
several steps. 
 
Step1: ܰሺݔሻ is convex for each ݔ ∈ ܳ. 
 
Indeed, if ݕଵ and ݕଶ belong to ܰሺݔሻ, then there exists pettis integrable functions ଵ݂, ଶ݂ where 
ଵ݂ሺݐሻ, ଶ݂ሺݐሻ ∈ ,ݐሺܨ ݐ ሻሻ such that for allݐሺݔ ∈   we have ܫ

 

ሻݐሺݕ ൌ න ,ݐሺܩ ሻݏ ݂ሺݏሻ݀ݏ
்


,					݅ ൌ 1,2. 

 
Let 0  ߙ  1, then, for each ݐ ∈   we have ,ܫ
 

ሺݕߙଵ  ሺ1 െ ሻݐଶሻሺݕሻߙ ൌ න ,ݐሺܩ ߙሻሾݏ ଵ݂ሺݏሻ  ሺ1 െ ሻߙ ଶ݂ሺݏሻሿ݀ݏ,
்


 

 
since ܨ has convex values, ߙ ଵ݂ሺݐሻ  ሺ1 െ ሻߙ ଶ݂ሺݐሻ ∈ ,ݐሺܨ  ሻሻ, and we haveݐሺݔ
ሺݕߙଵ  ሺ1 െ ଶሻݕሻߙ ∈ ܰሺݔሻ. 
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Step 2: ܰ maps ܳ into ܳ. 
 
To see this, take ݑ ∈ ܰܳ, then there exists ݔ ∈ ܳ with ݑ ∈ ܰሺݔሻ and there exists a pettis 
integrable function ݂: ܫ → ,ݐሺܨ with ܧ ݐ .ሻሻ for a.eݐሺݔ ∈  without loss of generality, we ,ܫ
assume ݑሺݏሻ ് 0, ݏ∀ ∈ ߮ then there exists ,ܫ ∈ ‖߮‖ with ⋆ܧ ൌ 1 and ߮൫ݑሺݏሻ൯ ൌ  ,‖ሻݏሺݑ‖
hence, for each fixed ݐ ∈   we have ,ܫ
 

‖ሻݐሺݑ‖ ൌ ߮൫ݑሺݐሻ൯ ൌ ߮ሺන ,ݐሺܩ ሻݏሻ݀ݏሻ݂ሺݏ  න ,ݐሺܩ| ݏሻ൯݀ݏሻ|߮൫݂ሺݏ
்



்


  ஶሻ‖ݔ‖ிሺߩ෨‖߮ி‖ಮܩ

therefore  
 

ஶ‖ݑ‖ ൏ ܴ 
 
Now, suppose that ݑ ∈ ܰܳ and ݐଵ, ଶݐ ∈ ଵݐ with ܫ ൏ ଶሻݐሺݑ ଶ so thatݐ െ ଵሻݐሺݑ ് 0, then, there 
exists ߮ ∈   such that ⋆ܧ
 

ଶሻݐሺݑ‖ െ ‖ଵሻݐሺݑ ൌ ߮ሺන ሺܩሺݐଶ
்


, ሻݏ െ ,ଵݐሺܩ  ሻݏሻ݀ݏሻሻ݂ሺݏ

 න ,ଶݐሺܩ| ሻݏ െ ,ଵݐሺܩ 		ݏ݀‖ሻݏሻ|‖݂ሺݏ  ‖߮ி‖ಮߩிሺܴሻන ,ଶݐሺܩ| ሻݏ െ ,ଵݐሺܩ ݏ݀|ሻݏ
்



்


 

 
therefore, ݑ ∈ ܳ. 
 
Step 3: ܰ has a weakly sequentially closed graph. 
 
Let ሺݔ, ܳ  be a sequence in	ሻݕ ൈ ܳ with ݔሺݐሻ ⇀ ݐ ሻ for eachݐሺݔ ∈ ,ܫ ሻݐሺݕ ⇀  ሻ forݐሺݕ
each ݐ ∈ ݕ and ,ܫ ∈ ܰሺݔሻ for ݊ ∈ ሼ0,1,2, … ሽ. We shall show that ݕ ∈ ܰሺݔሻ. By the relation 
ݕ ∈ ܰሺݔ), we mean that there exists ݂ ∈ ܵிሺݔሻ such that 
 

ሻݐሺݕ ൌ න ,ݐሺܩ ሻݏ ݂ሺݏሻ݀ݏ,
்


 

 
we must show that there exists ݂ ∈ ܵிሺݔሻ such that for each ݐ ∈  ,ܫ
 

ሻݐሺݕ ൌ න ,ݐሺܩ ,ݏሻ݀ݏሻ݂ሺݏ
்


 

 
since ܨ has compact values (so weakly compact), then, there exists a subsequence ݂ೖ such 
that  
 

݂ೖሺݐሻ ⇀ ݂ሺݐሻ as ݊ → 0 
 

and  
 

݂ೖሺݐሻ ∈ ܨ ቀݐ, ሻቁݐೖሺݔ 			ܽ. ݐ				.݁ ∈  ,ܫ
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we have also ܨሺݐ, . ሻ has a weakly sequentially closed graph (because ܨሺݐ, . ሻ is sequentially 
weakly upper semicontinuous), ݂ሺݐሻ ∈ ,ݐሺܨ  ሻሻ the Lebesque Dominated convergenceݐሺݔ
theorem for pettis integral then implies that for each ߮ ∈   we have ⋆ܧ
 

߮ሺݕ(t)) = ߮ ቀ ,ݐሺܩ ሻݏ ݂ሺݏሻ݀ݏ
்
 ቁ → ߮ሺ ,ݐሺܩ ݏሻ݀ݏሻ݂ሺݏ

்
 ሻ 

 
݅. ݁. , ሻݐሺݕ ⇀ ܰሺݔሻሺݐሻ 

 
we can repeat this for each ݐ ∈ ሻݐሺݕ so ,ܫ ∈ ܰሺݔሻሺݐሻ. 
 
Step 4: The implication ሺ∗ሻ holds. 
 
Let ܸ be a subset of ܳ such that ܸ ൌ തതതതതതതሺܰሺܸሻݒ݊ܿ ∪ ሼ0ሽሻ, clearly, ܸሺݐሻ ⊂ ሻݐതതതതതതതሺܸܰሺݒ݊ܿ ∪ ሼ0ሽሻ 
for all ݐ ∈ ሻݐAlso ܸܰሺ .ܫ ⊂ ܰܳሺݐሻ, for each ݐ ∈  ሻ. By the propertiesܧand is bounded in ܲሺ ,ܫ
of the measure ߚ, we have  
 

ሻ൯ݐ൫ܸሺߚ  ሻݐതതതതതതതሺܸܰሺݒ݊൫ܿߚ ∪ ሼ0ሽሻ൯ ൌ  ሻ൯ݐ൫ܸܰሺߚ

ൌ ሺනߚ ,ݐሺܩ ݏሻ݀ݏሻ݂ሺݏ
்


; 		݂ሺݐሻ ∈ ,ݐ൫ܨ ,ሻ൯ݐሺݔ ݔ ∈ ܸ, ݐ ∈  ሻܫ

 න ,ݐሺܩ| ݏሻ൯݀ݏ൫ܸሺߚሻݏሻ|߮ிሺݏ
்


 

 
and therefore  
 

ஶ‖ݒ‖  ෨ܩஶ‖ݒ‖	 න ߮ிሺݏሻ݀ݏ
்


 

 
where ‖ݒ‖ஶ ൌ ݐ			,ሻ൯ݐ൫ܸሺߚ൛ݑݏ ∈  .ൟܫ
 
This means that  
 

ஶሾ1‖ݒ‖ െ ‖߮ி‖ಮ̅ܩሿ  0 
 
and hence ‖ݒ‖ஶ ൌ 0, thus, ܸ is weakly relatively compact. Applying Mönch fixed point 
theorem, we deduce that ܰ has a fixed point that is a solution of the problem (1) - (2). 
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