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ABSTRACT. In this paper, we define a new class of bi-univalent functions of
complex order ZZ(T, ¢; ¢) which is defined by subordination in the open unit
disc D. By using DQF(g) operator. Furthermore, using the Faber polynomial
expansions, we get upper bounds for the coefficients of function belonging to
this class.

1. INTRODUCTION

Let A be the class of functions
F(g) =q¢+ Z apgpa (1)
p=2

defined in D = {¢ € C : |¢| < 1} normalized by the conditions F (0) = F (0)—1=0
for every ¢ € D and S be the subclass of A consisting of univalent functions in
D. For every F € S there exists an inverse function f ~! which is defined in some
neighborhood of the origin, and satisfying the conditions

FHr) =5, (seD),

and

—_

F(FTH W) =w, (@] <mo(F); mo(F) = 9),
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where

gw) = F Hw) =w—asw?® + (2043 — a3)w® + —(5a5 — bagaz + ag)w* + ...
= w+ Zprp. (2)
p=2

If both F and F ~! are univalent in D, then F € A is called bi-univalent in D and
the class of these functions is denoted by o. For more study this class (see
2i2621))

In Faber introduced a polynomial which bears his name and is very important
role in geometric function theory.

By using the expansion of this polynomial for F € S, the coefficients of its inverse
g = F ~! may be expressed, (see [3] and ) as

gw) =F Hw) =w + Z lX;fl(ag, as, ..., ap)w?, (3)
p=2P
where
-p _ (—P)! p— (_p)! p—
R & sy [y R ey s
(_p)! ap—4a4 + (_P)! ap—5
(—2p+3)!(p—4)! 2 (2(=p+2))!(p = 5)!*
—p)! _
x las + (—p +2)a3] + =F _E 5;)(p - 6)!a§ % % [ag + (—2p + 5)asay]
+Zal2)7j‘/vj"
i>7

such that V; with 7 < j < p is a homogeneous polynomial in the variables
a2,as, ..., p, (see ) The first three terms of X;fl are

X172 = —2a2, x3° =3(2a3 — a3), x3* = —4(5a3 — bagaz + as).
In general, for any p € Z={0, +£1,+2, ...}, an expansion of x} is (see for details
or [4])

plp—1) p! p)
Xp = Pap+1 + 5 D+ (p_3)!3!Dg+m+mD57
where D = Db(az, as, ...) and by (see for details [2,[14,[1620,23,31}{33,35))
2 ml(ax)...(a "
D} (ag, a3, ...;ap41) :Z ( 2/1 ' ( ,',_H) p7 "
p=0 1oty

where the sum is taken V iy, ..., n, € N={1,2,...} satisfying

Hytpot.tpu,=m,
HyH+2p0+.+kp,=p.
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Note that D?(ag,as, ..., a,11) = aj.

In the rest of this paper, assume that ¢ is an analytic function with positive real
part in D, satisfying ¢(0) = 1, ¢,(0) > 0 and ¢(D) is symmetric w. r. to the real
axis and has the expansion

B(s) = 14116 + hyc? 4+ 1ha6% + ... (Y1 > 0).

Let u(s) and v(w) are analytic in D with «(0) = v(0) = 0, |u(s)| < 1, |v(w)]| < 1,
and

u(s) = <(p1 + prg”_l) and v(w) = w(q + quw”_l) (c,weD). (5)

Then
2 2
| I”, (p>2), (6)

1l <1, ppl <1 —1|p1l”, |l <1, Jgpl <1 —|a

see ( [28)]).
The Jackson [21] g—derivative, 0 < ¢ < 1, was defined by (see also [6], [8},9,/11],
18], [30]):

F(s)—F (as)
_ oo <70
Vo (s) = {f,(O)q o
that is -
Ve (5) =1+ Z[P]qapgpia (7)
p=2
where )
1—¢’
= =0. 8
e (®)

Asq—17, [jlg=7j and Vyf (5) = F/(§>-
Now [19}/34] defined g— S&ligean operator by

DYF(s) = F (<)
Dyt () = sVg(F(s) =5+ _[plgaps’,

2
D?IF(Q = cVy(Dyf (),
and

Dyr(s) = VoD ()

s+ [plrays”, n€No=NU{0}. (9)
p=2

Note that: Putting ¢ — 17in @ we have the Saldgean operator D™ ( [29)]).

Definition 1. ( [12,25]) For  and g, analytic in D, F is subordinate to g in D
written F < g, if 3 Q(<), analytic in D, with Q(0) = 0 and |Q(<)] <1 (¢ € D),
such that F (¢) = g(Q(s)) (s € D).
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Definition 2. For1 e C*=C\{0},0<(<1,0<¢g<1l,ne Ny and I € o,
FGZZ(T,C;d)) if for all ¢,w € D :

1+ % [Vo(DyF (<) + (Vo (VoD F (5)) = 1] < ¢(s), (10)
and
L [Va(Dyg(e)) + oV (VyDyg(w)) — 1] < o(e), (1)
where g(w) = F ~H(w).
Note that:
(1) 0. G0) = X0, (7. 0);
(i) g (L.¢: ) = 3, (¢ 0):
(iii) Yor (1 —a)e ™ cosb,(;¢) = >0 (C,a,0;0) (0 < a <1, 0] < T), where

e[V (DY F(s)+¢sV (VDI F (5))]— (e cos O+ sin 0)

_ F €o: (1—a) cos 6 = ¢(g) .
= 0 "o (w w nooN] = (o isin ’
PP N ACAICORS Vol Disl D]=(acosorisind) oy

(iv) limg - Y0(7, G 6) = Y2(7,¢: ¢) (see [15));
(v) limgyi- Y0(1,¢50) = Y0(Ci9) (see [1));
(vi) limy ;- Yo((1—a)e™® cos 0, ¢; 15) = 37(¢ 0,0 425) (0<a < 1,]0] < 3),

’ I—¢
where [ }
e[ F () +¢ceF” (¢)] = (a cos 9+isin 0) 1
. +<
- Feo: (1—a) cos 0 = =
£ [g/ (w)+ngH (w)] —(acos O+isin @) 14w
geo: (1—a) cos 0 = 1-w

2. MAIN RESULTS

We assume that 1€ C*, 0 < ¢<1,0< (<1, neNgand F(5) €0.
In this section we obtain some inequalities for the function class ZZ(T, ¢; ).

Theorem 1. Let [ €3 /(7,(;0). If ac =0 for2<e < p—1, then

Py ‘T|
L+ ¢lp— 1)) [plg™

Proof. For functions Dy'f (<) given by @ and g = f ~!, we have

Ry (p>3), (12)

L+ 2 (VoD () + GV (VD (5) ~ 1]

- 1+ %Z (1+Clo— 1) [l aps” ™, (13)

L [Va(Dygle)) + oV (VyDyg(e)) — 1]
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= 1+ ii(l +Clp— 1) [l Al (14)
Using (3)), we have
14+ 2 [Vy(Dpg(w)) + wVy(V,Dygw)) ~ 1]
= 1+ % pf;(l +¢[p = 1y) [p]2+1%)<;f1(a2,a3, map)w?Th o (15)

Considering and , there are two Schwarz functions u, v : D — D with
u(0) = v(0) = 0, which are given by (F]), so that

1
1+ - [Vo(DGF () + ¢V (VD F (<) — 1] = ¢(u(<)), (16)
L+ 2 [Vy(Dpglw)) + GVy(V,Dpg(w) — 1] = 9(v(w)). (1)
Also, by we get
o(u(s)) = 1+ hpic+ (Y1p2 + epi)s” + ...
o p
= 1+ 3. . D5(p1.p2pp)s”  (SED), (18)
p=1le=1
and
p(v(w)) = 1+vqw+ (V1g2 + oqi)w’® + ...
o p
= 1+ Y ¢.Di(q1,q2, gp)w”  (wED). (19)
p=1le=1

Comparing the coefficients of and with , we get

p—1

1 n
— (14 Clp— 1) ot ra, = oDy 1 (prp2, o pp-1) (p=2).  (20)
e=1
Similarly, from and with , we get
1 1 =
= (1+Clp— 1]q) [P}ZH;X;fl(aza azy - aﬂ) = Zweszl(Qh q2, ~~~7QP*1) (p=2).
e=1

(21)
Now, from a. =0 for 2 < e < p—1, we have A, = —a, and the equalities and
yield
A+¢lp =) llgTa, = T¥ipp—1,
—(1+Cp—1]y) [P]Z-HGP = TY1gp-1. (22)
Taking the modulus of each of the two equations in and using @, we obtain
). 0
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Corollary 1. For ¢(s) = (i—fg)a (0O<a <), let Fey [ (1,(9), then
2a|7|
1+ ¢lp = 1g) [l ™
Corollary 2. For ¢(c) = #:fﬁ)( (0<B <), let FEY(T,¢;¢), then
2|r|(1-5)
1+ Clp = 1g) [plg ™

Remark 1. For 7 =1, n =0, ¢ — 1= Corollary 2, reduces to results for (31,
Theorem 1], for all 0 < < 1.

Theorem 2. Let | €3, (7,¢;¢). Then

ool < ¢ (> 3). (23)

la,| < ( (p=3). (24)

‘U/Q‘ S d}l V 1[}1 |T| , (25)
OB U+ O+ [ (14 i) 02 — 232 (140,
where
Pql7|
8]5 FH(1+¢[2]4) > (222 (14¢)*
8151 (14+¢12]) T[T +[ 815 (14+¢[2l0) 9T —[2127 2 (140) 4, | ¥y 2 (Bl (14¢[2]4) | 7]
L) = 21372 (140) ¢, +[B15 T (14¢[21) T3 - 121772 (14+0) %, |
gl < < w
815 (14¢[2]q) 0=t s 815 (14¢[2]o) 7|
(27)
and
[T [y >
s P2 1
K¢y =4 Bla (1+‘C[2}q) ) (28)

Wl
[3]§+1(11+q2}q) s Yol <y

Proof. If we set p=2 and p =3 in and (21)), respectively, we have
1

;[Q]ZH (14 ¢) a2 = yp1, (29)
S (14 Cl2lg) a3 = v1ps + Yopd. (30)
R 4 Qa = v, (31)
and )
S (L CP2l) (203 — a5) =tz + o (32)

From and , we obtain
P11 = —q1. (33)
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Adding and (32)), and using (33)), we have
21+ (1 4+ Cl2l) 03 — 2030y = v (p2 + ). (34)
From (29), we get
[2r (315103 (14 CI20g) — 220272 (14 O | 0§ = 720i(p2 + @2).  (35)
By @, and , we obtain
27315+ % (1 + C120) — 212022 (14 Q)P o oo

< |T|2¢?(|P2|+|QQ|)
< 207298 - |puf)
= 2079 = 2020772 (1 + Q) ¢y sz (36)
Consequently
2 3
|a2|2 < 7|7 9y

21342 (14 €)%y + 7181503 (1 + C2la) — 132 (14 O |

So we obtain the bound on |as| in (25).
Next, in order to find the bound on the coefficient |asz|, by subtracting from

, and using , we get
— BT O Rl + BT U+ ) as = i - @) (37)

Using @, we have
203]57 (1 +¢[2]y) |as|

IN

~

&2
3
+
—

a (L C[20g) laol” + 714y (Ipa] + lg2])

< 235t (14 [2g) laal* + 27| w1 (1 = |paf).
(38)
From , we get
Bl (1 +2o) 7| ¢ fas| < J7[* 03 (39)

+ [T Bl e (1 ¢l - 2122 (14 O faaf”
On the other hand from , we have

8151 (14 Cl21) aal < 7l [91(1 = pa ) + o] I ]

Consequently,

__lollrl

las| < BT (1+¢[2]y) [ths] > 1y o)

LI T 1L -
Bl (1+¢2,) [Us] < 9y

Hence, from and , we obtain . ([l
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By letting 7 = 1, n = 0, we have:
0 )
Corollary 3. Let F € Zq(l,g, @). Then

las| < min {KC(¢), L({)}, (41)
where
¥y «
[3]q (1+<[2]q) [2]2(14¢)?
£00) = [8]q (14¢[2]q) 3 +] (8] (14+< (2] ) ¥] —[2]2 (14¢) ¥ | Y1 2 ELATED
(C) B [2]3(1+C)2w1+|[3]q(1+C[2]q)¢?—[2]3(1+C)2w2\ ) ) ’
P [2];(1+C)
BLa1<El,) 0=y < gp tivemry
42
and o
/C(C)Z{ W s sl >4y . (43)
BLOrcEn o Y2l S

3. FUTURE WORK

The authors suggest to find upper bounds for the coefficients of function class
S (T.¢50) for all 9w e D :

L L [V (D () + CV(VaDE () 1] < 6(6), (44)
and

L [Va(DF9() + Vo (V4DE9()) — 1] < 6(e), (45)
where

VoF()) =+ Y [1+A([Klg — D)]"axs®, A >0, meNg=NU{0}, (46)
k=2
is the g— Al-Oboudi operator is defined by Aouf et al. |10].

4. CONCLUSIONS

Throughout the paper, we defined a new subclass of bi-univalent functions of
complex order 22(7, (; ¢) by using Dy F (<) operator. Furthermore, using the Faber
polynomial expansions, we find the initial coefficient bounds for this function class.
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