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Abstract. In this paper, we define a new class of bi-univalent functions of
complex order

∑n
q (τ , ζ;ϕ) which is defined by subordination in the open unit

disc D. By using Dn
q 𭟋(ς) operator. Furthermore, using the Faber polynomial

expansions, we get upper bounds for the coefficients of function belonging to

this class.

1. Introduction

Let A be the class of functions

𭟋(ς) = ς +

∞∑
ρ=2

aρς
ρ, (1)

defined in D = {ς ∈ C : |ς| < 1} normalized by the conditions 𭟋(0) = 𭟋′
(0)− 1 = 0

for every ς ∈ D and S be the subclass of A consisting of univalent functions in
D. For every 𭟋 ∈ S there exists an inverse function 𭟋−1 which is defined in some
neighborhood of the origin, and satisfying the conditions

𭟋−1(𭟋(ς)) = ς, (ς ∈ D),

and

𭟋(𭟋−1(ω)) = ω, (|ω| < r0(𭟋); r0(𭟋) ≥ 1

4
),
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where

g(ω) = 𭟋−1(ω) = ω−a2ω2 + (2a22 − a3)ω
3 +−(5a32 − 5a2a3 + a4)ω

4 + ...

= ω +

∞∑
ρ=2

Aρω
ρ. (2)

If both 𭟋 and 𭟋−1 are univalent in D, then 𭟋 ∈ A is called bi-univalent in D and
the class of these functions is denoted by σ. For more study this class (see [5,7,13,
24,26,27]).

In [17] Faber introduced a polynomial which bears his name and is very important
role in geometric function theory.

By using the expansion of this polynomial for 𭟋 ∈ S, the coefficients of its inverse
g = 𭟋−1 may be expressed, (see [3] and [4]) as

g(ω) = 𭟋−1(ω) =ω +

∞∑
ρ=2

1

ρ
χ−ρ
ρ−1(a2, a3, ..., aρ)ω

ρ, (3)

where

χ−ρ
ρ−1 =

(−ρ)!
(−2ρ+ 1)!(ρ− 1)!

aρ−1
2 +

(−ρ)!
(2(−ρ+ 1))!(ρ− 3)!

aρ−3
2 a3

+
(−ρ)!

(−2ρ+ 3)!(ρ− 4)!
aρ−4
2 a4 +

(−ρ)!
(2(−ρ+ 2))!(ρ− 5)!

aρ−5
2

×
[
a5 + (−ρ+ 2)a23

]
+

(−ρ)!
(−2ρ+ 5)!(ρ− 6)!

aρ−6
2 × [a6 + (−2ρ+ 5)a3a4]

+

∞∑
j≥7

aρ−j2 Vj ,

such that Vj with 7 ≤ j ≤ ρ is a homogeneous polynomial in the variables

a2, a3, ..., aρ, (see [4]). The first three terms of χ−ρ
ρ−1 are

χ−2
1 = −2a2, χ

−3
2 = 3(2a22 − a3), χ

−4
3 = −4(5a32 − 5a2a3 + a4).

In general, for any p ∈ Z= {0,±1,±2, ...}, an expansion of χpρ is (see for details [3,33]
or [4])

χpρ = paρ+1 +
p(p− 1)

2
D2
ρ +

p!

(p− 3)!3!
D3
ρ + ...+

p!

(p− ρ)!ρ!
Dρ
ρ,

where Dp
ρ = Dp

ρ(a2, a3, ...) and by [22] (see for details [2, 14,16,20,23,31–33,35])

Dm
ρ (a2, a3, ..., aρ+1) =

∞∑
ρ=0

m!(a2)
µ1 ...(aρ+1)

µρ

µ1!...µρ!
, (4)

where the sum is taken ∀ µ1, ..., µρ ∈ N= {1, 2, ...} satisfying{
µ1+µ2+...+µρ=m,

µ1+2µ2+...+kµρ=ρ.
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Note that Dρ
ρ(a2, a3, ..., aρ+1) = aρ2.

In the rest of this paper, assume that ϕ is an analytic function with positive real

part in D, satisfying ϕ(0) = 1, ϕ
′
(0) > 0 and ϕ(D) is symmetric w. r. to the real

axis and has the expansion

ϕ(ς) = 1 + ψ1ς + ψ2ς
2 + ψ3ς

3 + ... (ψ1 > 0).

Let u(ς) and v(ω) are analytic in D with u(0) = v(0) = 0, |u(ς)| < 1, |v(ω)| < 1,
and

u(ς) = ς(p1 +

∞∑
ρ=2

pρς
ρ−1) and v(ω) = ω(q1 +

∞∑
ρ=2

qρω
ρ−1) (ς, ω ∈ D). (5)

Then
|p1| ≤ 1, |pρ| ≤ 1− |p1|2 , |q1| ≤ 1, |qρ| ≤ 1− |q1|2 , (ρ ≥2), (6)

see ( [28]).
The Jackson [21] q−derivative, 0 < q < 1, was defined by (see also [6], [8, 9, 11],

[18], [30]):

∇q𭟋(ς) =

{𭟋(ς)−𭟋(qς)
(1−q)ς

,ς ̸=0

𭟋′ (0) ,ς=0
,

that is

∇q𭟋(ς) = 1 +

∞∑
ρ=2

[ρ]qaρς
ρ−1, (7)

where

[j]q =
1− qj

1− q
, [0]q = 0. (8)

As q → 1−, [j]q = j and ∇q𭟋(ς) = 𭟋′
(ς).

Now [19,34] defined q− Sălăgean operator by

D0
q𭟋(ς) = 𭟋(ς)

D1
q𭟋(ς) = ς∇q(𭟋(ς)) = ς +

∞∑
ρ=2

[ρ]qaρς
ρ,

D2
q𭟋(ς) = ς∇q(Dq𭟋(ς)),

and

Dn
q𭟋(ς) = ς∇q(Dn−1

q 𭟋(ς))

= ς +

∞∑
ρ=2

[ρ]nq aρς
ρ, n ∈ N0= N∪{0} . (9)

Note that: Putting q → 1−in (9) we have the Sălăgean operator Dn ( [29]).

Definition 1. ( [12, 25]) For 𭟋 and g, analytic in D, 𭟋 is subordinate to g in D
written 𭟋 ≺ g, if ∃ Ω(ς), analytic in D, with Ω(0) = 0 and |Ω(ς)| < 1 (ς ∈ D),
such that 𭟋(ς) = g(Ω(ς)) (ς ∈ D).
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Definition 2. For τ ∈ C∗ = C \ {0} , 0 ≤ ζ ≤ 1, 0 < q < 1, n ∈ N0 and 𭟋 ∈ σ,
𭟋 ∈

∑n
q (τ , ζ;ϕ) if for all ς, ω ∈ D :

1 +
1

τ

[
∇q(Dn

q𭟋(ς)) + ζς∇q(∇qDn
q𭟋(ς))− 1

]
≺ ϕ(ς), (10)

and

1 +
1

τ

[
∇q(Dn

q g(ω)) + ζω∇q(∇qDn
q g(ω))− 1

]
≺ ϕ(ω), (11)

where g(ω) = 𭟋−1(ω).

Note that:
(i)

∑0
q(τ , ζ;ϕ) =

∑
q(τ , ζ;ϕ);

(ii)
∑0
q(1, ζ;ϕ) =

∑
q(ζ;ϕ);

(iii)
∑n
q ((1− α)e−iθ cos θ, ζ;ϕ) =

∑n
q (ζ, α, θ;ϕ) (0 ≤ α < 1, |θ| < π

2 ), where

=

 𭟋 ∈ σ :
eiθ[∇q(Dn

q 𭟋(ς))+ζς∇q(∇qDn
q 𭟋(ς))]−(α cos θ+i sin θ)

(1−α) cos θ ≺ ϕ(ς)

g ∈ σ :
eiθ[∇q(Dn

q g(ω))+ζω∇q(∇qDn
q g(ω))]−(α cos θ+i sin θ)

(1−α) cos θ ≺ ϕ(ω)
;

(iv) limq→1−
∑0
q(τ , ζ;ϕ) =

∑
(τ , ζ;ϕ) (see [15]);

(v) limq→1−
∑0
q(1, ζ;ϕ) =

∑
(ζ;ϕ) (see [1]);

(vi) limq→1−
∑0
q((1−α)e−iθ cos θ, ζ;

1+ς
1−ς ) =

∑
(ζ, α, θ; 1+ς

1−ς ) (0 ≤ α < 1, |θ| < π
2 ),

where

=

 𭟋 ∈ σ :
eiθ

[
𭟋

′
(ς)+ζς𭟋

′′
(ς)

]
−(α cos θ+i sin θ)

(1−α) cos θ ≺ 1+ς
1−ς

g ∈ σ :
eiθ

[
g
′
(ω)+ζωg

′′
(ω)

]
−(α cos θ+i sin θ)

(1−α) cos θ ≺ 1+ω
1−ω

.

2. Main Results

We assume that τ ∈ C∗, 0 < q < 1, 0 ≤ ζ ≤ 1, n ∈ N0 and 𭟋(ς) ∈ σ.
In this section we obtain some inequalities for the function class

∑n
q (τ , ζ;ϕ).

Theorem 1. Let 𭟋∈
∑n
q (τ , ζ;ϕ). If aε = 0 for 2 ≤ ε ≤ ρ− 1, then

|aρ| ≤
ψ1 |τ |

(1 + ζ[ρ− 1]q) [ρ]
n+1
q

(ρ ≥ 3), (12)

Proof. For functions Dn
q𭟋(ς) given by (9) and g = 𭟋−1, we have

1 +
1

τ

[
∇q(Dn

q𭟋(ς)) + ζς∇q(∇qDn
q𭟋(ς))− 1

]
= 1 +

1

τ

∞∑
ρ=2

(1 + ζ[ρ− 1]q) [ρ]
n+1
q aρς

ρ−1, (13)

1 +
1

τ

[
∇q(Dn

q g(ω)) + ζω∇q(∇qDn
q g(ω))− 1

]
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= 1 +
1

τ

∞∑
ρ=2

(1 + ζ[ρ− 1]q) [ρ]
n+1
q Aρω

ρ−1. (14)

Using (3), we have

1 +
1

τ

[
∇q(Dn

q g(ω)) + ζω∇q(∇qDn
q g(ω))− 1

]
= 1 +

1

τ

∞∑
ρ=2

(1 + ζ[ρ− 1]q) [ρ]
n+1
q

1

ρ
χ−ρ
ρ−1(a2, a3, ..., aρ)ω

ρ−1. (15)

Considering (10) and (11), there are two Schwarz functions u, v : D → D with
u(0) = v(0) = 0, which are given by (5), so that

1 +
1

τ

[
∇q(Dn

q𭟋(ς)) + ζς∇q(∇qDn
q𭟋(ς))− 1

]
= ϕ(u(ς)), (16)

1 +
1

τ

[
∇q(Dn

q g(ω)) + ζω∇q(∇qDn
q g(ω))− 1

]
= ϕ(v(ω)). (17)

Also, by (4) we get

ϕ(u(ς)) = 1 + ψ1p1ς + (ψ1p2 + ψ2p
2
1)ς

2 + ...

= 1 +

∞∑
ρ=1

ρ∑
ε=1

ψεD
ε
ρ(p1, p2, ..., pρ)ς

ρ (ς ∈ D), (18)

and

ϕ(v(ω)) = 1 + ψ1q1ω + (ψ1q2 + ψ2q
2
1)ω

2 + ...

= 1 +

∞∑
ρ=1

ρ∑
ε=1

ψεD
ε
ρ(q1, q2, ..., qρ)ω

ρ (ω ∈ D). (19)

Comparing the coefficients of (13) and (16) with (18), we get

1

τ
(1 + ζ[ρ− 1]q) [ρ]

n+1
q aρ =

ρ−1∑
ε=1

ψεD
ε
ρ−1(p1, p2, ..., pρ−1) (ρ ≥ 2). (20)

Similarly, from (15) and (17) with (19), we get

1

τ
(1 + ζ[ρ− 1]q) [ρ]

n+1
q

1

ρ
χ−ρ
ρ−1(a2, a3, ..., aρ) =

ρ−1∑
ε=1

ψεD
ε
ρ−1(q1, q2, ..., qρ−1) (ρ ≥ 2).

(21)
Now, from aε = 0 for 2 ≤ ε ≤ ρ− 1, we have Aρ = −aρ and the equalities (20) and
(21) yield

(1 + ζ[ρ− 1]q) [ρ]
n+1
q aρ = τψ1pρ−1,

− (1 + ζ[ρ− 1]q) [ρ]
n+1
q aρ = τψ1qρ−1. (22)

Taking the modulus of each of the two equations in (22) and using (6), we obtain
(12). □
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Corollary 1. For ϕ(ς) = ( 1+ς1−ς )
α (0 < α ≤ 1), let 𭟋∈

∑n
q (τ , ζ;ϕ), then

|aρ| ≤
2α |τ |

(1 + ζ[ρ− 1]q) [ρ]
n+1
q

(ρ ≥ 3). (23)

Corollary 2. For ϕ(ς) = 1+(1−2β)ς
1−ς (0 ≤ β < 1), let 𭟋∈

∑n
q (τ , ζ;ϕ), then

|aρ| ≤
2 |τ | (1− β)

(1 + ζ[ρ− 1]q) [ρ]
n+1
q

(ρ ≥ 3). (24)

Remark 1. For τ = 1, n = 0, q → 1− Corollary 2, reduces to results for [31,
Theorem 1], for all 0 ≤ ζ ≤ 1.

Theorem 2. Let 𭟋∈
∑n
q (τ , ζ;ϕ). Then

|a2| ≤
ψ1

√
ψ1 |τ |√

ψ1[2]
2n+2
q (1 + ζ)

2
+
∣∣∣τ [3]n+1

q (1 + ζ[2]q)ψ
2
1 − [2]2n+2

q (1 + ζ)
2
ψ2

∣∣∣ , (25)

|a3| ≤ min {K(ζ),L(ζ)} , (26)

where

L(ζ) =



ψ1|τ |
[3]n+1

q (1+ζ[2]q)
×

[3]n+1
q (1+ζ[2]q)|τ |ψ2

1+|[3]n+1
q (1+ζ[2]q)τψ

2
1−[2]2n+2

q (1+ζ)2ψ2|
[2]2n+2

q (1+ζ)2ψ1+|[3]n+1
q (1+ζ[2]q)τψ2

1−[2]2n+2
q (1+ζ)2ψ2|

, ψ1 ≥ [2]2n+2
q (1+ζ)2

[3]n+1
q (1+ζ[2]q)|τ |

ψ1|τ |
[3]n+1

q (1+ζ[2]q)
, 0 ≤ ψ1 ≤ [2]2n+2

q (1+ζ)2

[3]n+1
q (1+ζ[2]q)|τ |

(27)

and

K(ζ) =


|ψ2||τ |

[3]n+1
q (1+ζ[2]q)

, |ψ2| > ψ1

ψ1|τ |
[3]n+1

q (1+ζ[2]q)
, |ψ2| ≤ ψ1

. (28)

Proof. If we set ρ = 2 and ρ = 3 in (20) and (21), respectively, we have

1

τ
[2]n+1
q (1 + ζ) a2 = ψ1p1, (29)

1

τ
[3]n+1
q (1 + ζ[2]q) a3 = ψ1p2 + ψ2p

2
1, (30)

−1

τ
[2]n+1
q (1 + ζ) a2 = ψ1q1, (31)

and
1

τ
[3]n+1
q (1 + ζ[2]q) (2a

2
2 − a3) = ψ1q2 + ψ2q

2
1 . (32)

From (29) and (31), we obtain

p1 = −q1. (33)
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Adding (30) and (32), and using (33), we have

2

τ
[3]n+1
q (1 + ζ[2]q) a

2
2 − 2p21ψ2 = ψ1(p2 + q2). (34)

From (29), we get[
2τ [3]n+1

q ψ2
1 (1 + ζ[2]q)− 2[2]2n+2

q (1 + ζ)
2
ψ2

]
a22 = τ2ψ3

1(p2 + q2). (35)

By (6), (29) and (33), we obtain∣∣∣2τ [3]n+1
q ψ2

1 (1 + ζ[2]q)− 2[2]2n+2
q (1 + ζ)

2
ψ2

∣∣∣ |a2|2
≤ |τ |2 ψ3

1(|p2|+ |q2|)
≤ 2 |τ |2 ψ3

1(1− |p1|2)
= 2 |τ |2 ψ3

1 − 2[2]2n+2
q (1 + ζ)

2
ψ1 |a2|

2
. (36)

Consequently

|a2|2 ≤ |τ |2 ψ3
1

[2]2n+2
q (1 + ζ)

2
ψ1 +

∣∣∣τ [3]n+1
q ψ2

1 (1 + ζ[2]q)− [2]2n+2
q (1 + ζ)

2
ψ2

∣∣∣ .
So we obtain the bound on |a2| in (25).

Next, in order to find the bound on the coefficient |a3|, by subtracting (32) from
(30), and using (33), we get

−2

τ
[3]n+1
q (1 + ζ[2]q) a

2
2 +

2

τ
[3]n+1
q (1 + ζ[2]q) a3 = ψ1(p2 − q2). (37)

Using (6), we have

2[3]n+1
q (1 + ζ[2]q) |a3| ≤ 2[3]n+1

q (1 + ζ[2]q) |a2|2 + |τ |ψ1(|p2|+ |q2|)

≤ 2[3]n+1
q (1 + ζ[2]q) |a2|2 + 2 |τ |ψ1(1− |p1|2).

(38)

From (29), we get

[3]n+1
q (1 + ζ[2]q) |τ |ψ1 |a3| ≤ |τ |2 ψ2

1 (39)

+
[
|τ | [3]n+1

q ψ1 (1 + ζ[2]q)− [2]2n+2
q (1 + ζ)

2
]
|a2|2 .

On the other hand from (30), we have

[3]n+1
q (1 + ζ[2]q) |a3| ≤ |τ |

[
ψ1(1− |p1|2) + |ψ2| |p1|

2
]
.

Consequently,

|a3| ≤


|ψ2||τ |

[3]n+1
q (1+ζ[2]q)

, |ψ2| > ψ1

ψ1|τ |
[3]n+1

q (1+ζ[2]q)
, |ψ2| ≤ ψ1

. (40)

Hence, from (39) and (40), we obtain (26). □



ON A CLASS OF BI-UNIVALENT FUNCTIONS OF COMPLEX ORDER 671

By letting τ = 1, n = 0, we have:

Corollary 3. Let 𭟋∈
∑0
q(1, ζ;ϕ). Then

|a3| ≤ min {K(ζ),L(ζ)} , (41)

where

L(ζ) =


ψ1

[3]q(1+ζ[2]q)
×

[3]q(1+ζ[2]q)ψ
2
1+|[3]q(1+ζ[2]q)ψ2

1−[2]2q(1+ζ)
2ψ2|

[2]2q(1+ζ)
2ψ1+|[3]q(1+ζ[2]q)ψ2

1−[2]2q(1+ζ)
2ψ2|

, ψ1 ≥ [2]2q(1+ζ)
2

[3]q(1+ζ[2]q)

ψ1

[3]q(1+ζ[2]q)
, 0 ≤ ψ1 ≤ [2]2q(1+ζ)

2

[3]q(1+ζ[2]q)

,

(42)
and

K(ζ) =

{ |ψ2|
[3]q(1+ζ[2]q)

, |ψ2| > ψ1
ψ1

[3]q(1+ζ[2]q)
, |ψ2| ≤ ψ1

. (43)

3. Future Work

The authors suggest to find upper bounds for the coefficients of function class∑m
λ,q(τ , ζ;ϕ) for all ϑ, ω ∈ D :

1 +
1

τ

[
∇q(Dm

λ,q𭟋(ς)) + ζς∇q(∇qDm
λ,q𭟋(ς))− 1

]
≺ ϕ(ς), (44)

and

1 +
1

τ

[
∇q(Dm

λ,qg(ω)) + ζω∇q(∇qDm
λ,qg(ω))− 1

]
≺ ϕ(ω), (45)

where

∇m
λ,q(𭟋(ς)) = ς +

∞∑
k=2

[1 + λ([k]q − 1)]makς
k, λ ≥ 0, m ∈ N0 = N ∪ {0}, (46)

is the q− Al-Oboudi operator is defined by Aouf et al. [10].

4. Conclusions

Throughout the paper, we defined a new subclass of bi-univalent functions of
complex order

∑n
q (τ , ζ;ϕ) by using Dn

q𭟋(ς) operator. Furthermore, using the Faber
polynomial expansions, we find the initial coefficient bounds for this function class.
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1062. https://doi.org/10.1007/s40590-020-00304-0
[8] Aouf, M. K., Mostafa, A. O., Subordination results for analytic functions associated with

fractional q−calculus operators with complex order, Afr. Mat., 31 (2020), 1387–1396.

https://doi.org/10.1007/s13370-020-00803-3
[9] Aouf, M. K., Mostafa, A. O., Some subordinating results for classes of functions
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