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1. INTRODUCTION

As is known, optimality in nature is one of the fundamental facts. The most appropriate choices for certain purposes
are of crucial importance. The established models for the determination of such choices in natural science always lead
researchers to optimization problems. Optimal control problems are of such optimization problems [3,7, 11,12, 16—
22,30-32]. Pontryagin’s maximum principle is a fundamental result of the theory of first-order necessary optimality
conditions, which is initially proved by R. V. Gamkrelidze in the linear case and V. G. Boltyanskii in the nonlinear
case for such control problems described by ordinary differential equations [14,29]. Under various assumptions, for
many optimal control problems described by various differential equations of mathematical physics, a great number of
necessary and sufficient conditions of optimality have been proposed by a remarkable number of works in literature.

Bianchi equations are of the partial differential equations which play an essential and key role in mathematical
physics [8]. Some investigations for specific fundamental functions, various problems and the classes of such equations
have been achieved [15,23-28]. The works for optimality conditions and optimal control problems involving such
equations are relatively less than the ones for the non-Bianchi equations. It is obvious that these works already deal
with the classical and conventional spaces such as space of continuous function, Lebesgue and Sobolev spaces (with
constant exponent). With the development and advantages of Lebesgue and Sobolev spaces with variable exponents
in literature [4, 9, 10, 13], recently in this direction, two successful works on such variable exponent Lebesgue and
Sobolev spaces have been observed [5, 6]. It can be clearly seen that the ideas and investigations in that two works
may be certainly extended to higher dimensions. But for some reason it has been easily seen that the literature in
this direction has been limited to only two and three dimensions. Therefore, inspired by that works, this work by
generalization and realizations for four dimension is devoted to contribute on the enrichment of literature.
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2. PRELIMINARIES

Let R* be the 4-dimensional Euclidean space of points x = (x|, X2, X3, x4) equipped with | x |= (X%, x,2)"/2, and
G=G; XGy; XG3xXGy = (x(l), hy) X (xg, hy) X (xg, h3) X (xg, hy), x° = (x(l), xg, xg, xg) and let /; be a fixed real number
fori=1,2,3,4.

P(G) denotes the set of Lebesgue measurable functions such that p : G — [1, c0). The function p € P(G) is called
variable exponent on G. The descriptions

p=essinf p(x) and P = esssup p(x),
xeG xeG

and the denotations
ri(x1) = im p(xi, x2, x3, X4),  r2(x2) = lim p(xy, X2, X3, X4),

x4—>x2+0 x4—>x2+0
X3—>x(3)+0 x3—>xg+0
x2—>x(2)+0 x1—>x(1’+0

r3(x3) = im p(x1, X2, X3, X4),  ra(xg) = im p(xy, x2, X3, X4)
x4—>x2+0 X3—>x(3)+0
xz—>xg+0 x2—>xg+0
x1—>x(1)+0 x1—>x(1’+0

1 _

are considered. Let g(x) be the conjugate variable exponent for p(x) defined by ﬁ +o45 = 1. Assume Tt = b
Loy L -, L 4+ L —1and L +-!

ra(x2)  s2(x2) > r3(x3) o os3(x3) ra(xg) ' s4(xs)

ess sup g(x) =g = p% and essinf g(x) =g = %.

xeG xeG

= 1, where x € G. Evidently,

Definition 2.1 ( [10,13]). Let p € P(G). By Ly)(G), we denote the space of Lebesgue measurable functions f on G

such that for some Ay > 0
p(x)
f(lf(x)l) e < oo
c\ Ao

px)
1A z,6) = Ifllpey = inf{d >0 : f(|fE1X)I) dx < 1}
G

defines the norm in L, (G) and L, (G) is a Banach function space [10, 13].

Note that the functional

Definition 2.2. Let p € P(G). By S Wl()l(;cl)’l’l)(G), we define the variable exponent Sobolev space of functions with
dominating mixed derivatives as

SWiy"(G) = {u € LY(G) : D D3 DS Dju(x) € Lyy(G), it = 0,1, k=1,2,3,4).

Evidently, the norm in S W;l(;l)’l’l)(G) is defined as

1
lllgysing = > 1D DEDEDyull, ) < oo.

i1,i2,13,i4=0

Lemma 2.3. Let p € P(G) and 1 < p < p < oo. Then, the space S W;l(;l)’l’l)(G) is complete.

Proof. Let{u,},. , be a Cauchy sequence in § W;l(;cl)’l’])(G). {Di‘ D%D?fo u,} is a Cauchy sequence in L) (G) for all
0 <1iy,15,13,i4 < 1. By the completeness of L, (G) (see [10]), there exists g;, , i,.i, € Lpx(G) such that

i1 2 ™3 4
D\ D5 D3 D) un = &iy ir.izisllL,G) = 0 as n— o0

and for all 0 < iy, i, i3,is < 1. Applying the Holder inequality in variable exponent Lebesgue spaces (see [10, 13]), for
¢ € CZ(G) we obtain
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f (D DD Dty () = 101 () DD Dl () dx
G

o1 o
< (1_7 + ]:))HD? D3 D5 Dy — giy iz is |1, @) ID} D5 D5 Dy @I, 6)-

Since ||D’;l D;ZDg3 foun = &iririsisllLym@ — 0 and Di' D?D?foga(x) is bounded for any ¢ € C(G), by the Lebesgue

dominated convergence theorem in variable Lebesgue spaces (see [10]), we obtain

lim § u,(x)D'} D5 D% D p(x)dx = fG 8ivininis (X)D DE DE D p(x)dx.
Thus, for all ¢ € CZ(G), we obtain
f u(x)D! D D Dl p(x)dx = lim f u,(x)D' D5 D% D p(x)dx
G - JG

=(=1)iFeristis [jm ; D’i‘ D;Z D? fo 1, (x)p(x)dx

n—oo

=(—1)iHithth f Qi inin s (O)P(X)dx.
G

This shows that D"lI D;ZD?DZ‘M exists weakly and g, i, i, = D;‘ D;ZD;?’DZ‘M. Thus, u € SW[()I(;:)’I’I)
n — oo, which completes the proof.

3. STATEMENT OF THE PROBLEM

BY Ly, (x1),p2002).p3(x3),pa(xa))(G), we denote the variable Lebesgue space with the mixed norm defined as

WAL, o mrmscespacean@ = ML, o @0Lp 0 @1y @Iy (G < 00
Let the controlled object be governed by the Bianchi equation
1

(Vi )(x) SDIDaDsDgu(x) + Y iy (D DD Diju(x) = ¢(x, (),

i1,i2,i3,i4=0
0<i)+ip+iz+ig<3

and the following nonclassical Goursat conditions (see [2])
_ 0 0 0.0
(Vo0,00u) = ulxy, X3, X3, X4) = ©0,0,0,05
_ 0.0 0
(Vio00w)(x1) = Diu(xi, x5, X3, X1) = @1,000(X1),
(Vor.00w)(x2) = Dou(x), x2, X3, x3) = 00,1 0.0(x2),
_ 0.0 0
(Vo0,1,0u)(x3) = D3u(xy, x5, X3, X4) = ¢0,0,1,0(X3),
_ 0.0 .0
(V0,00,11)(x4) = Dau(xy, x5, X3, X4) = ©0,0,0,1(X4),
_ 0.0
(Vi1,000)(x1, x2) = D1 Dou(xy, X2, X3, X3) = @1,1,00(X1, X2),
_ 0 0
(Vo,1,1,00)(x2, x3) = Dy D3u(xy, X2, X3, X1) = @o.1,1,0(x2, X3),
(Voo.1.1)(x3, X4) = D3Dau(x¥, X3, x3, X4) = 00,0.1.1(x3, X1),
_ 0 0
(Vio,1,00)(x1,x3) = D1 D3u(x1, X5, X3, X4) = ¢1,0,1,0(X1,X3),
(Vo,1.014)(x2, x4) = DaDaua(xY, X2, X3, X4) = @0.1.0.1 (X2, Xa),
_ 0.0
(Vi001w)(x1, x3) = D1 Dau(xy, X5, X3, X4) = @1,0,0,1(X1, X4),
(Vi1,1,0u)(x1, X2, X3) = D1 DaD3u(xy, X2, X3, X9) = ¢1.1.10(x1, X2, X3),
_ 0
(Vo,1,1,1)(x2, X3, X4) = DaD3Dau(x;, X2, X3, X4) = ¢0,1,1,1(X2, X3, X4),
_ 0
(Vi101w)(x1, X2, X4) = D1 Dy Dau(xy, X2, X3, X4) = ¢1,1,0,1(X1, X2, X4),

_ 0
(Vip1,1w)(x1, X3, x4) = D1D3D4gu(x1, x5, X3, X4) = ¢1,0,1,1(X1, X3, X4),

(G) and u, — u as

O

3.1)

(3.2)
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where a0,0,0,0(x) € Ly (G), al ooo(x) € Lico,ry(xp)r3(x3)y, égm)(G) ap,| oo(x) € L, (xl)oor;EéBr4(X4))(G)’ ap,1,0(x) €
L(rl(xl)rz(xz)oom(/u))(GS @0,0,0,1(X) € Lz, (1), (2,733,000 @1,1,0,0(X) € Lico,c0,r3(x3),ra ) (G)s A0.1,1,0(%) €

Ly (x)00,00,5e) (G5 @0,0,1,1(X) € Liry (x)),r2(02),00,00)(G)s @1,0,1,0(%) € Lo ry ()03 a))(G)> @0,1,0,1(0) € Liry(x),00,r3(x3),00) (G
a1,00,1(X) € Licory(x3),r3(x3).00)(G)5 @1,1,1,0(X) € Lioo 00,0040 (G)» @0,1,1,1(X) € Ly (x),00,00,00)(G)5 A1,1,0,1(%) € Lioo,00,r5(x3),00)(G)s
a1,0,1,1(X) € Licory(x2).00,00(G)s 00,000 € R, 01000(x1) € Liy(x)(G1)s ©0,1,00(x2) € Liy,)(G2), $0,0,10(x3) € Lyy(x3)(G3),
©0,0,0,1(x2) € Ly, (,)(G4), ©1,1,00(X1, X2) € Lir,(x)).r2(2)(G1 X G2), €0,1,1,0(%2, X3) € Liry(xy).r303)) (G2 X G3), 0,0,1,1(X3, X4) €
Ly () (G3 X G4), 010,1,0(%15 %3) € Ly ()33 (G1 X G3), 90,1,0,1(%2, X4) € Liry(y),ra 00y (G2 X Ga), 91,001 (X1, X4) €
L) (G1 X Ga), 901,1,1,0(%15 X2, X3) € Lir(a)),m2 0003 (G1 X G2 X G3), 00,1,1,1(X2, X3, X4) € Lry(xy).r3(x3)ra i) (G2 X
G3 X Ga), 01,1,0,1(X1, X2, X4) € Ly (x)rs(02).040e0)) (G1 X G2 X Ga), 01,0,11(X15 X35 X4) € Liry ()35 (G1 X G3 X G4) and
Dy = aixk(k =1,2,3,4) is the generalized differential operator in the weak sense. Let v(x) = (v{(x), v2(x), ..., vin(x)) be a
m-dimensional control vector function and ¢(x, v(x)) be a given function defined on GXR™ and satisfying Carathéodory
conditions on G X R™:
(1) ¢(x, v(x)) is measurable by x in G for all v(x) € R",
(2) p(x, v(x)) is continuous by v(x) in R™ for almost all x € G,
(3) for any 6 > 0 there exists ¢(x) € Lyx(G) such that |o(x, v(x))| < ¢9(x) for almost all x € G and |v(x)|| =
3 il < 6.
Since the coefficients of equation (3.1) are nonsmooth, the solution of problem (3.1)-(3.2) is in the weak sense. Let
the vector function v(x) be measurable and bounded on G and for almost all x € G it takes its value from the given set
Q c R™. Then, the vector function is called an admissible control. The set of all admissible controls is denoted by Q.
We now consider the following 4D optimal control problem: Find an admissible control v(x) from €y, for which

the solution u € S W' l(xl) L 1)(G) of problem (3.1)-(3.2) minimizes of the multipoint functional

N
FO) = 3 a0 Oue o by, ha) + @Vt o s ) + 0 Outhy o, )
k=1

+a,(<0001)u(h1,h2,h3, )) +a(“00)u(x(k) xgk),h3, )+a/(0110)u(h x(k) x;k),h )
+a,((001 1)u(h hz,xgk),x4))+ (IOIO)M(x(k) hy, (k),h4) +a/(0’1’0’1)u(h x(k) h3,x(k))
+ a(l 0.0, 1)u(x(k) hy, h3, x(k)) + a(l oL, 1O)u(x(k) x(zk), x(k) hy) + a(OI L 1)u(h x(k) xgk), xik))

+ a,(cl 10, 1)u(x(k) x(zk), h3, x )) + a(l 0.1, 1)u(x(lk), hy, xgk) )) + a/(l LL 1)u(x(k) x(zk), xgk), X, ))} — min.,

(3.3)

where (x(k) x(zk), xgk), X, )) € G are the given fixed points, a,

i;=0,1,j=1,2,3,4and 1 <ij +ip +i3 + i3 < 4.

inizisi4) are the given real numbers and N is a positive integer,

4. Tue CoNsTRUCTION OF ADJOINT EQuaTION FOR OPTIMAL CONTROL PROBLEM (3.1)-(3.3)

To obtain the necessary and sufficient conditions for optimality, we firstly determine the increment of functional
(3.3). Let v(x) and v(x) + Av(x) be different admissible controls and let u(x) and u(x) + Au(x) be solutions of problem

(3.1)-(3.2) in SW{:"1(G). Then, the increment of functional (3.3) is of the form

N
AF) = > (e OV MG, o, s, ha) + a0 Ay, 5P, g, ha) + a0 Authy, o, X, ha)
k=1

+ a0 Authy, o, b3, 20 + @OV GO, 5P s, ha) + @0 Auhy, 2 AP )
+ QLO’O’I’I)AM(hl, ]’lz, xgk), Xy )) +a (1 0.1, O)Au(x(k) hz, .x(3k), h4) + a,(co‘l’o’l)Au(hl, Xy h3, x )
+ GE{I’O’O’I)AM(X(II{) hz,h%,x )) +(1(1’1’1’O)AM()C(]{) x;k),xgk),h )+ (I(O’lyl’l)Au(l’l x(k) ng),.x4 ))

a/f{l’l’o’l)Au(x(k) x(zk), h3, k)) + (l(l o1, I)AM()C(Ik), hz, xgk), xik)) + a/(l LL I)AM(.X(k) x(zk), )C(3k), )Cf‘k))}.

“.1

Evidently, in this case, Au € § wk-LLD

() (G) is the solution of the following equation

Vi1 Au(x) = Ap(x) (4.2)
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subject to the trivial conditions

Vo,000Au = 0, (Vi 00,0Au)(x1) = 0, (Vo,1,00Au)(x2) =0,
(Vo.01,0Au)(x3) = 0, (Vo 0,018u)(xs) = 0, (V1,100Au)(x1, x2) =0,
(Vo,1,1,0Au)(x2, x3) = 0, (Vo,0,11Au)(x3, x4) = 0, (Vi 0,1,0Au)(x1,x3) = 0, (4.3)
(Vo,1.01Au)(x2, x4) = 0, (V00,1 Au)(x1, x4) = 0, (V1,1,10Au)(x1, X2, x3) = 0,
(Vo,1,1,18u)(x2, X3, X4) = 0, (V1 101Au)(x1, X2, x4) = 0, (V1,0,1,1Au)(x1, X3, X4) = 0,

where Ap(x) = ¢(x, v(x) + Av(x)) — ¢(x, v(x)). Let’s denote

V=111, V0,000 V1,000, V0,100 Y0,0,1.0. Vo0,0.1> V1,100, Vo,1,1,0,
Vo115 V1,010, Vo101, V1,001, Vi,1,1,0 Vo, 1.1, V1,101, Vio1,1)

and

E,9)(G) =Lp)(G) X R X Ly ()(G1) X Ly, (1,)(G2) X Ly (x;(G3) X Ly, (x,)(G4) X Ly, (x)),r2(0) (G1 X G2)
X Ly ()33 (G2 X G3) X Liry(3),14 00 (G3 X G4) X Ly (x50 (G1 X G3)
X Ly (). (G2 X G4) X Lz (0),r4 00 (G1 X G4) X Ly ()2 () 1313 (G1 X G2 X G3)
X Ly ()3 03)ae)) (G2 X G3 X G4) X Ly (3 s (2)ra ) (G1 X G2 X G4) X Ly, (ay).3003)r () (G1 X G3 X Gy).

Let B(G) denote the set of variable exponents p(x) such that V is bounded from S W;bl)’l’l)(G) t0 E,(G). Then,
operator V : S Wl(,l(;:)’l’l)(G) — E,(G) generated by problem (3.1)-(3.2) is bounded by the considered assumptions.
The integral representation of any function u € S W;l(;l)’l’l)(G) can be given as [1]

X1 X2 X3
0 .0 .0 0 0 .0 .0 0 0 .0 0 .0 0
u(x) = u(xy, x,, x3, X4) + ﬁ Ug, (a1, X5, X3, X, )day +f Uq, (X}, @2, X3, x,)das + fo Ua, (X}, X5, @3, X, )da3
X Xy 3

X4 X1 X2 X2 X3
0,0 .0 0 .0 0 0
+ f Uo, (X7, X5, X3, a4)dary + f f Ug o (@1, @2, X3, Xg)darday + f f Uoras (X], @2, @3, Xy )dazdas
0 0 0 0 0
Xy X X L) X3

X3 X4 X1 X3
0 .0 0 0
+ f f Ugsyay (X], Xy, @3, ag)dagdas + f f Uy (@1, Xy, 3, Xy )dazday
Xg XO X? XO

4 3

X2 X4 29 X4
0 0 0 .0
+ f ) f oy, (11, @2, 53, @a)dagdas + f 0 f oy (@1, 25, 03, @a)dagday (4.4)
xz X, X] X4

4

x| 2%) X3 X2 X3 X4
0 0
+ f f f Uy anas (@1, @2, @3, Xy)dazdarday + f f f Uaasay (X7, @2, @3, 4)dagdazdas
th) X“Z) )CO XO )C(,; )CO

3 2 4

X1 X2 X4 X1 X3 X4
0 0
+ f f f Uy (@1, @2, X3, @4)dagdarday + f f f Uayasay (@15 X3, @3, @4)dagdasda,
.XO )CO .)CO )CO .)CO Xo
1 2 4 1 3 4
X1 X2 X3 X4
+f f f f Ug, arazas (X1, @2, @3, @4)dasdazdardag.
xo XO XO )CO
1 2 3 4

It is clear that, the weak derivatives are of form

Xy

X2 X3
0 .0 0 0 .0 0 0 0 .0
Dyu(x) =ux,(xl,x2,x3,x4)+f0 ux.az(xl,az,x3,x4)daz+ﬁ ux,a3(xl,x2,az,x4)dw3+fo Uy (X1, X3, X3, 4)day
X X,

2 X3 4
X2 X3 X2 X4
0 0
+ f f Uy, ara; (X1, @2, @3, X )dazdas + f f Uy, oy (X1, @2, X3, a4)dasda
Xg XO Xg XO

3 4

X3 X4 X2 X3 X4
0
+ f f Uy, a0y (X1, Xy, @3, @4)dagdas + f f f Uy ayasas (X1, @2, @3, 4)dagdazdas,
.XO )CO .XO )CO .)Co
3 4 2 3 4
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X1 X3 X4
0 0 .0 0 .0 0 0 0 0
Dru(x) =an(x1,xz,x3, x4) + fo u(l/[)tz(ala-x27 x3’x4)dal + f:] u)Q(I}('x]?'xz’ as, x4)da’3 + fo uxz(u(xp X2, X3, ay)day
xl X4

f f U, vy (@1, X2, @3, X9 dazday + f f Unyarsas (X, X2, @3, @g)dasdas
K K I
3 X4
0
+ f f Ua, xy0 (@1, X2, X3, g )dagdary + f f f Uayxasas (X1, X2, @3, @4)dasdasday,
XO XO XO .XO .)Co
1 4 1 3 4

X2 4 X1
0 .0 0 0 0 0 .0 0 0
D3u(x) =uX3(x1,x2,x3,x4)+f0 uaz)C3(x1,az,X3,x4)daz+fo uxym(xl,xz,xyou)dw+fo Ug, x; (@1, X3, X3, X)da
X X

2 Xy 1

X1 X2 X2 X4
0 0
+ f f Uoarxs (@1, @2, X3, X )danday + f f Uoxyay (X7, @2, X3, ag)dasdar,
A Jx KN Jx
2 4
f f oy xsas (@1, X9, 03, @g)dasday + f f f Uaarsas (X1, @2, X3, @4)d@sdardary,

X3 X1
0 .0
Dyu(x) —MX4(x1,x2,x3,x4)+fo uam(xl,xz,as,m)daﬁﬂ ua2x4(x1,az,x3,X4)daz+fo Ug, x, (@1, X3, X3, X4)dar
3 X X

X2 X3 X1 X2
0 0
+ f f Ugyasxy (X, @2, @3, X4)dazdas + f f Uayarxy (@1, @2, X3, X4)danda
X X0 X0 X
2 3 1 2
X1 X3 X1 X2 X3
0
+ f f u(l[(l/3X4(al’x25a3’x4)da,3da,1 + f f f u(l[(l/g(Y}X4(al7a2’ 037x4)da’3da’2da’17
X0 X9 X0 X9 X
1 3 1 2 3

X3 X4
0 .0 0 0
Dy Dyu(x) =Uy, x, (x1, x2, X3, )C4) + fo Ux, x5 (x1, X2, @3, x4)d(13 + fo ux;xzm;(xl » X2, X3, as)day
x) X

X3 X4
+ ﬂ j:] ux]xz013a/4 (-xl’ x29 (}'3, a’4)da4da37
Xa X4

X X4
— 0 0 0 0
Dy D3u(X) =ty (X7, X2, X3, X4) + f , Ugxpxs (@1, X2, X3, x)day + f , Unyxsary (X7 X2, X3, ag)day
X Xy

X1 X4
+ umx;x;(m (all > x27 -x3’ a4)dal4da,1 >
XO XO
1 4

X2 X1
0 .0 0 0
D3Dgu(x) =uty,x,(x), X5, X3, X4) + f , Ugyxsx, (X7, @2, X3, X4)dary + f , Uoyxsx, (@1, Xy, X3, X4)dary
X3 X

X1 X2
+ f f Uayarxaxy (@1, @2, X3, X4)dandary,
K Jx

X2 X4
0 0 0 0
D D3u(x) =ty x5 (X1, Xy, X3, X4) + f , Unann (X1, @2, 33, xy)das + f , Maxas (X1, X5, 23, @g)day
X X,
4

X2 X4
+ ﬁ f(] uxlckzx_uu (-xls a29 -x3’ 0’4)da'4da'2,
Xy Xy

X3 X1
_ 0 0 0 0
Dy Dyu(x) =y, (X, X2, X3, X4) + f , Uyyax, (X7, X2, @3, X4)dar3 + f , Ugyxoxe (@1, X2, X3, X4)da
A3 X

X1 X3
+ f f umxza;m(a'l » X2,Q3, x4)dcx3da/1 5
@ Jy

> %) X3
_ 0 .0 0 0
D Dyu(x) =uy, x,(x1, X5, X3, X4) + f , Uy, qyx, (X1, @2, X3, X4)dary + f , Uy asx, (X1, Xy, @3, X4)dar3
X X3

X2 X3
+ fo fo Uy, anasxs (X1, @2, @3, X4)dazdas,
.’Cz X3
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X4
— 0
D1D2D3u(x) - uxl)czx;; ()C], X2, X3, x4) + fO ux1X2X3a/4(-x19 X2, X3, a4)da4,
Xy
X1

0
D2D3D4M(x) = usz3X4(x17-x2sx39-x4) + f(} M(I]X2X3X4(al9-x2a -x37 -x4)da17
X1

X3
0
D1 DrDau(x) = Uy, z,x, (X1, X2, X3, X4) + f , Uy, vyasn (X1, X2, @3, X4)das,
X
3

X2
0
D1 D3Dau(x) = Uy, xyx, (X1, X3, X3, X4) + f ) Mnoonx (X1, @2, X3, x4)das.
pe

Now, we show that operator V has an adjoint operator V* = (W1 1.1.1, W0,0,0.0» W1.0.0.0» W0.1.0.0> W0.0.1.0» W0.0.0.1s W1.1.0.05
Wo,1,1,0, W0,0,1,1» W1,0,1,0» W0,1,0,1» W1,0,0,1» W1,1,1,0, Wo,1,1,1, W1,1,0,1, W1,0,1,1 ), Which boundedly acts on spaces

Ey(G) =Ly()(G) X R X Ly, (x,)(G1) X Ly, (5,)(G2) X Ly (5)(G3) X Ly (2)(G4) X L, (x),5:(x2))(G1 X G2)
X Ly (2,533 (G2 X G3) X Lis3003),542) (G3 X G4) X Lisy (x1).5303) (G1 X G3) X Ly (3,540 (G2 X Gg)
X Lisy ()53 (G1 X Ga) X Lis; (x1),520),303)) (G1 X G2 X G3) X Ly (x),53x3).5400)) (G2 X G3 X Gy)
X Lisy (x1),52(02).54 ) (G 1 X G2 X Gg) X Ly (xy).55003),53a)) (G1 X G3 X Gyg)

and satisfies (4.2) and (4.3). Let f = (f1,1,1,1(%), /0,000, f1,0,00(X1), f0,1,0,0(x2), f0,0,1,0(x3), f0,00,1(X4), f1,1,00(X1, X2),
Jo.1,1.0(02, %3), f0.0,1,1(x3, X4), f1.0,1,0(X1, X3), fo,1,0,1(%2, X4), 1,001 (X1, X4), f1,1,1,0(X1, X2, X3), fo,1,1,1(x2, X3, X4),

J1,1,01(x1, X2, X4), f1,0,1,1(X1, X3, X4)) € E4(G) be any linear bounded functional on E,(G),u € SW;](;CI)’I’I)(G) and
1 1

ERT)

= 1. Then, by the general form of linear functional in E ) (G), we have

f(VM):ff1,1,1,1(x)(V1,1,1,1M)(x)dx+fo,o,0,0V0,o,o,0M+f S1.000(x1)(V1,0,00u)(x1)dx;
G G
+ f 10,1,00(x2)(Vo,1,001)(x2)dx, + f J0.0,1,0(x3)(Vo,0,1,0u)(x3)dx3 + f J0,0.0,1(x4)(Vo,0,0,14)(x4)d x4
G, G3 Gy

+f f1,1,0,0(x1,xz)(V1,1,0,0M)(x1,xz)dxzdxl+f Jo.1,1,0(x2, x3)(Vo,1,1,0u) (X2, x3)dx3d x>
G] G2 GZ G3

+f fo,o,l,l(x3,X4)(V0,0,1,1M)(X3,x4)dx4dx3+f S10.100e1, x3)(Vio,1,0u)(x1, X3)dx3dx;
G3 G4 Gl G3

+f fo,l,o,l(xz,x4)(V0,1,o,1u)(xz,x4)dx4dx2+f S100,1(x1, x0)(V1,0,0,18)(x1, X4)dx4dx;
Gy JGy G| VG4

+ f Si00x1, X2, x3)(Vi 1, 1,00) (X1, X2, X3)dx3dxodxg
Gy JGs

+ ffo,1,1,1()€2,x3,X4)(V0,1,1,1M)(x2,X3,x4)dx4d)€3dx2

2

\fG Gy
f 1,101, X2, X4)(V1,1,0,14)(X1, X2, X4)dxadxodx
1 VG JGy
fG‘ Gy

3

+

+ Jr0110Cer, x3, Xx4) (Vi 0,1,14)(X1, X3, X4)dx4dx3dxy.

S5~ 5

1 3
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By (3.2), we obtain

1
fVu) = ffl,l,l,l(x) Dy DyD3Dyu(x) + Z @iy iy ir.iy (X)D] D5 D5 D u(x) | dx
G

i1,i2,13,i4=0
0<i|+ir+iz+is<3

0.0 0 .0 0.0 0 0 0 .0
+ﬁ),o,o,ou(x1,x2,x3,x4)+f fl,o,o,o(xl)Dm(Xl,xz,xg,x4)dxl+f J0.1.00(x2) Dou(xy, x2, X3, x,)dx>
G1 GZ
+ f D 0 .0 Od D 0,0 .0 d
0,0,1,0(x3)D3u(x), x5, x3, x,)dx3 + J0.00,1(x)Dau(xy, x5, x3, X4)dx4
G3 G4
0.0 0 0
+f f f1,1,0,0(x1,xz)D1D2M(x1,x2,X3,x4)dx2dxl+f f Jo,1,1,0(x2, x3)D2D3u(x|, X2, X3, x4 )dx3dx;
G JG, » JGs
0
+f fo,o,l,l(x3,x4)DgD4u(x?,x2,x3,x4)dx4dx3+f f fro.1.0(x1, x3)Dy D3u(xy, x5, x3, x)dxzdx (4.5)
G3 JGy G, G
0 0 0.0
+f fo,l,o,l(xz,x4)D2D4u(x1,x2,x3,x4)dx4dxz+f J1,001(x1, x4)D1Dau(x1, x,, X3, X4)dx4dx;
Gz G4 Gl

Gy

0
+ f Jr1.0(x1, X2, x3)D1 D2 D3u(xy, X2, x3, x4 )dxzdxodoxy
6 Jo,

0
Jo.11,1(x2, X3, X4) Dy D3 Dau(xy, X, X3, X4)dx4dx3dx;

+

3 JGy

™)

0
S.1.01(x1, X2, X4)D1 DaDgu(xy, X2, X3, x4)dxadxodx
Gy

Fro.0,1(x1, X3, X4)Dy D3 Dyu(xy, X3, x3, x4)dxgdxzdx;.

+

+
S F—FT
S

3 JGy

By substituting forms of the weak derivatives and (4.4) into (4.5), we obtain

x4
f(Vu)=ff1,1,1,1(x){D1D2D3D4M(X)+611,1,1,0()6)[Mxlxz)c3(x1,x2,x3,x2)+fo Uy, xyxzaq (X1, X2, X3, a4 )day
G X,

4

] .
0
+ao,1,1,1(x) uxZX3xA(x1,Xz,X3,X4)+fo Uy, xr3x, (X1, X2, X3, X4)day
L Xy

- "
0
+ay,1,0,1(%) uxleX4(x1,Xz,x3,X4)+fo Uy, vz (X1, X2, @3, X4)da3
X
- 3

§ "
0
+ay0,1.1(%) ux1x3x4(x1,x2,x3,x4)+fo W ares g (X1, @2, X3, X4 )dary
L X |

[ X3 X4
0 .0 0 0
+a1,1,00(X) | U,y (X1, X2, X3, Xg) + f , Unyxoa; (X1, X2, @3, x)das + f , Uny vy (X1, X2, X3, ag)day
| x5 X,

X3 X4 ]
+ f , f , Uy, vyasas (X1, X2, @3, @4)dagdas
XS .X4 B

X1 X4
0 0 0 0
+00,1,1,0(X) | Uy s (X7, X2, X3, Xy) + f Ug,xyxs (@1, X2, X3, Xy )day + f , Moxa (0, X2, X3, @a)day
X Xy

] X4 )
+ f f U xyxsas (@15 X2, X3, @4 )davgdary
A I :
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X2 X1
0 .0 0 0
+ ao0,1,1 (x) MX3X4(~X1 » Xp, X3, X4) + ﬂ Uy xzx, (xl , 2, X3, Xx4)day + fo U x3x4 (ar, Xy, X3, xa)da;
X2 X

"X | > %)
+ fU f g (@1, @2, 3, xa)dandan
X X3

X2 X4
0 0 0 0
+ a10,1,00%) | Uy, x, (X1, X5, X3, Xy) + fo Uy, a3 (X1, @2, X3, X4)dary + fo Uy, xy04 (X1, Xy, X3, 4)dary
XZ X4

%) X4
+ fo f , Unavas (X1, @2, X3, a4)dasdar
Xz X4

X3 X1
0 0 0 0
+ 40,1,0,1 (x) “xzx4(x1 » X2, X3, X4) + ﬂ Uxrazxy (xl , X2, @3, x4)das + fo U xyx,4 (ay, x2, X3, xa)da;
X3 X

X1 X3
+ j\o f() uaqx;aq)u (al’ x29 03’ x4)da,3da,1]
YoV

X2 X3
0.0 0 0
+ a0,0,1(x) Mx1x4(x1,x2,x3,x4)+ﬂ Mx,a2x4(xl,az,x3,x4)daz+f0 Uy, ax, (X1, Xy, @3, X4)dar3
X X3

X2 X3
+ fo f , Uniasx (X1, @2, @3, x4)dazdar
X2 X3

X2 X3
0o .0 .0 0 .0 0 0
+a1,0,00(x) uxl(xl,xz,x3,x4)+fo uxl(YZ(xl,az,xg,x4)daz+fo Uxiar (X1, X5, @3, Xy )dar3
) X3

X4
+ fo Uy, (X1, X9, X5, ag)dary + f f Unyaras (X1, @2, @3, X3)dazdas

f f U, azas (X1, @2, X3, @4)daydars + f f U, asay (X1, X9, @3, a4)dasdas
) Xy
+ f f f U s (X1, @2, @3, @)dasdazdar

XO XO XO

2 3 4

X1 X3
0 0 .0 0 0 0 0
+a0,1,0,0(X) btxz(JCIJCz,x3,x4)+f0 Uay 3, (@1, X2, X3, Xy )y +f0 Uxyar (X1, X2, @3, Xy )dar3
X X3

X4
+ fo Uy, (XY, X2, X5, ag)dary + f f U, vy (@1, X2, @3, X3 dazday

f f Uasas (], X2, @3, @4)daydas + f f Uayxsay (@1, X2, X3, @4)dasday
xz Xy
- f f f Uoy s (@1, X2, @3, @g)dasdasda

Xn Xn XO

1 3 4

X2 X4
0.0 0 0 0 0.0
+ ag0,1,0(%) MX3(X1,x2,X3,X4)+f0 M(x2x3(xl,(lz,xs,x4)d(12+fo Uyyo, (X]5 X5, X3, @4)day
Xz X4

0
x]

X2 X4 X1 X4
0 0
+ f f Harias (3 @2, 3, ag)dagdars + f f U vy (@1, 29, 3, ) davgdary
Xo Xo Xo XO
2 4 1 4
X1 X2 X4
+ f f f Uaay s, (@1, @2, X3, @4)dgdarda;
0 J I

X3 X2
0o .0 .0 0 0 0 0
+ a0,0,0,l (x) [MX4 (-x] ’ -x27 x37 -x4) + fo u(l/3)€4 (-xl L x27 a’37 X4)d0,'3 + f(} ullzX4(x1 > QZ’ x37 x4)da2
X3 X2

X x| X2
0 0 0
+f ua,xs(al,xz,xz,x4)dal+fo fo Uayarx; (@1, @2, X3, Xy)dardar
X X
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X X2 X3
0 .0 0
+ ﬂ MQIX4(CVI > Xo, X3, xg)da; + fo fo u(l2(1/3X4(-x1’ a2, @3, x4)dazda;
X X Jx

1
X1 X2 X1 X3
0 0
+ f f Ua a0, (@1, @2, X3, X4)dandary + f f Uayan, (@1, X5, @3, X4)dazday
X0 X0 X0 X0
1 2 1 3
"X | %) X3
+ f f f Uy arasxy (@1, @2, @3, Xa)dazdaadey
XO XO XO
1 2 3

X1 X2
0 0,0
+aoooo(%)[u(xl,x2,xg,x4)+f0 oy (@1, X5, X5, X )dal+f0 lha, (Xy, @2, X3, Xy )da
X X

1 2

X3 X4
0 .0 0 0 .0 .0
+ f Uo, (X7, Xy, @3, Xg)dar3 + f Uo, (X7, X5, X3, a4)day
X0 X

3 4

x| X2 X2 X3
0 0 0 0
+ f f Uayar (@1, @2, X3, Xy)dazdary + f f Uaya; (X7, @2, @3, Xy)dazda;
x? %9 xg x(;

2

X4 X X3
0 .0 0 0
+ fo Uasay (X7, X3, @3, 4)dagdas + f , f | Haas(@1, X5, @3, xy)dasda;
X4 X X

X2

X4
+ ﬁ Ugyay (Xl , @2, x37 ag)dagda; + f f U ay (a1, x29 )C3, ag)dayda;

X

+ f f f U oy (@1, @2, @3, x9)dazdanday + f f f Uesasas (X}, @2, @3, @)dagdazdas
x? x2 X3
29 3

+ f f M(Y,aztx4(6¥1,az,x(3),61’4)(1014(1(12(101+f f f um@u(al,xg,as,a4)da4dasdal
XO Xg Xg X(]] Xg Xg
X1 X2 X3 X4

+ f f f f umazam(al,az,ag,a4)da4da3dazdal]}dx
XO Xg Xg Xg

0.0 .0 .0 0.0 0 0 0.0
+fo,o,0,ou(xl,x2,x3,x4)+f fl,o,o,o(xl)Dm(xl,xz,x3,x4)dxl+f J0,1,00002) Dou(x;, X2, X3, x4)dxz
Gl GZ
Dast(20. 10 0\q Dust(1%. 10 0 x)d

+ | Soo.0(x3)D3ulxy), x5, x3, x)dx3 + | fo0,0,1(x4)Dau(xy, x5, X3, x4)dx4

G3 Gy
+fffl,l,o,o(xl,xz)DlDzu(xl,xz,xg,xg)dxzdxl+fffo,l,l,o(xz,x3)DzD3M(x?,xz,x3,x2)dx3dx2

G, G, Gy JG3

0.0 0 0
+ f J0.0.1,1(x3, X4)D3Dgu(xy, x5, X3, x4)dx4dx3 + f Sr0.1.0(x1, x3)D1D3u(x1, x,, X3, x,)dx3dx
G3 G4 Gl G3

0 0 0 .0
+f fo,l,o,l(xz,x4)D2D4u(x1,xz,x3,x4)dx4dx2+f J100,10Cx1, X4)D1 Dau(xy, x5, x5, x4)dx4dx;
Gy JGy G, JG,

0
+ f JSru10(x1, x2, x3)D1 D2 D3u(xy, Xz, X3, x4)dx3dxodx
G, Ja,

1 2

0
+ Jo1,1,10x2, X3, X4) D2 D3 Dau(x), X2, X3, X4)dx4dx3d2x;

3

.

f fi1.0.1(x15 X2, X4)D1 Dy Dau(x, X2, x5, X4)dxsdx2dx;
G, Ja,

L

+

1 2

+

0
S101.1(x1, x3, X4)D1 D3 Dgu(x1, x5, X3, X4)dxadxzdxy.

1 3

We denote

w0,000f = f Si1(0)ao,0,0(x)dx + fo,0,0,0,
G
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h] h2 h3 h4
(W10,00/)(x1) = f f f Suiilat, x2, x3, X4)a0 0,0,0(Q1, X2, X3, X4)dxsdxsdxoday
X1 xg xg xg
by phy by
+ f f Suni(ae00(x)dxsdxsdx; + fi000(x1),
o Ju Ju
hy Ny N3 hy
(Wo,1,00/)(x2) = f f f Sun(xn, a2, X3, X4)a0,0,0,0(X1, @2, X3, X4)dxsdxsderdx,
0 Ju Ju Ja
B phy by
+ f f Sun,1(0)ao,10,0(x)dxadxsdx; + fo,1,00(x2),
FENNENK
hl hg h3 h4
(Wo,0,1,0/)(x3) = f f f Suii(xn, X2, @3, X4)a0,0,0,0(X1, X2, @3, X4)dxsdazdx,dx,
x X X3 x
h] h2 h4
+f f Srn,1(0ao,0,1,0(x)dxadxadx; + fo,0,1,0(x3),
o Ju Ju
b e phy he
(w0,00,1./)(x4) = f f f S (e, x2, X3, @4)a0,0,0,0(x1, X2, X3, @4 )dasdxzdxadx,
x(]] xg xg Xa
T
+ f f Sri1(0)ao00,1(x)dx3dxadx; + fo,0,0,1(x4),
pet x) x
b e phy he
W1,1,00/)(x1,x2) = f f f Sii(ar, az, x3, x4)a0,0,0,0(ar, @2, X3, X4)dx4dxsdasda;
X1 X2 Xg .Xg
hy  hy hy
+ f f S (e, @2, X3, X4)a1,0,0,0(x1, @2, X3, X4)dxadxsdas
X x x)
b phy by
+f f Siaa(ar, x2, X3, x4)a0,1,00(@1, X2, X3, X4)dxsdxzda;
X1 xg xﬂ
hy  hy
+ f funiayo0(x)dxadxs + fi.1,00(x1, X2),
K I
N A
(Wo,1,1,0/)(x2, x3) = f f f Si11000, a2, @3, X4)a0,0,0,0(X1, @2, @3, x4)dxsdazdasdx;
X(]] X2 X3 xg
b phy by
+ f f Suni(xr, X2, @3, X4)ao,1,0,0(X1, X2, @3, X4)dxsdazdx;
x? X3 xg
iy iy hy
+ f f Suii(xr, @z, x3, X4)ao 0,1,0(X1, @2, X3, X4)dxsdardx;
x0 X2 x)
B hy
+f frrn1(Xao,11,0(0dxadx; + fo,1,00(x2, x3),
K Ja
Ny o i3 hy
(W0,0,11/)(x3, x4) = f f f Sr1(xr, x2, @3, a4)ao0,0,0(x1, X2, @3, ag)dasdardx,dx
x? xg X3 X4
by by
+ fn ﬁ S0, X2, X3, @a)ao0,1,0(x1, X2, X3, @4)dasdxrdx
X x) X4

hy rhy rhs
+ f f Jri(xn, X2, @3, X4)a0,0,0,1 (X1, X2, @3, x4)daszdx,dx;
x? xg X3
hy

Ny
+f fuii(aoe1,1(x)dxadx; + foo,1,1(x3, X4),
X

0 0
1 X3

h] h2 h3 h4
(Wr0.1.0/)(x1,x3) = f f} f fo Suila, x2, a3, x4)app00(a1, X2, @3, X4)dxsdazdx,da;
X1 X2 X3 X4

hy phy
+f0 f , Sr1(xn, x2, @3, x4)a1,0,00(x1, X2, @3, X4)dxsdazdx;
x) X3 xy
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h] hz h4
+f ﬁ , Suiilat, x2, x3, X4)ao 0,1,0(a1, X2, X3, X4)dxsdxodery
( .Xz X,
hy g
+f Si1,10a10,1,0(0)dxadxz + fi0,1,00x1, X3),
Xy xg
b e phy he
(Vl’o,l,o,lf)(xz,M)Ej‘0 f fo Si110en, a2, X3, @4)ao,0,0,0(x1, @2, X3, ¢4)dasdxsdasdx;
X
iy /14
+f0 f Suii(xy, X2, X3, @4)a0,1,0,0(X1, X2, X3, @4)dasdxsdx
X
Iy hy h3
+f0 f , S0, @2, X3, X4)a0,0,0,1 (X1, @2, X3, X4)dx3dardx;
X X3
hy h3
+f Suii()ao,0,1(x)dxsdx; + fo.1,0,1(x2, X4),
pet x
b e phy he
(Wl,o,o,lf)(xl,xzt)ff fo fo Si(ar, xo, x3, as)aop00(ar, X2, x3, a4)dasdxsdx,da;
X1
]14
+f f Suii(xn, X2, X3, @4)a0,0,0(X1, X2, X3, @4)dasdxsdx,
Iy hy h3
+f f Sii(ar, xo, x3, x4)ao,0,0,1(1, X2, X3, X4)dx3dxoday
K Ja
h
+ f finiaee,1(x)dxsdxy + fi00,1(x1, X4),
x) x
I A
(Wl,l,l,Of)(xl,xZ,x3)Ef f f Sii(ar, ag, a3, xa)app00(ar, @z, s, x4)dxsdasdasda;
X X2 X3 xg
B phy by
+f f , Suiila, az, x3, x4)ao0,1,0(@1, @2, X3, X4)dxsdasda
X4
B phy hy
+f f y Suiilat, X2, @3, x4)ao 1 00(@1, X2, @3, X4)dxsdazda;
}h h4
f f f1 1,1,1(X1, @2, @3, X4)a1,00,0(x1, @2, @3, X4)dxgdazdas
+f , fl,l,l,l(xl,az,xs,X4)al,o,1,0(x1,02,X3,X4)dx4d02
X2 X,

4

hy N
+ f , Suatan, x2, x5, xa)ao 1 10(@, %2, X3, x4)dxsdary
X1 X4

hy s
+f Suii(xe, xo, @3, x4)ag 1 00(x1, X2, @3, x4)dxsdas
X3 xg
hy
+ f1,1,1,1(x)d1,1,1,0(x)dx4 + fi1,1.0(x1, X2, x3),

h] hz h3 h4
(Wo,1,1,1./)(x2, X3, X4) = f f f Sinui(xn, a2, @3, @4)ao0,0,0(X1, @2, @3, @4)dasdazdasdx,

hy oy h3
+f0 f Jria(xn, @2, @3, X4)a0,0,0,1(X1, @2, @3, x4)dazdadx,
X2 X3
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h] hz h4
+f f S (X, @2, X3, @a)ao,1,0(x1, @2, x3, @4)dasdardx;
X? X2 X4
iy 3 N
+f f S (e, x2, @3, @4)ao,1,0,0(x1, X2, @3, a4 )dasdasdx,
Xo X3 X4
1

hy s

+ Si1,10x1, X0, @3, xa)ag 1.0,1(x1, X2, @3, x4)dazdx;
X3

o o
+ f Jria(xn, @2, X3, X4)do,0,1,1(x1, @2, X3, x4)dardx,
x2

hy Ny

+ Suii(xn, X2, X3, @4)ao,1,1,0(X1, X2, X3, a4)dasdx;
x] X4

h]
+f Srri(ao, 1,1 (x0)dxy + fo1,1,1(x2, X3, X4),
X
N N N3 hy
(Wl,l,o,lf)(xl,xz,M)Ef f f Sii(ar, az, x3, as)apo00(ar, @2, X3, as)dasdxsdasda;
X1 X2 X(; X4
iy iy 3
+f f Suiilar, az, x3, x4)ao0,0,1(1, @2, X3, X4)dx3dasda
X1 X2 X
iy 3 N
+f f Sii(ar, xo, x3, as)ao 1.0,0(ar, X2, X3, ¢s)dasdxsda
X1 Xg X4
hy 3 iy
+f fo Suii(xn, @z, x3, @4)aro0,0(X1, @2, X3, ¢4)dasdxsde,
X2 X3 X4

hy  rhs
+ f S (e, @2, X3, X4)a,0,0,1(x1, @2, x3, X4)dx3das
X2 )C2

hy o rhs
+f , i@ x2, x3, xa)ao, 0,1 (@1, %2, X3, X4)dxsday
X x3

h3 ‘h4
+ f S1.1,10x1, X2, X3, @a)an 1,0,0(x1, X2, X3, ¢4)dasdxs
Xg X4

h3
+ frrni(®ar(0dxs + fi1.0,1(x1, X2, X4),

X3

ho o phs ph
W10,1,1/)(X1, X3, x4) = f f f S, x2, @3, @4)ao00(ai, X2, @3, as)dagdazdx,da;
X1 Xg X3 X4
hy rhy rhs
+f f S, x2, @3, x4)ao0,0,1(@1, X2, @3, X4)dazdx,da;
X x(z] X3
ho o ph
+ f ﬂ S, x2, X3, @4)aoo,1.0(@1, X2, x3, s )dagdxda;
X x) X4

by s phy
+ f f Suii(xn, X0, @3, a4)aro,0,0(X1, X2, @3, 4)dasdazdx,
0
x) X3 X4
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hy N3
+f0 Si11(x, X0, @3, xa)ay 0,0,1(x1, X2, @3, X4)dazdx;
)C2 X3

hy hy
+ f , Si(ar, xo, x3, x4)ao0,1,1(@1, X2, X3, X4)dxodar;
X1 J(z

/12 h4

+ f Si10en, X2, X3, @a)an o,1,0(x1, X2, X3, ¢4)dasdx;

.)CO X4
)

+ Sini®are,1(x)dxs + fio,1,1(x1, X3, X4)

X

and

N
Wi, )Hx) = f f f Sii(ar, a, a3, as)apo00(ar, @z, @z, as)dasdasdarda;
X1 X2 X3 X4

iy Ny N3
+ f f Jrri(an, @z, @3, xa)ao00,1 (a1, @2, @3, x4)dazdasrda;
X X2 X3

iy iy iy
+ f Jraar, @z, x3, @4)ao0, 0(ar, @2, X3, a4)dagdasda;
X1 X2 X4

iy N3 i

+f Siii(at, x2, @3, ag)ag100(a1, X2, @3, ag)dasdasda;
X1 X3 X4

iy i3

+

S

hy
ff1,1,1,1(X1,afz,0’3,04)01,0,0,0()61,02,03,04)da4d6¥3d02
X2 X3 X4

Sui(xn, ao, @3, x4)ago0,1(x1, @2, @3, x4)dazda,

+
= s © >
= S
= ™ = —
el S @ =
S S

X

+

+ +
sorE 3

Sii(ar, xo, a3, xa)ao,1.0,1 (a1, X2, @3, x4)dazda;

Si1,10a, ao, X3, @s)aro1,0(x1, @2, X3, as)dagda,

Si(ar, ao, x3, x4)ao00,1,1 (a1, @2, X3, x4)dasda;
X
at 4

Suiilat, x2, x3, a4)ao 1 1.0(@1, X2, X3, ag)dasda;

+
|

+ Si1,10x, X0, 3, as)an i 00(x1, X2, @3, a4)dasdas
hz
+f Suii(xn, ao, x3, X4)ao,1,1(x1, a2, x3, X4)da
X2
h3
+f Si110x1, X0, @3, xa)ay 10,1(x1, X2, @3, x4)das
X3

Sii(ar, xo, x3, x4)ao 11,1 (@1, X2, X3, X4)da;

+
= =

Suiia (e, xo, x3, @a)an 11,0(x1, X2, X3, aa)dag + fi,1,1,1(%).

+
S
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Consequently, we have

Ny
0o .0 .0 .0 0 .0 .0
SVu) =M(x1, Xy, X3, x4)W0,O,O,Of + fo (Wl,O,O,Of)(xl)Dl u(xy, Xy, X3, x4)dxl
X

1

hz h}
0 0.0 0 .0 0
o (Wo,1,0,0/)(x2)Dau(x;, x2, x5, x,)dxz + , (w0,0,1,0/)(x3)D3u(xy, Xy, X3, x4)dx3
X 3
Ny hy 2 o 0
+ (Wooo1f)(x4)D4M(x1,X2,x3,X4)dx4 + fo , W1,1,00)(x1, X2)D1Daut(x1, X2, X3, x,)dx2dx;
X RoS

h2
f f Wo,1,1.0)(x2, ¥3)Da D3u(xy, X2, x3, x3)dx3dx

+ fo (WO,O,I,lf)(XSa x4)D3Dgu(xY, X9, x3, x4)dx4dox;
X

0
3 X

hl h3
0 0
+f y (W1,0,1,0/)(x1, x3)D1 D3u(x1, X3, X3, x4)dx3dx

h4
f fo (Wo0.1.0.1.1) (X2, X4)Da Daut(xY, X, x5, x4)dxadx (4.6)
Xy

0
X

hy
+ f (W1 00.1)(x1, X4)D1 Dau(xy, X3, X3, x4)dxsdx;

iy 112
f f (W1,1,1,of)(xl, X2, X3)D1 DaD3u(x1, X2, X3, X3)dxzdxadxy
x

X

f f f (Wo,1,1,1/)(x2, X3, x4)DzD3D4u(x?, X2, X3, X4 )dxsdx3dx;
X
iy iy
+f f (W1,1,o,1f)(x1,xz,X4)D1D2D4M(X1,x2,xg,X4)dx4dxzdxl
iy 3 h4
+‘[0 fo , (W10.1.1f)(X1, X3, X4)D1 D3 Dau(x1, x5, X3, x4)dxadxsdx,
X X4

" fG (9111 /) OD Da D Da()dx = (V* (1)

Thus, (V* f)(u) is a finite sum of the Hardy-type operators. It is known that, if variable exponent p(x) satisfies Dini-
Lipschitz condition, then Hardy-type operators are bounded on variable Lebesgue spaces Ly, (G) [10,13]. Eventually,
we have proved the following lemma:

Lemmad4.1. Let p € B(G) P(G)and 1 < P< p < oo. Then, the operator
11,11
ViSW i (G) = Ep(G)
has an adjoint operator V*, which acts boundedly on the spaces E(G).
Additionally, we need the following lemma:

Lemma 4.2. Let f € Ey(G). Then, the increment of the functional (3.3) has the integral form
aF0) == [ fisaex
G

Proof. Now, instead of u(x) in (4.6), we substitute the solution of the problem (4.2)-(4.3), i.e., replace the function u(x)
by Au(x). Then, the equality

f(VAu) = fG Si,1(0)Ap(x)dx = fG Wi,1,1,1 ))(X)D1 D, D3 DyAu(x)dx = (V* f)(Au)
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holds for all f € E ) (G). In other words,
- f Fira(Ap(dx + f (W10 /)(OD1 Dy D3 DyAu(x)dx = 0, @)
G G

Thus, the function Au(x) as an element of S W[()l(;l)’l’l)(G) satisfies condition (4.3). By using the integral representation
(4.4), we obtain

"R g, b, ) + @0 Ay, X, s ) + @0 Auhy, o, X0, hg)

+ @V AuChy, o, 3, xP) + @OV Au(EY 10, s, ) + 0 Audhy, 1 xgk>,h )

+ @ Y Auhy, o, X0, 260 + o OO A, o, X, 1) + @D Auchy, X, b, 50

+ "D AU gy, 1) + a0 A 1P, 2P, ) + @D Auchy, 1P, ;">, o)
+ a,((]’l’o’l)Au(x(k) .X(Zk), /’13, Xik)) + a/zl’o’l’l)Au(x(lk), h2, xgk), )C4 )) +a (] L1, I)AM(X(k) .X(Zk), xék), x4 ))

= f Bk(x)D] D2D3D4Au(x)dx,
G

where
Bu(x) =a/§<1’0’0’0)9(x(1k) X)) + a(OlOO)g(x(k) X)) + a(oo10)0(x(k) X3) + a(ooo 1)9(x(k) x4
a0 = xpBE — x) + @00 - 1) - x3) + a0 - )G - x)
a0 = xpBGE — x3) + @O — 108 - xg) + @M MPOGN - 1B - x)
a0 — B — 208 — x3) + @G — 2B — x3)0(GE - x4)
(1’1’0’1)6(x(k) - xl)H(x(zk) - x2)9(xf‘k) — X4) + akl’o’l’l)ﬁ(x(lk) - xl)ﬁ(xgk) - X3)6(x4 — X4)

+ a/kl LLD G(x(k) - xl)e(x(zk) - xz)@(xgk) - x3)9(xf;k) — X4)

L if >0, . . . .
! is Heaviside function. Thus, increment (4.1) of functional (3.3) can be represented by

and 6(t) = {0 $ 1<0

AF(v) = f ZBk(x)D1D2D3D4Au(x)dx
G =1

or

AF(V) = f B(x)D1D2D3D4Au(x)dx, (48)
G
where B(x) = Zszl Bi(x). According to (4.7), increment (4.8) can be represented by the form

AF(V)=fG[B(X)+(W1,1,1,1f)(X)]D1D2D3D4AM(X)dx—Lf1,1,1,1(X)A90(X)dX- 4.9)

Since wy 1,1,1 depends only on fi 1,1, equality (4.9) holds for all fi 111 € Ly (G). For integro-differential expression
(4.9), we consider the equation

W11 ) +Bx)=0, x€G, (4.10)

that is said to be an adjoint equation for optimal control problem (3.1)-(3.3). As the function fj ;,;,1(x) we consider the
solution of equation (4.10) in Ly (G). Then, increment (4.9) has the integral form

AF(v) = - fG Jr1(0)Ae(x)dx.

This completes the proof. O
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5. THE MAIN REsuLT

Now, for a fixed (71, 72, 73, T4) € G, we consider the following needle variation of the admissible control v(x)

Ava(x) v-v(x) , if xeG,
ve(x) =
€ 0 , if xeG\Gg,

where v € Qg, € is a sufficiently small parameter that is positive and G, = (11 — ST+ 5)X(Mm -5 1+5)X(13 -

2,73+ 5) X (14 — 5,74 + 5) C G. A control v.(x) defined by v¢(x) = v(x) + Avg(x) is an admissible control for all
sufficiently small positive & and all v € Qg called a needle perturbation given by control v(x) where (71, 72,73,74) € G
is a fixed point. Clearly,

F(ve) = F(v) = - fG Jri1 (e, v(x) + Ave(x) — @(x, v(x)1dx = - fG S, (e, V() = ¢(x, v(x)]dx. (5.1)

Since the optimal control problem is linear, that theorem follows from (5.1):

Theorem 5.1. Let fi 11,1 € Lyw)(G) be a solution of adjoint equation (4.10). Then, for the optimality of the admissible
control v(x), it is necessary and sufficient that for almost all x € G Pontryagin’s maximum condition

max H(x, fi1,1,1(x),v) = H(x, fi11,1(x),v)

be satisfied, where H(x, f11.1.1(x),v) = fi.1.1.1(X)¢(x,v) is Hamilton-Pontryagin function.

Proof. Assume that a control v(xy, x», x3, X4) € Q gives the minimum value of functional (3.3). Hence, by (5.1), we
obtain

—f[H(xl,xz,xg,x4,f1,1,1,1(x1,x2,x3,x4),77)—H(xl,xz,x3,x4,f1,1,1,1(x1,xg,x3,x4),v(xl,xz,x3,x4)]dx4dx3dx2dx1
G,

> 0.
(5.2)

Dividing the both sides of (5.2) by &* and later taking the limit as & approaches +0, for almost all (11,7, 73,74) € G
and using analogue of Lebesgue differentiation theorem in L, (see [10]) for all v € Q,, we have

H(t1,72,73,Tas f1,1,1,1(T1, T2, T3, Ta), V(T1, T2, T3, T4)) — H(T1, T2, T3, Tas f1,1,11(T1, T2, T3, T4), V) = 0. (5.3)

Thus, for optimal control of v(x;, x2, X3, x4) € Qg, it is necessary to satisfy condition (5.3). Moreover, the equality

AF(v) = —fAH(xl,xz,x3,x4,f1,1,1,1(x1,xz,X3,x4),V(xl,xz,X3,x4))dX4dx3dxzdx1
G

shows that this condition is also sufficient for optimal control v(x, x2, x3, x4), Wwhere
AH(x1, X2, X3, X4, f1,1,1,1, V) = H(x1, X2, X3, X4, f1,1,1,1, V + Av) — H(x1, X2, X3, X4, f1,1,1,1, V)

This completes the proof. O

Example 5.2. Equation (3.1) generalizes the four-dimensional analogue of vibrating string equation and the four-
dimensional telegraph equation. Essentially, if we take ago00(x) = —k, kK = constant > 0 and a;, ;,,,;,(x) = 0,
0 < iy +ip + i3 + is < 3 in Bianchi equation (3.1), we obtain

D1 D;D3Dyu(x) — ku(x) = p(x, v(x)). 54

It is known that equation (5.4) is a controlled process described by the four-dimensional telegraph equation. This
equation arises in the four-dimensional mathematical modeling of filtering and telecommunication. Assume that k is
zero. Then, adjoint equation (4.10) for four-dimensional optimal control problem (3.1)-(3.3) is of a simpler form as
follows:

firi1(x)+Bx)=0, xeG.
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6. CONCLUSIONS

A necessary and sufficient condition is proposed for an optimal control problem with distributed parameters, which
is described by the fourth-order Bianchi equation involving coeflicients in variable exponent Lebesgue spaces. This
condition can be seen as a novel approach to Pontryagin’s maximum principle for the considered problem throughout
the work. The novelty arises from the facts that the problem is studied with the help of such a version of the increment
method that essentially uses the concept of the adjoint equation of integral type, and also that the problem is studied in
variable exponent case instead of conventional constant exponent case of Lebesgue and Sobolev spaces.
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