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1. Introduction

The Weierstrass approximation theorem is a fundamental result in mathematical analysis which states that any continuous
function on a closed interval can be uniformly approximated by a polynomial function (see [1]). Bernstein provides a simple
and constructive proof to the Weierstrass Approximation Theorem for C[0, 1], where C[0, 1] is the set of all continuous functions
(see [2], [3]). Because of the importance of the Bernstein Operators, many researchers lead to the discovery of their numerous
generalizations such as [4], [5], [6], [7], [8], [9], [10]. For a function f belonging to the space C[0, o), the Szdsz-Mirakjan
operators are introduced by

n

Su(f3x) =k§‘6sn,k(X)f<k>, (1.1)

where,

e ()}

TR (1.2)

Sni(x) =e

for any x € [0,00), in [11] and [12]. However, this kind of operators do not suitable for discontinuous functions. P. L. Butzer
introduced the Kantorovich type Szdsz-Mirakjan operators for Lebesque-integrable function space, in [13] as:

k+1

n

A f(t)dt, (1.3)

Su(fix)=n Z s,,,k(x)/

k=0
where s, ¢ (x) is defined in (1.2). Szdsz-Mirakjan operators, Kantorovich type Szdsz-Mirakjan operators and some of their
generalizations have been the subject of extensive research by various scholars as documented [14], [15], [16], [17], [18], [19],
[20]. For further developments in this area, interested readers are encouraged to explore the insights provided in [21], [22],
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(23], [24], [25], [26].
In this article, we introduce a new family of Kantorovich type Szdsz-Mirakjan operators K, y as:

Kuy(fix) : ank / (k+t>dt, (1.4)

n

where s, x(x) is given in (1.2) and ¥ € R™. Note that, K, y are positive and linear. One can easily obtain that, in (1.4) the
classical Szazs-Mirakjan Kantorovich operators can be produced, by choosing ¥ = 1. We observe that, the error estimation of
K,y decreases by increasing the value y. Therefore, in cases where we choose the ¥ value greater than 1, it can be seen that the
error estimation is less than the classical case. Therefore, this modification gives better approximation results than classical
one, when y > 1. It should be stressed out that this kind of Kantorovich type operators for the Bernstein polynomials was
defined and studied in [27] by Ozarslan, and Duman.

After giving geometric properties and significant results of K, y in Section 2, direct and local approximation properties,
theoretical proofs, and numerical examples for better error estimations are given for these operators in Section 3. Then,
applying slight modification to the operators K, y, a new family of these operators is introduced, that preserves affine functions.
In Section 5, bivariate cases of these operators are introduced and studied.

2. Some basic results

In this part, we provide some geometric properties of K, , and significant results of K, , which will be used in the next sections.
Theorem 2.1. Let 0 <y < ooandn €N, then,

1. If the function f is increasing (or decreasing) on [0,0), then K, ,(f;x) is also increasing (or decreasing) on [0, o).
2. If the function f is convex (or concave) function on [0,0), then K, y(f;x) is also convex (or concave) on [0, ).

Proof. 1. Taking the first derivative of K, y(f;x) we get,

(i) (25) = ¥ s 9 ['s (“’)m

_ ;0[ - )k_'_e_nxnk(n]zc!)k—l}/01f<k_;ty> B

- E et (L [ (5
E ol [ (S f O [ (L1,
"

=g e SR (R e [ ()
L

k417
/ Ahf( : >dz‘7 (2.1)
where h = % andn=1,2,....

For an increasing function f on [0,c0), we have

A}lf<k4’;ﬂ> _f<k+1+ﬂ’) _f<k+ﬂ> >0, 22

n n

I
3

where k=0, 1,... and ¢ € [0, 1]. Therefore, combining (2.1) and (2.2), we obtain

(K,,ﬁy), (f;x) >0 for each x € [0,0).

In other words, K, y(f;x) is increasing on [0, ).

2. Similarly, the second derivative of K, ,(f;x) is

(Kn,y)ﬂ (f:x) =n? i Sk (x) / A2 f <k+t ) dt 2.3)
k=0

where h = % forn=1,2,3,.... Let f is convex on [0, ), then for any k =0, 1, ... we have

Y Y Y
Sk—i—t Sk-l—t +1§k+t +2§1
n n n
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Theorem 3.2.2 in [[28], p.59] implies that

Ahf(k—;t )zo.

Therefore, combining (2.3) and (2.4) we get,

(Kn.”y)N (f;x)=>0

Vx € [0,00). As a conclusion, K, y(f;x) is convex on [0, o).

Lemma 2.2. Recall the first 3 moments of (1.1)

1. Sp(lix) =1
2. S(tx)=x

3. S,(%x) = x>+ )
n

Lemma 2.3. Let y € (0,00) and x € [0,00), then

1. Kyy(lix) =1
S 1
2. Kn,y(t,x) =x++ W
3 1
3. Kuy(thix) =x* + (r+3)x +

(y+1)n  (2y+1)n?

Proof. For each y € (0,00) and x € [0, ), using Lemma 2.2, we get

1.
o 1
K y(1;x) = Z s,,ﬁk(x)/ dr=1.
k=0 0
2.
L+t
Ky y(t:x) = ank /Td
1 = 1 ,
= —Sx(x dt+-) s, x/tdt
Lok [ Yt |
> k 1 1
= Spk(X)—+———=) Sprlx
k;()n,k( )I’l Y-ang{) n,k()
L]
=X+ -—-".
(y+Dn
3.
> k+1tY
Kug(t0) = ¥ s (x) / ( ) di
k=0 0 n
> K2 + 2kt + 127
:Zs"-k(x)/ (2 dt
k=0 0 n
o0 K2 oo
= Tonatolys [ s Yo
k=0 n? =0
oo 12 oo
—kg)sn,k(x); Y+1 Z
3 1
=x>+ (r+ )x+

(y+1)n (2y+1)n?

(2.4)

;/0 ﬂ’dt+ﬁ an’k(x)/o t=Ydt

nk 2’]/+17’l22 nk
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In the following lemma, we establish the connection between the moments of the operators K, y and S,,. Consequently, we can

compute higher-order moments of K, y by utilizing classical Szazs-Mirakjan operators S,,.

Lemma 2.4. Considern € N, x € [0,00), and y € (0,00), we get

where S, is defined in (1.1).

Proof. From (1.4), we get

Pk \™
Kuy™sx) = Y spa() /0 ) dt

k=0 0
1 & 1 m\ )
= —Y s KV =) gy
”mkgf) k(X)./O ,Z()<l)

I & o (M i [! (m—i)
= — Y s ) (. k/ﬂ’ dt
k=0 i=0 \! 0
1 & &o(m\ 1
= % (¥

1 & <m) n' i ( )k’
= — Sp.k(x
= \i ) yim—i)+1 /5 K i

Corollary 2.5. We obtain,

1
1. Ky y(t —x3x) =

+

(y+1n

2. Kuy((t—x)%x) = !

* (2y+ 1)n?2’

S =

3. Direct and local approximation properties of K,

2.5)

We now turn our focus to direct and local approximation properties of K, ;. To begin, let’s remember that Cg[0, ) signifies the
set of all real-valued functions f on [0,) that are both uniformly bounded and continuous. We measure the norm of such

functions using ||.|| defined as:

Il = sup [f(x)].

x€[0,00)

Theorem 3.1. For any A € RY, let f € Cp[0,A], and y € (0,0), then K,, y(f3x) is uniformly convergent to f(x) on [0,A].

Proof. According to the Bohman-Korovkin Theorem (see [30]), it suffices to establish that

lim sup |K ,y(t";x)—ti =0,
nﬁwxE[O,A]‘ " ‘

for i =0,1,2. As aresult of Lemma 2.3, one can easily see that (3.1) is hold for i = 0, 1,2. So, the proof is done.

For each A € R*, the operators K, , on Cg[0,A] satisfies K, y(1;x) = 1. Therefore, for all € > 0 we get

2
Kuylfix) <€ %Knm((f —x)%x)

3.1)

O
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where x € [0,A]. Here § comes from the uniform continuity of f. Therefore, the order of approximation of K, ,(f;x) to f is
much better controlled by the term K, ,((f —x)?;x).

Let A € (0,%0) and f € Cp[0,A]. If we consider ¥ > 0 and x € [0,A] such that
Kn,y((t—x)z;x) < Kn((t—x)%:x). (3.2)

We can compare how well the operators K, (f;x) and K, (f;x) approximate the function f. From Lemma 2.3 and equation
(3.2),

Kuy((t=x)%x) < Ki((t—x)%%)
x, 1 <« *. 1
n y+1)n2 — n 3n?
1 1
Qy+1)n2 = 32
1 < 7

Hence, for every y > 1, the accuracy of the approximation K, ,(f;x) to f(x) outperforms that of the classical Szasz-Mirakjan
Kantorovich operators for any f € Cg[0,A] and x € [0,A]. Additionally, the approximation error of K, ,(f;x) to f(x) diminishes
with increasing 7.

Now, we give some graphical and numerical results to illustrate that we have better error estimation by increasing the value 7.

0 0.1 0.2 0.3 04 05 0.6 0.7 0.8 0.9 1

Figure 1: Error of approximation K, ,((t —x)%;x) for, y=1, y=5, y=10, y= 20, when n =5 and x € [0, 1].

X Ks1((t—x)%x) | Kss((t—x)%x) | Ksao((t —x)%x) | Kso0((t —x)%3x)
0.00 | 0.0133 0.0036 0.0019 0.0010
0.10 | 0.0333 0.0236 0.0219 0.0210
0.20 | 0.0533 0.0436 0.0419 0.0410
0.30 | 0.0733 0.0636 0.0619 0.0610
0.40 | 0.0733 0.0836 0.0819 0.0810
0.50 | 0.1133 0.1036 0.1019 0.1010
0.60 | 0.1333 0.1236 0.1219 0.1210
0.70 | 0.1533 0.1436 0.1419 0.1410
0.80 | 0.1733 0.1636 0.1619 0.1610
0.90 | 0.1933 0.1836 0.1819 0.1810
1.00 | 0.2133 0.2036 0.2019 0.2010

Table 1: Table captions the different values of x.

Now, let’s delve into the local approximation properties of K, y. Recall that, in the case of f € Cg[0,20), the modulus of
continuity (see [29]) is

w(f;8) = supo<p<ssupaeio.) | f (x+h) = f(x)|.
Theorem 3.2. Let f € Cp[0,00), and y € (0,00), we obtain,

x 1
Ky (f3%) = f(x)] < 200 (fé n W)
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y=2
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////// 7/\/:4
Figure 2: Error of approximation K, y((¢ —x)%x) for,y=1,y=2,y=3,y=4, whenn =8 and x € [2,3].
X K 1((t—x)%x) | Kso((t—x)%5x) | Ksa((r—x)%5x) | Kga((t —x)%x)
2.00 | 0.2552 0.2531 0.2522 0.2517
2.10 | 0.2677 0.2656 0.2647 0.2642
2.20 | 0.2802 0.2781 0.2772 0.2767
2.30 | 0.2927 0.2906 0.2897 0.2892
2.40 | 0.3052 0.3031 0.3022 0.3017
2.50 | 0.3177 0.3156 0.3147 0.3142
2.60 | 0.3302 0.3281 0.3272 0.3267
2.70 | 0.3427 0.3406 0.3397 0.3392
2.80 | 0.3552 0.3531 0.3522 0.3517
2.90 | 0.3677 0.3656 0.3647 0.3642
3.00 | 0.3802 0.3781 0.3772 0.3767
Table 2: Table captions the different values of x.
forall x € [0,0).
Proof. According to the positivity of K, , and the equality K, ,(1;x) = 1, we have,
k+1tY
Ky (fix) = £(0)] < ank / f — f)|dr. (3.3)
Applying the property of the modulus of continuity, which is
-2
1@ -rai< (1+55 Yo ro)
to (3.3). We obtain,
k417
‘K,,ﬁy(f;x)—f( )‘<a)f5 ( ank / X dt).
Applying Cauchy-Schwarz inequality,
1 | L k1Y 2
Kag 0~ 1] < 0(:8) 145, Lot [ (25 —x) ar
k=0 0 n
1 /x 1
= o(f;0)|1+=4/-+————=].
(£:9) ( T5\n T ere 1)n2>
Choosing 6 = , /% + W, we have the desired result. O
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Lemma 3.3. Let y € (0,0), then for each f € Cg[0,0), we get
1Ky (5 ) < N1

where ||.|| denotes the uniform norm of Cg|0,o).

The Peetre-K functional is
Ko(f:6) = infregrio.e) {I.f — Tl + 8]I7"]}, (8 > 0)
where @%[0,) = {7 € Cp[0,0) : T, 7" € Cp[0,0) }.Furthermore, 3 C > 0 (See [31]) such that
Ka(f:8) < Can(f:V/5)
where @ (f;/8) is the modulus of smoothness for f € Cy[0,0) defined as

@2(f;V'8) = supy<nessubacioe |f(x+2h) = 2f (x+h) + f(x)].
Theorem 3.4. Assume thatn € N, y € (0,%) and f € CB[ ,0). Then, 3C € R" such that

1 x 1 Ly !
Ky (f3x) = f2)] < Can f;Z\/n+(2y+1)n2+<(7+1)"> )+w<ﬂ(7+1)n>

Vx € [0,00).
Proof. Let

Kof(f52) i= Kuy(f3) + f () = (x+ (}'+11)> .

From Lemma 2.3, we obtain

K:;y(l;x) =1,
and
K, ,(t —x;x) =0.

Now, assume that T € @>[0,). By the Taylor’s expansion,

ot) = T(x) + (t — )T (x) + / ' — uye (w)du.

Applying the operators K, ,, for both sides, we get

K. (tx) = T(x)+K,f,y< /Xt(t—u) ' (u)du; x)

= () + Ky </Xt(tu) ' (u)du: x> /W*l” (x+(y+1])nu> " (u)du.

K (t33) — () = Ky < / t(t—u)‘c”(u)du;x) - / G <x+ v +1 o —u) " (w)du.

By using above equation, we get

Hence;

X 1 Y
Ko (1) — ()] < KM( / w)du: x) + / (G 7 (0
< Kn,y</l (u)du x)—&—/xﬂﬁll)n ﬁ—u |7 (u)| du
< Kn,y(/r—wdu LR A S —— AR
< Kn,y<<tx>2;x>||r"|+(x+(y+ll)nx) 17

="

2t <2y+11>n2 ’ <<y+1 1>n)2

(3.4)

(3.5)

(3.6)
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So, we have

] ] : !
r9(70) = (0] < l et () ] =l 7

Also, from Lemma 3.3 and the equation (3.5), we get
Ky (f3)| <311l (3.8)
for all f € Cp[0,e0) and x € [0, o).

For f € Cp[0,) and T € ®%[0,), using (3.7) and (3.8), we observe that

’Kn,Y(f;x) - f(x)‘

Koy (fsx) = f(x)+ f (’H' (y+11)n>

K:(fix) — Koy (1) 4 K (720) — 7(0) 4 7(2) — () + (x+ (Hll)) —f(X)‘

- 1)

1
< Rig3n) K p(esn) 4 [Kip(aia) - (0] + o)~ 7001+ |7 (st ) = )
S N Gy [T oy
- (2y+ D2~ \(y+1)n “(y+1)n )’
Hence, by taking the infimum on the right-hand side over all T € @>[0,0), we obtain:
2
ot )
n (2y+1)n2 (r+Dn 1
Kny(f3x) — < 4K | f; ;
KurFi) 1] < 4k | £ ; oot
1 |x I 1\? 1
= C Vs + tol|fi——m]-
@\ 2\/n et () ) ()
So, the proof is completed. O
Recall that the usual Lipschitz class for0 <a < 1and M > 0 is
Lipy(a) := {f € Cp[0,%0) : |f(p) — f(0)| <M|p — 5|}
Vp,o € [0,).
Theorem 3.5. For every f € Lipy(a), we have
|Kny(fix) = f(x)| <M f+; %.
T ~ln Qy+1)n?
Proof. Assume that f € Lipy(a), then,
= ! k+1tY
Kt =1 = T [ |7 (20 ) - gio]ar
k=0 0 n
= 1 b4 a
< Man,k(x)/ ki—x dr.
=0 ol n
Utilizing Holder’s inequality, we obtain
2—a

|Kn,y(f§x) - f(x)|

IA
_—
s
1%}
N
:

—
=
S—
RS

=
S|+
L
%
|
=
N———
[\e]
QU
-~
—_
[STi~Y
_—
Lee
%)
=
:
—
=
S~—
\_
QU
I;I
4

Therefore, the proof is completed. O
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Now, we present graphical and numerical results to illustrate the convergence of K, ,(f;x) to certain functions f(x). Addition-
ally, we compare the newly defined operators K, ,(f;x) with the classical Szasz-Mirakjan Kantorovich operators K, (f;x) for
different values of v and n. As anticipated, the results of these comparisons consistently demonstrate that, for any y chosen to
be greater than 1, the approximation of K, y(f;x) to f(x) surpasses that of K, (f;x). Moreover, as the value of y increases, the
convergence of the operators K, ,(f;x) to the functions f(x) improves.

In the following Figure 3, we compare the approximation of the operators Ko 1 (f3x), K204 (f3x), K20,16(f3x) to

I+x(x—1)(x=2), 0<x<2
[ =

1, otherwise.

Here, K»0,1(f;x) is the classical Szdzs-Mirakjan Kantorovich operators. Then, the graphics show that choosing 7 > 1 we get
better approximation results to the function. Furthermore Figure 4 gives that the graphics of the error of approximation and
Table 3 shows the numerical results of the error of approximation of these operators.

.
025~ . i

0.05 — P

Figure 4: Error of approximation & y(f(x)) = |Kn,y(f;x) — f(x)| for y=1, y =4 and y = 16 when n = 20.

Now, in Figure 5, we compare the approximation of the operators Kso 3(f;x), Kioo3(f;x), Ki503(f;x) to the function f(x)
where

(xf%)(xf%)(x—14—5)(x71)(x72)(x—3)(x74), 0<x<4
0, x> 4.

As expected, increasing the value of n we get better approximation results. Moreover, we give error of the approximation for
these operators in Figure 6, graphically. And Table 4 shows the error of approximation, numerically.
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X | [ K01(f3%) = f() || [ Kaoa(fsx) =) | | | Kao.16(f5x) = f(x) |
0.0 | 0.0475 0.0192 0.0057
0.2 | 0.0017 0.0147 0.0209
0.4 | 0.0330 0.0341 0.0347
0.6 | 0.0462 0.0391 0.0359
0.8 | 0.0415 0.0298 0.0243
1.0 | 0.0187 0.0060 0.0000
1.2 | 0.0220 0.0322 0.0370
1.4 | 0.0808 0.0847 0.0867
1.6 | 0.1575 0.1517 0.1491
1.8 | 0.2523 0.2331 0.2242
2.0 | 0.3650 0.3288 0.3120

Table 3: Table captions the different values of x.

—f(x)

n=50 4
4~ n=100
--n=150|

5
—F=——T1
|

Figure 5: Approximation of K, y(f;x) to f(x) for n =50, n = 100 and n = 150 when y = 3.

n=50
n=100
N --n=150["

Figure 6: Error of approximation &, y(f(x)) = ‘K,w(f;x) — f(x)| for n =50, n = 100, and n = 150 when y = 3.

4. A new modification of K, , for preserving affine functions

Classical Szdsz—Mirakjan—Kantorovich operators do not preserve affine functions. But in 2020, Bustamante modified these
operators by a new technique (see [32]) and this new family of operators preserve affine functions. In this section, we apply
this kind of modification to K,W( f3x) so that they preserves affine functions. We set,

= ! k+1t"
At = T [ (@555 ) @)

(y+ Dk

where ay = m
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X | Kso3(f3x) —f(¥) | | [Kiooa(f3x) = f(x) | | | Kisoa(fsx) —f(x) |
0.00 | 0.4545 0.2310 0.1549
0.35 | 0.2641 0.1341 0.0899
0.70 | 0.1873 0.0984 0.0667
1.05 | 0.1073 0.0572 0.0390
1.40 | 0.2967 0.1535 0.1035
1.75 | 0.3755 0.1984 0.1347
2.10 | 0.0963 0.0457 0.0298
2.45 | 0.6568 0.3473 0.2358
2.80 | 0.4962 0.2794 0.1939
3.15 | 0.6018 0.3206 0.2163
3.50 | 0.7171 0.5902 0.4409
Table 4: Table captions the different values of x.
We also set,

M ie(1) = T

t2

Y+ Dnt +1]2

to use in Lemma 4.2 to investigate the moments of the operator A, ;.

Lemma 4.1. Let k,n € N and y € (0,), then we have:

Y
L (akk+’ >dt=k
n
k+17\2 K> 2)2
2. fol(ak - ) dt = — + Y >
n nr Qy+ D2 [(y+ Dk+1]
(y+ Dk
h = TR
wnere dy [(y+])k+1}

Lemma 4.2. Foreachn € N, y € (0,00) and x € [0,0) we obtain,

1. Ayy(lix) =1
2. Apy(t;x) =x
2 o X, 7
3. Apy(t7x) =x +;+m5n(ﬂn,k(f)§x)~

where S, is defined in (1.1).

Remark 4.3. The operators A, ,(f:x) in (4.1) reproduce linear polynomials, that is

Apy(ct+d;x) = cx+d,

where c¢,d € R.

Remark 4.4. If y=11in(4.1), then A, y reduce to the operators in [32], which is introduced and studied by Bustamante.

Theorem 4.5. Let A > 0, then for any f € Cp[0,A], and y € (0,0), we obtain that A, y(f;x) are uniformly convergent to f(x)

on [0,A].

Proof. From Korovkin Theorem, it sufficies to demonstrate that lim,_,. A, y(t';x) = x' where i = 0,1,2. Evidently, as a
consequence of Lemma 4.2, lim,,_;cc A, y(1;x) = 1 and lim,,_, A,, y(#;x) = x. Moreover, we can establish that

Y

Anf(50) =+ = =L, (1)),

Taking limit for both sides as n — oo, we get

lim A, ,(r%:x) = lim 2+ lim = + lim

n—oo n—yoo

n 2y+1

n—oeo n

n—eo 2+ 1

Sn (b i (1)3%).
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From the convergence of classical Szdsz—Mirakjan operators limy, e Sy, (U £ ();x) = 0 because of lim,,_ye t, x(x) = 0. As a
result,

: 2.y _ 2
’}ggAn,y(t ;X)) =X

Hence, Korovkin theorem conditions are hold for A, ;. Then, the proof is completed. O

Note that, A, 1 are the operators which is defined by Bustamante. In the following graph, we compare the error estimation
results of A, 1 and A,, y for different values of ¥, by using central moments. One can easily observe that, A, ; have better error
estimation when decreasing the value y. Therefore, for any 0 < y < 1, the operators A, , have better error estimation than A, ;.

¥=1 |
0.66 — ~=1/2[7
B i L

054 2% -

Figure 7: Error of approximation A, y((t —x)*;x) for y=1, y = % and y= % when n = 6.
Now, we present graphical and numerical results to compare the convergence of the operators A, ,(f;x) to f(x), where
1+x —&-xz7 0<x<?2

7, x>2,

for different values of 7.

—f(x)

Figure 8: Approximation of A, y(f;x) to f(x) for y = % y=1, and y =2 when n = 10.

As anticipated, Figure 8 and Table 5 illustrate that the approximation results of A, (f;x) to a specific function f(x) improve as
the value of y decreases. Now, in the upcoming figure, we compare the operators A, y( f;x) with the function f(x), where

xx—1)(x—1), o0<x<1

0, otherwise,

with different choices of n.
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x| A1 (f50) = F) || [Aw0a(f50) = f) | ] [A02(f3%) = f(x) |
0.0 | 0.0000 0.0000 0.0000
0.2 | 0.0203 0.0205 0.0206
0.4 | 0.0404 0.0406 0.0407
0.6 | 0.0604 0.0607 0.0608
0.8 | 0.0805 0.0807 0.0808
1.0 | 0.1005 0.1007 0.1008
1.2 | 0.1205 0.1208 0.1208
1.4 | 0.1405 0.1408 0.1408
1.6 | 0.1605 0.1608 0.1609
1.8 | 0.1805 0.1808 0.1809
2.0 | 0.2005 0.2008 0.2009

Table 5: Table captions the different values of x.

—f(x)
n=5 ||
n=10

0 0.1 0.2 0.3 0.4 05 0.6 0.7 08 0.9

Figure 9: Approximation of A, ,(f;x) to f(x) forn =5, n= 10, and n = 25 when y = %

5. The bivariate case of K, ,

Favard [34] introduced and studied bivariate case of classical Szdsz—Mirakjan operators. Then, many researchers investigated
these operators and their generalizations such as in [33] [35], [36], [37]. In this part, we define and investigate the bivariate case
of K,, y. Consider, Cg ([0,0) x [0,20)) is the space of uniformly bounded and continuous bivariate functions on [0,0) x [0, o).
We define the operators K,’,/} Zzz as

ki+t] k+t)

)dtldtz, (5.1
ny ny

KB = L oonn L swnt) [ [ r(
k=0 k=0 0J0
where (x,y) € [0,00) X [0,00) and 71,72 € (0,0) for an integrable functions f : [0,e0) x [0,00) — R.
Note that, the operators K,Z} j,’% are linear and positive. Furthermore, choosing y7; = 7 = 1 in (5.1), then we get the classical
Bivariate Szasz-Mirakjan Kantorovich operators.

Lemma 5.1. For (x,y) € [0,00) X [0,00) and 71, 7> € (0,00), we have

L Kr2(Lxy) =1

2. Kilig (1:x,y) = m
1

(p+1ny

(n+3)x 1

Mm+Dn 2n+1ng

(v, +3)y 1

(o4 1)ny (2)/2-1-1)}1%'

3 KN R (ixy) =y+

4. KR (ihixy) =22 +

5. KR (63x,y) =y +

Corollary 5.2. From Lemma 5.1, we have the following central moments:
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1. KZ};,’,%(tl —Xx,y) = m = Py (X)
2 KR (0= yi) = o = P )
3K ((h—x)%x,y) = +<2%le1):3 Py (%)
4 KN ((h—y) ) = y*@nin:%m@’

Theorem 5.3. Let Aj,Ay > 0, then for each 1, € (0,0) and f € Cg ([0,A1] x [0,A2]), the operators K22 (f;x,y) uniformly
convergent to f as ny,n, — o« on [0,A1] x [0,A3].

Proof. Volkov in [38] gives the conditions for the uniformly convergence of bivariate positive linear operators to continous
functions. Using Lemma 5.1, one can easily see that the conditions for Volkov’s theorem are hold. So, proof is completed. [

For any f € C([0,00) X [0,20)), the modulus of continuity for the bivariate case is

w(f;51752): sup {|f(t17t2)—f(p70)|:(ll,tz),(p76)€[07°°)><[0,°°)}

[t1—p|<81,ln—0|<8,

where 8,6, € R™.

Moreover, the function (f; 01, 5;) has the following inequality,

uvmg—ﬂmoﬂs(Lﬂ“‘p)(LH”‘“)wUﬁh@»
o1 &

Theorem 5.4. Assume that f € C([0,%0) x [0,00)) and 1,7> € (0,00). Then for each (x,y) € [0,00) X [0,00) we get,

(KL (59 = £003)] <40 (£54/ 00, (0 90 0)

where @y, v, (x) and @y, 4, () are given in Corollary 5.2.

Proof. Due to the linearity and positivity of Kj'22 (f;x,y), we are able to write

KV (fix,y) = fxy)| < KDE(f(0,0) = f(xy)]:x,y)

Y102 - 1172 — vl
(l—i—Km nz(‘ll(sl x|,x>)))> (1+Kn|,n2(ti32 y|’x’y))a)(f;61,62).

IN

Using Cauchy-Schwarz inequality,

=

2
K (1n—xlxy) < [k (00— xy) |

and
1
2
K1 (=) < (KR (=9 5xy) |
Therefore,
VELE (6 07 x) VKRB (=)
KIE (fixy) — fley)] < |1+ 2 B |4 5 o(f361,8)
_ 1+ (pnlA)/l ('x) 1+ (pnz,'}’z (y) a)(f, 6], 62)
0 0
Finally, by choosing 8; = \/ @y, y, (x) and & = /@y, 5, (y), we get the desired result. O
For 0 < ay,a; < 1 the Lipschitz class Lipy(a;,az) for bivariate case is defined as
Lipy(ar,az) = {f(xy) € C([0,0) x[0,00)) : [f(t1,02) = f(x,y)| < M|ty —x["V]r2 —y|" }

where M > 0 and (x,y), (t1,12) € [0,00) X [0, 00).
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Theorem 5.5. If f € Lipy(ay,a), then we have,

an

(K (Fi03) = e 3)| < M (a0 (0] 7 [0 0)] 7

hold for all (x,y) € [0,00) x [0,00), where @, y, (X) and Qn, 4, (y) are given in Corollary 5.2.
Proof. Let f € Lipy(ay,az), then we have

Ke(fixy) = fxy)| < KPE(f(0,0n) - f(xy)]ixy)
< MKDR (0 —x|" | —y[*5x,y)

ny,ny
= MEKRR (0 —x|" 50, )KL (1 =y 5, y).
1 e s . . 2 2
We apply Holder’s inequality with p; = —, g1 = and pp=—,qp = , to get
a ag [25) 2 —dap

Q

2_
K2 (Fixy) = f(xy)] < MEDE((n—x)%2,9) T KL (0 —)2x,) %
ap
= M[(P"M/l (x)] 2 [q)nz,}’z (y)]

7]
2

Now, we illustrate the approximation of K22 (f;x,y) to f(x,y) for different choices of ¥;,7 for, where

AP0 HO-DE-DE-HE-2), 0<xy<2

f(X,Y) =

4 x,y > 2.

)

Figure 10: Approximation of Ki‘]l/} 17’}1/22 (f’x7y) to f(xvy) for n.vn= 1, %= 10, .= 100 when np,ny = 50.

6. Conclusion

We have introduced a novel generalization of the Szdsz-Mirakjan Kantorovich operators, denoted as K, ,(f;x), defined by

o U [ hay?
K y(f3x) ::k;’)sn,k(x)/o f( ‘;l )dt.

It’s important to note that when y = 1, these operators reduce to the classical case.

The operators Kj, ; has the following features:

¢ Uniformly convergent to any function f € Cg[0,A] on the interval [0,A] for each A,y € R™.

* When 7 is chosen to be greater than 1, these operators give improved error estimation compared to the classical case.
Moreover, as the value of y increases, the error estimation becomes smaller.

» Having shape preserving properties.

Furthermore, we introduced a new family of operators A, ,(f;x). These operators reproduce linear(affine) polynomials. Note
that, choosing y = 1, the new operators A, ,(f;x) reduce to classical case which is introduced and studied by Bustamante in
[32]. These operators have better error estimation than classical case if ¥ is choosen less than 1. Moreover, decreasing the
value 7, the error is getting smaller. Finally, we defined the bivariate case of K, ;(f;x), and investigated their approximation
properties. As expected, increasing the value of y; and 9, we got better error estimation than classical bivariate case.
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