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ABSTRACT. Representing physical processes by introducing fractional derivatives in partial differential equations
provides more realistic and flexible mathematical models. The solutions of nonlinear partial differential equations
(NPDEs) can be derived from the solutions of the fractional nonlinear partial differential equations (FNPDEs)
when the fractional derivatives go to 1 because FNPDESs are a generalization of NPDEs. Most of the exact solution
methods for NPDEs based on the ansatz method can be extended easily to solve FNPDEs. In this study, we
employ the unified method to obtain exact solutions in a more general form for the space-time fractional cubic
nonlinear Schrodinger equation (stFCSE). Compared to other methods, this method not only gives more general
solution forms with free parameters for the stFCSE, but also provides many novel solutions including hyperbolic,
trigonometric, and rational function solutions. The solutions of the stFCSE approach the solutions of the cubic
nonlinear Schrédinger equation when the fractional orders go to 1 for time and space. Moreover, three-dimensional
graphs of some selected solutions with specific values of the parameters are presented to visualize the behavior and
physical structures of the stFCSE.
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1. INTRODUCTION

Nonlinear partial differential equations (NPDEs) and fractional nonlinear partial differential equations (FNPDEs)
containing fractional order derivatives appear in modeling problems in many scientific fields. Therefore, using a
straightforward and robust method [9, 13, 15, 24, 26, 28, 29, 32] to find numerical or exact solutions for NPDEs and
FNPDE:s is a crucial step in shifting the theory to real-life applications. The nonlinear Schrédinger equation (NLSE)
and its different forms, one of the distinguished equations particularly in science and engineering, have attracted great
attention in the last decades because of their leading role in the most important areas of mathematical physics. There-
fore, numerous researchers have sought new methods to obtain exact and numerical solutions for the class of NLSE due
to its significant applications in the dynamics of particles, water waves, nonlinear acoustics, hydrodynamics, optics,
and telecommunications.

Sulaiman et al. [30] studied (2 + 1)-dimensional Heisenberg ferromagnetic spin chain equation describing nonlin-
ear dynamics of magnets to find exact solutions using the sine-Gordon expansion method and modified ¢(&)-expansion
function method. The sine-Gordon expansion method was used by Bulut et al. [12] to obtain exact solutions of the (1+1)
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and (2 + 1)-dimensional Chiral nonlinear Schrédinger equations which describe the edge states of the fractional quan-
tum hall effect. Biswas et al. [10] applied a semi-inverse variational principle to obtain an analytical soliton solution to
the perturbed nonlinear Schrodinger equation with anti-cubic nonlinearity. The exact solutions of the Kundu-Eckhaus
equation modeling soliton propagation in a dispersive media were obtained using the modified simple equation method
by Biswas et al. [11]. Eslami and Neirameh [16] employed the ¢(£)-expansion function method to find new exact solu-
tions of higher order nonlinear Schrédinger equation. Lan and Guo [22] used the Hirota method to find the 1, 2, 3, and
N-soliton solutions for a coupled generalized nonlinear Schrodinger-Boussinesq system in a homogeneous magnetized
plasma. Kudryashov [21] utilized the traveling wave reductions to find solutions to the generalization of the resonant
nonlinear Schrédinger equation which describes the propagation of nonlinear waves in a resonant medium. Using the
Kudryashov method and sub-equation method, Akinyemi et al. [2] found exact solutions for the generalized nonlinear
Schrodinger-Korteweg-de Vries equations. The optical soliton solutions of the nonlinear Schrédinger equation with
parabolic law nonlinearity are presented by Akinyemi et al. [3] applying the generalized auxiliary equation method.
The perturbed Biswas-Milovic equation with Kudryashov’s law of refractive index a form of the generalized nonlinear
Schrodinger equation was studied by Mirzazadeh et al. [23] using the improved F-expansion method. A perturbed
nonlinear Schrodinger equation with I' = 0 was investigated by Akinyemi et al. [4] both analytically and numerically
employing the modified sub-equation method and the split-step Fourier method, respectively.

The governing model of the space-time fractional cubic nonlinear Schrodinger equation (stFCSE) is the generalized
(1 + 1)-dimensional unstable space-time fractional nonlinear Schrodinger [8, 14] given by

iDfu + Diﬁu + olulu +71u = 0.
When taking o~ = y and 7 = 0, then it reduces the space-time fractional cubic NLS* equation
iDYu + D,zcﬁu +yluPu=0
and when taking o = —y and 7 = 0, then it reduces the space-time fractional cubic NLS ~ equation
iDYu + Diﬁu —ylulPu = 0.

The notion of fractional comes from the fractional order derivatives of the form % where @ > 0 is not necessarily
an integer. Fractional derivatives contribute to generalizing classical results, capturing memory effects in physical
systems, and improving mathematical modeling. The FNPDEs involving fractional order derivatives as a subfield
of the partial differential equations have gained growing interest from researchers in recent times due to their wide
utilization in control theory, signal and image processing, environmental science, medicine, mechanics, and other
various disciplines including mathematics, physics, chemistry, and biology. The He’s variational iteration method was
used to solve numerically by Wazwaz [31] for (1 + 1)-dimensional nonlinear Schrodinger with y = ¥2. Bilal et al. [§]
worked on the generalized (1 + 1)-dimensional unstable space-time fractional nonlinear Schrodinger to obtain exact
solutions by extended sinh-Gordon equation expansion method. Bright, dark, and singular optical soliton solutions of
space-time were found by Darvishi et al. [14]. Pandir and Agir [25] applied the extended trial equation method to the
cubic nonlinear Schrddinger equation to find exact solutions. The Jacobi elliptic functions expansion method is used
to solve the space-time fractional cubic nonlinear Schrodinger equation by Gundogdu and Gozukizil [17]. Seadawy
and Tariq [27] applied the extended modified auxiliary equation mapping method to the generalized (1+1)-dimensional
space-time fractional unstable nonlinear Schrédinger equation to obtain bright, dark, singular, combo, optical, singular
optical, and bright-singular combo soliton solutions.

In this study, we apply the unified method to the space-time fractional cubic nonlinear Schrodinger equation
(stFCSE). The stFCSE is given by

iD%u + D u + ylulPu = 0, (1.1

where y # 0 and @, € (0,1]. Eq. (1.1) is defined as attractive if y > 0, otherwise repulsive. The unified method
used in many articles to solve NPDEs [1,5-7, 18, 19] provides many exact hyperbolic, trigonometric, and rational-type
solutions with free parameters without needing extra hardware support.

This paper is organized as follows. Some important definitions and properties of the conformable fractional deriva-
tives and a brief description of the unified method for FNPDEs are presented in Section 2. Application of the method
to the space-time fractional cubic nonlinear Schrodinger equation (stFCSE) is given in Section 3. Finally, result and
discussion and conclusions are given in Section 4 and Section 5, respectively.
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2. PRELIMINARIES

2.1. Conformable Fractional Derivative. Assume that ¢ : [0,00) — R is a-differentiable function, then a-order
conformable fractional derivative is
P(x + ex'™) — P(x)

€
for all t > 0, @ € (0, 1). Some important properties of the conformable fractional derivative can be reached from [20].
Let ¢(x), ¥(x) are a-order conformable fractional differentiable functions and a, b are real constants, then

Dg(x) = lim

* D) =0,
e DY(xP) = bxt7?,
° Da¢(x) — xl—am

DA Tad(x) + ()] = aDip(x) + DY (),
DSy ()] = ¢(0)Dy(x) + Y(x) DY B(x),
Do [¢(X) _ YW)DHPW)) = ¢ DY (X))
) Y2(x) '
2.2. Description of the Unified Method. In this section, we briefly describe the unified method and explain in the

following steps how to apply it to the fractional nonlinear partial differential equations (FNPDEs) with complex-valued
terms. Let a general form for FNPDEs in two independent variables x and ¢ be defined as follows:

P(M, Upy Uy Uy, Uprs uxx»m) = 09 (21)

where u (x,f) is a complex-valued unknown function and P is an equation of u = u(x,t) and its various partial
derivatives, where highest order derivative and nonlinear terms are involved.

Step 1: Firstly, we perform the transformation u(x, t) = U()e where 7 = % —c% and { = w% + A’:—I are. Substituting
this transformation into Eq. (2.1) reduces it to the following nonlinear ordinary differential equation (NODE)

PU U U, U, ) =0. (2.2)
Step 2: Supposed the solution of FNPDE can be expressed by an ansatz as follows:

M
VD =ao+ ) land” +bud ™", 2.3)
m=1

where ¢ = ¢ (i) satisfies the Riccati differential equation
¢ () = p+¢* () 24)

and ¢’ = Z—f;, and a,,, b,, are coefficients of ¢ and u is parameter. The general solutions of Eq. (2.4) as follows:
Family 1. When u < 0, the solutions of Eq. (2.4)

F V= (A% + B?) it — A= cosh (2 =7 ( + )
Asinh(2+/—pu(n+mn9))+ B
¢@n) = ( ) , (2.5)
2A \—u
FV-p+ :
A+ cosh (2 =1 (57 + o)) + sinh (2 v (7 + 10))
where A # 0 and B are two real arbitrary parameters, and 7y arbitrary parameter.
Family 2. When u > 0, the solutions of Eq. (2.4)

F(A? = B?)u— AJucos (2 Vu(n+ no))
o) = Asin(2yE@+ 70)> +B , (2.6)
. 2Ai\
Fiu+
A+ cos(2\/ﬁ(n+ no)) + isin(Z\/,l_l(ﬂ + 770))
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where A # 0 and B are two real arbitrary parameters, and 7o arbitrary parameter.
Family 3. When u = 0, the solution of Eq. (2.4)

o) =— 2.7)

n+no
where 7 arbitrary parameter.

It should be pointed out that the unified method yields the same solutions in family 1 and family 2. In other words,
using the identities sinh (ix) = isin(x) and cosh (ix) = cos(x), the solutions in (2.5) and (2.6) are exactly the same.
Therefore, the solutions in (2.5) and (2.6) can be easily converted to each other by applying these identities.

Step 3: After determining positive integer M by considering the homogeneous balance between the linear term of the
highest order with the nonlinear term of the highest degree, Eq. (2.3) and (2.4) substitute into Eq. (2.2) and collect all
terms with the same powers of ¢ in the final equation. Then, equating each power of ¢ to zero gives a set of algebraic
equations of a,,, b,,, ¢, w, A and pu.

Step 4: Substituting a,,, b, ¢, w, A and u obtained in step 3 into Eq. (2.3) and using the general solutions of Eq. (2.4)
given (2.5), (2.6) and (2.7), we obtain the exact solutions of Eq. (2.1) in closed form.

3. THE Space-TIME FracTioNAL CuBic NONLINEAR SCHRODINGER EQUATION
The space-time fractional cubic nonlinear Schrodinger equation (stFCSE) is given by
iDYu+ DPu + ylulPu = 0, (3.1)

i +15)

where ¥ # 0 and «, 8 € (0, 1]. We substitute u(x, ) = U(n)e and its derivatives

iD(x,1) = (=AU () — icU’ () e'(W?”%),
i [l
Di(x,t) = (iwU@m) + U’ () FVFHT)
[ LB v
iﬁ(x, H= (U”(n) +2iwl’ () — w’ U(n)) e’(W?”%)’

I
u(x, HPuCx, 1) = U(e® 7 %),

into Eq. (3.1) considering the wave transformation n = % - cg, then the stFCSE is reduced to the nonlinear ordinary

differential equations as follows:

U’ — W + DU +yU? +iw - c)U’ = 0. (3.2)
¢ = 2w obtained from the imaginary part of Eq. (3.2); therefore, the final reduced nonlinear ordinary differential
equation for the stFCSE is

U’ =W+ DU +yU? =0. (3.3)
Balancing between the highest order U” with the nonlinear term U? gives the simple equation M + 2 = 3M. From
here, it is M = 1. So the solutions of the stFCSE (3.1) can be written in the form

U(n)=a0+a1¢+%, 34

where ag, a; and b, are coeflicients of ¢ which are determined later. Substituting Eq. (3.4) and its derivatives into Eq.
(3.3), then equating each coeflicients of ¢ to zero gives a set of nonlinear algebraic equations for ag, a;, b; and c, w, A.
Solving this algebraic equations system by using Maple, the following sets of parameters are obtained.

2
Setl.ap =0, a;=Fiy|=, b =0, A=2u—-w

Y

. ]2 2
Set2.a0=0, a; =0, b =Fiq—-yu A=2u—-w".
Y

2 2
Set3.ap0=0, a;=Fi+[—, b1 =Fi+|—u, /l=—4/1—w2.

Y Y



The Solutions of the Space-Time Fractional Cubic Nonlinear Schrodinger Equation by Using the Unified Method

82

2 2
Setd.ay=0, ay==+ir|=, by =TFiq|-p, A=8u—w
y Y

The exact solutions of the stFCSE are listed under three categories hyperbolic, trigonometric, and rational with

respect to these solution sets as follows:
Hyperbolic function solutions

Uy (x,1) = =

ug (x,1) = F

ug (x,1) = F

where u < 0 and n = %ﬁ - 2w
Trigonometric function solutions

e +_\FI¢ V=A% + B — Ay=ficosh (2 =i ( + 10))
uy (X, 1) = 14—
y

Asinh (2 NEOE ;70)) +B

2 2A=¢ il + -
— i |2z = u-w)7T)
Uy (x,1) = i \/; [+ VR £ o2yt )esimh 2 vmreno) | €7 ’
2

. A sinh(2 v/=pu(n+10) )+B iw WL
uz (x,1) = +i _ﬂ[ ; ) )
yoL= \/—(A2+B‘)#—A v=H cosh(2 v=i(n+n0))

iV2u SO+ )
- — 2ANTH
\/7 (+ HE A+cosh(2 ﬁ(m—no))isinh@ H(']‘HIO)) )
p ( Asinh(2 v=(n+10))+B
2 ¥ \/—(A2+Bz),u—A v=H cosh(2 v=i(n+n0)) LB N
us (x,1) = ii\/j ¢ )T
Y F \/—(A2+BZ);1—A Hcosh(Z ﬁ(m—r]o))
+ Asinh(2 v=p(+m9))+B
i \/iu
2ATH
W(: Vot e BV e GV i) ) e’”% ()
i\/§(¢ 24V )
+

Vo Ve ) =S VR Gr))
VY
A sinh(Z ﬁ(n+n0))+3
2 H F \/-(A2+B?)u-A =g cosh(2 =r(+170))
up (x,1) = Fi4|—
Y1 (5 V-(a+B)u-A =i cosh(2 y=r+n0))
A sinh(2 ﬁ(nﬂ]o))ﬂ’?
i\@l

gy 24N
\/7<+ Vo Ve )52 ﬁ(umo))) ei(w% Hutn)) )

ei(w§ +(8;1+w2)%)’

A 2A VR
! ﬁ(* Vo o Ve ) s G e) )
VY

I

@

FA(AZ-BY)pu —A\/ﬁcos(Z\/ﬁ(n + 770))
Asin(Z\/ﬁ(n+no)) +B

H+

ug (x,t) = i\/g
Y

,2 24 VB iw L+ u-wh e
—_ < |= p-w) =)
uyo (x,1) = F 5 S RVTES Atcos(2 yE(rn0))+isin(2 \/ﬁ(nmo))] e s ’

ei(w% +Qu-w?)

ei(w% +(2y—w2)

(3.5)

(3.6)

3.7

(3.8)

(3.9)

(3.10)

@3.11)

(3.12)

(3.13)

(3.14)
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Asin(2 \(r+1m0))+B l(wf+(2# WZ)r")
upy (x,0) = +i ,/ s ,
nlnn = [+\/(A2 ~B)u-A i cos(2 VE1+10))

up (x,1) =

- 24V
W (+ \//’7 A+cos(2 Hr+i10) )£ sin(2 yAG+0)) )
( A sm(2 \/>(77+T]0))+B )
3 ‘/(Az =B )u~A i cos(2 VAG+m0)) l(w (4/1+W2)[ )

[Z3K] (X, t) =Fi ,
\> (VY4 o2 e
Asin(2 VE(n+n0))+B
V2u

24T
W( Bt @ Grm0)) =i sin(2 \r(m,,o))) eKW% g

uig (x, 1) =¥

24V
( F VI e GG ) s RG] )
VY

( Asin(2 yi(r+70)) +B )
vk

+

* V/(A2-B?)u-A Vi cos(2 y(r+m0))
uys (x,1) = i
7 B ( T (A2-B2)u—A i cos(2 Va@m+mo)) )

o +HButw) 5
9

Asin(2 VE(+10))+B
V2u
‘ﬁ(; \aaeee W(v“lg;)fsin(z VE(1+10)) ) eKW% +@urw?) D)
. >

_ 2A Vi
(= VP s e
v

ue (x,1) = ¥

where u > 0 and 5 = % —2w§.

Rational function solutions

zez(wf—w )
up (x,1) = £i4|————
y (m+m)

Wherep:Oandn=%—2w§

4. REesurt AND DiscussioNn

+V2u OS2 )

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

In this section, the reduced form of the solutions found in the former section and the graphical representations of

some solutions have been illustrated.

We have obtained 17 general solutions for the space-time fractional cubic nonlinear Schrodinger equation in the
former section. Using trigonometric and hyperbolic identities and taking B = 0, hyperbolic and trigonometric solutions

obtained by the modified extended tanh method can be attained as follows:

Reduced hyperbolic function solutions

—2u B o
wpy (x,1) = i | =2 y 2 tanh (V71 (7 + 10)) € THID),
/ 2u " .
up (x,1) = _y coth ( V-u @+ ;70)) i( +(2/1 )= )’
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ups (x, 1) =
upg (X, 1) =
ups (x,1) =
ups (X, 1) =
upg (x, 1) =
upg (x, 1) =
upo (x,1) =
"

Where,u<0andn:%ﬂ—2w—

@

I+

[ 2u (—A + eF2NTHI) o0 L 42wy 2)
l Y A + eF2V-Hr+no) ¢ >
,—8 T
+i —'u coth (2 V—u (77 + 770)) et(w Vi (u+w?) & ),
Y
,_g . .
+ _’ucosech (2 V= + 770)) JE (4w & )’
Y
[ —8u [ A2 + TVt L )
l v \—A2 4 eF4V-Hlrtno) ¢ ’
-8 o .,
* \ Tﬂ coth (2 =7 (7 + 1)) € 7 TEHDD),
{—8 o, .,
+i [ =2 cosech (2 V= + 770)) ez(w?+(8u+wz)?)’
Y

2 /=
i —8pu [ 4AeTVTHI) ei(w% +Burw?) )
v\ =A2 + eF4V-urtmo) K

H+

1+

Reduced trigonometric function solutions

/—2 o 42w
n (x,1) = i | —2 tan VI + 1)) €07 D)
Y
;|2 i+ - )
up (x,1) = i TCOt(\/ﬁ(n+n0))e F eI
F2i o
U (1) = i |2 (ZAEE ) SO+ )
SRV ENTY T\ A ¢ er2iEGr) .
-8 B @«
U (x,1) = i 4 /—'u cot (2 v (i + 179)) € 7 D)
Y

-8 LB S
s (x,1) = +i 4 /—'ucosec 2 Vum+1n0) S
Y

U (x,1) =

H+

2, T4i
;B (AT Vo) O ) )
v\ —A2 4 F4iVuGrtino) ’

-8 B @
Uy (X, 1) = +i 4 ,7# cot (2 v (1 + 179)) € 7 HEHIT)

/—8 i “
ug (x,1) = +i 2 cosec 2 Vi +1m0)) € ) T)
Y

U (x,1) =

where u > 0 and n = % —2w§.

I+

i
; —8u (_AAeTHHIrm) OV + Bt )
v\ —A2 4 F4iVaG+I0) ’
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(A) 3D graph of of real part (B) 3D graph of of imaginary part (c) 3D graph of of real part
with @ = 0.25 with @ = 0.25 with @ = 0.5

(D) 3D graph of of imaginary part (E) 3D graph of of real part (F) 3D graph of of imaginary part
witha = 0.5 with @ = 0.75 with @ = 0.75

(G) 3D graph of of real part (H) 3D graph of of imaginary part
with o = 1 witha =1

Ficure 1. Graphical representation of real and imaginary part for solution of u, is plotted above for
-10 < x < 10,0 < r < 10, with parameters u = -1, w =1,y =1,8=1A = 1, B = 0 and various
alpha parameters.
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100
-10

A) 3D graph of of real part B) 3D graph of of imaginary part C) 3D graph of of real part
3 P grap! g P grap p
with @ = 0.25 with @ = 0.25 with @ = 0.5

D) 3D graph of of imagin: art E) 3D graph of of real part F) 3D graph of of imaginary part
grap! ginary p: grap p; grap g 13
witha = 0.5 with @ = 0.75 with @ = 0.75

(G) 3D graph of of real part (H) 3D graph of of imaginary part
with o = 1 witha = 1

Ficure 2. Graphical representation of real and imaginary part for the solution of u,4 is plotted above
for —-10 < x < 10, 0 < ¢ < 10, with parameters y = 1, w =1,y =1,8=1A = 1, B = 0 and various
alpha parameters.
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(A) 3D graph of of real part (B) 3D graph of of imaginary part (c) 3D graph of of real part
with @ = 0.25 with @ = 0.25 with @ = 0.5

1100
40

(D) 3D graph of of imaginary part (E) 3D graph of of real part (F) 3D graph of of imaginary part
witha = 0.5 with @ = 0.75 with @ = 0.75

(G) 3D graph of of real part (H) 3D graph of of imaginary part
with o = 1 witha =1

Ficure 3. Graphical representation of real and imaginary part for the solution of u;7 is plotted above
for —-10 < x < 10, 0 < ¢ < 10, with parameters y = 0,w =1,y =1,8=1A = 1, B = 0 and various
alpha parameters.

The studies in [8, 14,17,25,27] used the extended sinh-Gordon equation expansion method, the extended trial equa-
tion method, the Jacobi elliptic functions expansion method, and the extended modified auxiliary equation mapping
method respectively. Compared to the solutions in the aforementioned studies, the solutions obtained by the unified
method represent a more general solution form with free parameters in closed forms. In other words, these methods
provide hyperbolic and trigonometric function solution forms with the tanh, tan, coth, cot, sech, sec, cosech, cosec
function and combinations of them. These all solutions can be derived from the solutions between (3.5)-(3.21) easily
using some hyperbolic and trigonometric identities with certain values for free parameters.

The trigonometric type, hyperbolic type and rational type solutions are plotted in Fig.1, Fig.2, Fig.3, respectively.
The selected solutions u; in (3.5), u14 in (3.18), and ;7 in (3.21) are drawn using Maple with the real part on the left
and the imaginary part on the right as above. The free parameters A = 1, and B = 0 are chosen because some of
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the obtained solutions are reduced those obtained by using modified extended tanh method solutions, known as the
strongest tanh technique.

3D graphs of u;,u;4 and u;7 solutions are drawn here for different @ values from 0.25 to 1 with certain y, w, y, 8
values to show the physical structure of the wave solution. Therefore, the temporal changes of the wave solution can
be followed as & goes to 1. This shows the structural change in solutions from fractional to non-fractional derivatives.

5. CONCLUSIONS

The fractional nonlinear partial differential equations (FNPDESs) are a generalization of nonlinear partial differential
equations (NPDEs) that allows for more powerful and realistic modeling of systems with complex behaviors, such as
those with memory effects or long-range interactions. For this reason, the FNPDEs are reduced to the NPDEs when
the fractional orders go to integer values for time and space. The effect of the fractional order derivatives captures the
memory or non-local effects in the system.

In this study, the unified method is applied successfully to the space-time fractional-order cubic nonlinear Schrodinger
equation(stFCSE) with time and space fractional derivatives. This method based on the ansatz method is a straight-
forward and powerful method that gives many solutions. Different solutions can be produced by plugging various
arbitrary parameters for A, B w, and u from the obtained 17 solutions in Section 3. Therefore, it distinguishes this
method from other methods that give many exact solutions such as bright, dark, singular, combo, optical, singular
optical, and bright-singular combo soliton solutions because it is more general. For this reason, the obtained solutions
of the stFCSE not only go to the solutions of the cubic nonlinear Schrédinger equation when the fractional orders go
to 1 for time and space but also produce the solutions obtained in the previous studies.

The selected solutions are preferred to plot here with the free parameters A = 1, B = 0 because some of the
solutions are the same as those obtained using modified extended tanh method solutions. The obtained solutions here
can be plotted for different values.

The computations in this work have been performed by Maple.
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