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Abstract
The aim of the present article is to analyze ⋆-Ricci–Yamabe solitons on almost coKähler
manifolds and to characterize them when the potential vector field is pointwise collinear
with the Reeb vector field. It is proved that a compact almost coKähler manifold admitting
a ⋆-Ricci–Yamabe soliton under certain restriction on ⋆-scalar curvature is coKähler and
⋆-Ricci flat; in addition, that the soliton is steady. (κ, µ)-almost coKähler manifolds
admitting such solitons are also considered and finally, the obtained results are completed
by non-trivial examples.
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1. Introduction
Geometric flows, like Ricci flow and Yamabe flow, enabled mathematical physicists to

explain certain relativistic and cosmological phenomenon [18] in a sophisticated way; in ad-
dition, to analyze the mathematical context of geometric quantization ([1,2]). It is known
that techniques in Ricci flow are deeply associated with general relativity, particularly for
static metric [40].

Investigations on Hamilton’s Ricci flow ([21,22]) acquired acceleration after its success-
ful application by Perelman to solve the famous Poincaré conjecture which was unsolved
for a long time. Since then, a good number of articles have turned up in the arena of ex-
isting literature with variations of the original concept in different kinds of manifolds from
different perspectives. Though the seed of Yamabe flow was implied within the ground
breaking work of Hamilton, later Yamabe individually created its distinct foundation. A
self similar solution of the Ricci flow is a Ricci soliton and a similar definition applies for a
Yamabe soliton. It is to be mentioned that solitons play a fundamental role in formation
of singularities of the flow.
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In [37], Wang studied ⋆-Ricci solitons on contact 3-manifolds using ⋆-Ricci curvature.
A combination of Ricci solitons and Yamabe solitons, namely, Ricci–Yamabe solitons on
(κ, µ)-almost coKähler manifolds have been studied by Mandal in the paper [24]. For
further details about Ricci–Yamabe solitons we refer to [19]. The theory of Ricci solitons
has been enriched by a good number of geometers. Through them are ([3,4,8–11,14–17,33–
38]). Relativistic perfect fluid spacetimes with Ricci–Yamabe solitons have been studied
by several authors. After going through the above works, we feel the necessity regarding
the analysis of the combination of ⋆-Ricci soliton and Yamabe soliton as ⋆-Ricci–Yamabe
soliton. Its study is the main goal of the present article.

In a Riemannian manifold (Mn, g)(n ≥ 3) of dimension n, the equations of the flows
named after Ricci and Yamabe are depicted by

∂g

∂t
(t) = −2S(t) (1.1)

and
∂g

∂t
(t) = −r(t)g(t), (1.2)

obeying certain initial conditions. Here S represents the Ricci curvature tensor and r is
the scalar curvature corresponding to g.

A soliton of a geometric flow is a fixed solution, up to diffeomorphisms and scaling.
Thus, for a geometric flow, the soliton is obviously the Riemannian metric which provides
maximum symmetry of the space, up to diffeomorphisms and scaling.

A smooth manifold (Mn, g) with Riemannian metric g is named a Ricci soliton if it
agrees with the equation

1
2
LV g + S = γg,

where V is a vector field called the potential vector field, LV stands for the Lie derivative
operator in the direction of V and γ is a real scalar. Ricci solitons are generalizations
of Einstein metrics and specific solutions of the flow (1.1). For shrinking, expanding or
steady cases of Ricci solitons, γ is positive, negative or zero, respectively.

A smooth manifold (Mn, g)(n ≥ 3) with Riemannian metric g is named a Yamabe
soliton if it agrees with the equation

1
2
LV g = (γ − r)g.

Like a Ricci soliton, a Yamabe soliton is a specific solution of the flow (1.2). The soliton
is shrinking, expanding or steady according as γ is positive, negative or zero, respectively.
For further details, see ([25,27,29,30,33,36–39]).

A Ricci–Yamabe flow of type (l,m) is a linear combination of the Ricci flow and Yamabe
flow described by

∂g

∂t
(t) = −2lS(t) +mr(t)g(t),

agreeing with certain initial conditions, where l and m are real scalars.
The self-similar solution of the Ricci–Yamabe flow of type (l,m) is known as a Ricci–

Yamabe soliton of type (l,m) if it varies as a group of diffeomorphisms with one parameter
and changes by scale factor. A Ricci–Yamabe soliton of type (l,m) is characterized by

LV g + 2lS = (2γ −mr)g. (1.3)

The soliton is shrinking, expanding or steady according as γ is positive, negative or zero,
respectively. A Ricci–Yamabe soliton of type (l,m) becomes a Ricci soliton if l = 1 and
m = 0 and a Yamabe soliton if l = 0 and m = 1.

In [31], Tachibana initiated the study of ⋆-Ricci curvatures. ⋆-Ricci curvatures have been
analyzed from different perspectives in the articles ([12,20,23,26,28]). A ⋆-Ricci curvature
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is a generalization of the usual Ricci curvature. Hence, it carries more information and it
demands a separate study.

If the Ricci curvature and the scalar curvature are substituted by ⋆-Ricci curvatures
and ⋆-scalar curvatures in (1.3), respectively, then the soliton is called ⋆-Ricci–Yamabe
soliton of type (l,m). Thus, a ⋆-Ricci–Yamabe soliton is represented by

LV g + 2lS⋆ = (2γ −mr⋆)g, (1.4)
where S⋆ indicates the ⋆-Ricci curvature defined by

S⋆(V1, V2) = 1
2

tr{V3 → R(V1, τV2)τV3},

for any vector fields V1, V2 and V3 on the manifold, R being the Riemann curvature tensor
field, r⋆ the ⋆-scalar curvature and τ a (1, 1)-tensor field on the manifold. When the
potential vector field V is equal to the gradient of a certain smooth function ψ (which is
known as potential function) on M, a ⋆-Ricci–Yamabe soliton is called a gradient ⋆-Ricci–
Yamabe soliton and it is described by

∇∇ψ + lS⋆ =
(
γ − 1

2
mr⋆

)
g, (1.5)

where ∇∇ψ stands for the Hessian of ψ. In [33], Wang studied Ricci solitons on compact
almost coKähler manifolds and proved that such a manifold is coKähler and Ricci flat
admitting steady soliton. One of our purposes is to extend the result for ⋆-Ricci–Yamabe
solitons on almost coKähler manifolds.

In the present article, after the formal literature review, we assemble, in Section 2,
the known results regarding almost coKähler manifolds. Section 3 contains some results
associated with ⋆-Ricci–Yamabe solitons on almost coKähler manifolds. In this section
we also study such compact manifolds and extend a result of Wang [33]. We deduce
some characteristics of ⋆-Ricci–Yamabe solitons on (κ, µ)-almost coKähler manifolds in
Section 4, whereas Section 5 is allotted to analyze gradient ⋆-Ricci–Yamabe solitons. The
concluding section strengthens the obtained results by providing illustrative examples that
will establish the transparency of the deduced results.

2. Preliminaries
Let M be a differentiable manifold of dimension (2n + 1) equipped with an almost

contact metric structure (τ, θ, ω, g), where τ is a tensor field of type (1, 1), θ is a vector
field, ω is a 1-form and g is a Riemannian metric on M such that ([13,15]):

τ2(V1) = −V1 + ω(V1)θ, ω(θ) = 1, (2.1)
for all V1 ∈ χ(M). As a consequence, we get the following:

τθ = 0, g(V1, θ) = ω(V1), ω(τV1) = 0,
g(τV1, τV2) = g(V1, V2) − ω(V1)ω(V2),

g(τV1, V2) = −g(V1, τV2), g(τV1, V1) = 0,
for all V1, V2 ∈ χ(M). A smooth manifold M of dimension (2n+1) with an almost contact
metric structure is known as an almost contact metric manifold.

Consider the 2-form τ̃ satisfying
τ̃(V1, V2) = g(V1, τV2),

for all V1, V2 ∈ χ(M). If dω = τ̃ , then an almost contact metric manifold is known as
a contact metric manifold. An almost contact metric manifold is an almost coKähler
manifold if both ω and τ̃ are closed, that is, dτ̃ = 0 and dω = 0. According to Blair [6],
an (almost) coKähler manifold and an (almost) cosymplectic manifold coincide.

Let M be an almost coKähler manifold of dimension (2n+1). We consider the operators
h, h′ and L defined by h = 1

2Lθτ , h′ = hτ and L = R(·, θ)θ, where R is the curvature
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tensor and L is the Lie differentiation operator. These operators agree with the following
([13,15]):

hθ = 0, tr(h) = 0, tr(h′) = 0, hτ = −τh, h2 = h′2, divθ = 0,

∇θ = h′, ∇θτ = 0, (2.2)

τLτ − L = 2h2.

In an almost coKähler manifold, the 1-form ω is closed, so

(∇V1ω)V2 = (∇V2ω)V1,

for all V1, V2 ∈ χ(M).
The almost coKähler structure is integrable if and only if

(∇V1τ)V2 = g(hV1, V2)θ − ω(V2)hV1, (2.3)

for all V1, V2 ∈ χ(M).
The idea of (κ, µ)-nullity distribution on contact metric manifolds was coined by Blair

et al. [7]. The contact metric manifold M whose curvature follows the relation

R(V1, V2)θ = κ[ω(V2)V1 − ω(V1)V2] + µ[ω(V2)hV1 − ω(V1)hV2], (2.4)

for all V1, V2 ∈ χ(M) and for some real scalars κ, µ, is known as a (κ, µ)-contact metric
manifold and it is said that θ belongs to the (κ, µ)-nullity distribution. The manifold is
called a generalized (κ, µ)-contact metric manifold if κ, µ are differentiable functions of
any order and M is said to be a (κ, µ)-almost coKähler manifold whenever κ, µ are real
numbers.

A (κ, µ)-almost coKähler manifold of dimension (2n + 1) has the following curvature
restrictions ([13,15]):

h2V1 = κτ2V1, (2.5)

S(V1, θ) = 2nκω(V1),

Qθ = 2nκθ,
for all V1 ∈ χ(M), where Q is the Ricci operator defined by g(QV1, V2) = S(V1, V2).

Definition 2.1 ([5]). An almost coKähler manifold is known as an ω-Einstein manifold
if the Ricci curvature agrees with the following

S(V1, V2) = ag(V1, V2) + bω(V1)ω(V2), (2.6)

for all V1, V2 ∈ χ(M), where a and b are smooth functions on the manifold.

Tracing V1 and V2 in the above equation, we infer

r = (2n+ 1)a+ b, (2.7)

where r is the scalar curvature.

Lemma 2.2 ([10]). In a (κ, µ)-almost coKähler manifold of dimension (2n+1) with κ < 0,
the following relations hold

QV1 =µhV1 + 2nκω(V1)θ, (2.8)

(∇V1h)V2 − (∇V2h)V1 =κ[ω(V2)τV1 − ω(V1)τV2 + 2g(τV1, V2)θ]
+µ[ω(V2)τhV1 − ω(V1)τhV2],

(2.9)

(∇V1hτ)V2 − (∇V2hτ)V1 =κ[ω(V2)V1 − ω(V1)V2] + µ[ω(V2)hV1 − ω(V1)hV2], (2.10)
for all V1, V2 ∈ χ(M).
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3. ⋆-Ricci–Yamabe solitons on almost coKähler manifolds
In any 3-dimensional Riemannian manifold, the Weyl conformal curvature tensor van-

ishes identically. So, the curvature tensor of a 3-dimensional ω-Einstein almost coKähler
manifold is given by

R(V1, V2)V3 =S(V2, V3)V1 − S(V1, V3)V2 + g(V2, V3)QV1

−g(V1, V3)QV2 − r

2
[g(V2, V3)V1 − g(V1, V3)V2],

(3.1)

for all V1, V2, V3 ∈ χ(M). Using (2.6) and (2.7) in (3.1), we infer

R(V1, V2)V3 =a− b

2
[g(V2, V3)V1 − g(V1, V3)V2]

+b[g(V2, V3)ω(V1)θ − g(V1, V3)ω(V2)θ
+ω(V2)ω(V3)V1 − ω(V1)ω(V3)V2].

Taking V1 = θ in the above equation, we get

R(θ, V2)V3 = a+ b

2
[g(V2, V3)θ − ω(V3)V2]. (3.2)

Now we state and prove the following two lemmas.

Lemma 3.1. For a 3-dimensional ω-Einstein almost coKähler manifold, we have

(∇V3h)V2 − (∇V2h)V3 = a+ b

2
[ω(V2)τV3 − ω(V3)τV2] + ω(V3)τhV2 − ω(V2)τhV3, (3.3)

for all V2, V3 ∈ χ(M).

Proof. We have
(∇V3τh)V2 = g(hV2, hV3)θ + τ((∇V3h)V2),

where we applied (2.3). Thus we can write the following
(∇V3τh)V2 − (∇V2τh)V3 = τ((∇V3h)V2 − (∇V2h)V3). (3.4)

Due to Blair et al. [7], we infer
g(R(θ, V1)V2, V3) = g((∇V1τ)V2, V3) + g((∇V3τh)V2 − (∇V2τh)V3, V1). (3.5)

Inserting (2.3), (3.2) and (3.4) in (3.5), we obtain

τ((∇V3h)V2 − (∇V2h)V3) = a+ b

2
[ω(V3)V2 − ω(V2)V3] − ω(V3)hV2 + ω(V2)hV3.

Applying τ to the above equation, we infer
− [(∇V3h)V2 − (∇V2h)V3] + ω((∇V3h)V2 − (∇V2h)V3)θ

= a+ b

2
[ω(V3)τV2 − ω(V2)τV3] − ω(V3)τhV2 + ω(V2)τhV3.

(3.6)

By a straightforward computation, we get
ω((∇V3h)V2 − (∇V2h)V3) = 0. (3.7)

Using (3.7) in (3.6), we obtain the desired result. □
In contrast with the usual Ricci tensor, the ⋆-Ricci tensor is non-symmetric, in general.

But, in the following, we show that, in particular, for a 3-dimensional almost coKähler
manifold, the ⋆-Ricci tensor is symmetric.

Lemma 3.2. The ⋆-Ricci curvature and ⋆-scalar curvature of a 3-dimensional ω-Einstein
almost coKähler manifold are, respectively, given by

S⋆ = a− b

2
(g − ω ⊗ ω), (3.8)

r⋆ = a− b.
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Proof. By virtue of (2.3), we infer

∇V2τV3 = g(hV2, V3)θ − ω(V3)hV2 + τ∇V2V3, (3.9)

which implies
∇V1∇V2τV3 =∇V1g(hV2, V3)θ + g(hV2, V3)∇V1θ

−∇V1ω(V3)hV2 − ω(V3)∇V1hV2 + ∇V1τ∇V2V3.
(3.10)

Replacing V2 by V1 and V3 by ∇V2V3 in (3.9), we obtain

∇V1τ∇V2V3 = g(hV1,∇V2V3)θ − ω(∇V2V3)hV1 + τ∇V1∇V2V3. (3.11)

Using (2.2) and (3.11) in (3.10), we infer
∇V1∇V2τV3 =∇V1g(hV2, V3)θ + g(hV2, V3)hτV1

−∇V1ω(V3)hV2 − ω(V3)∇V1hV2 + g(hV1,∇V2V3)θ
−ω(∇V2V3)hV1 + τ∇V1∇V2V3.

(3.12)

Interchanging V1 and V2 in the above equation, we get
∇V2∇V1τV3 =∇V2g(hV1, V3)θ + g(hV1, V3)hτV2

−∇V2ω(V3)hV1 − ω(V3)∇V2hV1 + g(hV2,∇V1V3)θ
−ω(∇V1V3)hV2 + τ∇V2∇V1V3.

Also, from (3.9), we have

∇[V1,V2]τV3 = g(h[V1, V2], V3)θ − ω(V3)h[V1, V2] + τ∇[V1,V2]V3. (3.13)

From (3.12) and (3.13), we obtain
R(V1, V2)τV3 =[g((∇V1h)V2, V3) − g((∇V2h)V1, V3)]θ + g(hV2, V3)hτV1

−g(hV1, V3)hτV2 − (∇V1ω)(V3)hV2 + (∇V2ω)(V3)hV1

−ω(V3)[(∇V1h)V2 − (∇V2h)V1] + τR(V1, V2)V3.

(3.14)

Using (3.3) in (3.14), we get

R(V1, V2)τV3 =a+ b

2
[g(τV1, V3)ω(V2) − g(τV2, V3)ω(V1)]θ

+g(τhV2, V3)ω(V1)θ − g(τhV1, V3)ω(V2)θ + g(hV2, V3)hτV1

−g(hV1, V3)hτV2 − g(hτV1, V3)hV2 + g(hτV2, V3)hV1

−ω(V3)
[a+ b

2
[ω(V2)τV1 − ω(V1)τV2] + ω(V1)τhV2

−ω(V2)τhV1
]

+ τR(V1, V2)V3.

Taking the inner product with τW in the above equation, we have
g(R(V1, V2)τV3, τW ) = − g(hV2, V3)g(hV1,W ) + g(hV1, V3)g(hV2,W )

−g(hτV1, V3)g(hτV2,W ) + g(hτV2, V3)g(hτV1,W )

−ω(V3)
[a+ b

2
[g(V1,W )ω(V2) − g(V2,W )ω(V1)]

+g(hV2,W )ω(V1) − g(hV1,W )ω(V2)
]

+g(R(V1, V2)V3,W ) − ω(R(V1, V2)V3)ω(W ).

(3.15)

Contracting the above equation, we obtain

S⋆(V2, V3) = a− b

2
[g(V2, V3) − ω(V2)ω(V3)].
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Again, contracting the previous relation, we infer
r⋆ = a− b. □

Theorem 3.3. If a 3-dimensional ω-Einstein almost coKähler manifold is a ⋆-Ricci–
Yamabe soliton with the potential vector field of gradient type, then the potential vector
field is pointwise collinear with the Reeb vector field.

Proof. Let V = Dψ, where D denotes the gradient operator. We denote the star Ricci
operator by Q⋆ given by g(Q⋆V1, V2) = S⋆(V1, V2). Then, from equation (1.5), we have

∇V1Dψ =
(
γ − 1

2
mr⋆

)
V1 − lQ⋆V1. (3.16)

The above equation yields
R(V1, V2)Dψ = (∇V2Q

⋆)V1 − (∇V1Q
⋆)V2. (3.17)

In view of Lemma 3.2, it follows

(∇V1Q
⋆)V2 = −a− b

2
[g(hτV1, V2)θ + ω(V2)hτV1]. (3.18)

Applying (3.18) in (3.17), we obtain

R(V1, V2)Dψ = a− b

2
[ω(V2)hτV1 − ω(V1)hτV2].

Putting V1 = θ in the above equation, we infer

R(θ, V2)Dψ = −a− b

2
hτV2.

Taking the inner product in both sides with V1, we have

g(R(θ, V2)Dψ, V1) = −a− b

2
g(V1, hτV2), (3.19)

which yields
g(R(θ, V2)V1, Dψ) = a− b

2
g(V1, hτV2).

In view of (3.2), the above equation gives
(a+ b)[g(θ,Dψ)V2 − g(V2, Dψ)θ] = (a− b)hτV2. (3.20)

Taking the inner product in both sides with θ, we have
Dψ = ω(Dψ)θ,

provided that a+ b ̸= 0. Thus, V is pointwise collinear with θ. If a+ b = 0, (3.20) implies
a − b = 0, so a = b = 0, which is discarded because in that case, the Ricci tensor is
identically zero. □

In the following theorem, we will see what happens for the converse case.

Theorem 3.4. If a 3-dimensional ω-Einstein almost coKähler manifold admits a ⋆-Ricci–
Yamabe soliton with the potential vector field V pointwise collinear with the Reeb vector
field, V = fθ with f nowhere zero along the integral curves of θ, then the potential vector
field is pointwise collinear with the gradient of f .

Proof. In view of (2.2), we get
∇V1V = (V1f)θ + f(hτV1). (3.21)

From (1.4), we have
(LV g)(V1, V2) − g(∇V V1, V2) + g((V1f)θ + f(hτV1), V2)
− g(V1,∇V V2) + g(V1, (V2f)θ + f(hτV2)) + 2lS⋆(V1, V2)
= (2γ −mr⋆)g(V1, V2).

(3.22)
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Putting V2 = τV1, we have from above
g(Df, τV1) = 0.

Replacing V1 by τV1, in the above equation, we obtain
Df = (θf)θ.

If f is nowhere zero along the integral curves of θ, then

V = f

(θf)
Df. □

So far, in this section, we have considered 3-dimensional almost coKähler manifolds
with ⋆-Ricci–Yamabe solitons. In the following we shall establish a result for (2n + 1)-
dimensional compact manifolds. Let us now prove the following theorem which is a kind
of an extension of a result given by Wang [33].

Theorem 3.5. If a compact and connected almost coKähler manifold is a ⋆-Ricci–Yamabe
soliton with the potential vector field pointwise collinear with the Reeb vector field θ, then
the manifold is coKähler and ⋆-Ricci flat; in addition, the corresponding soliton is steady,
provided that r⋆ is constant along the integral curves of θ.

Proof. If the potential vector field V is pointwise collinear with the Reeb vector field θ,
V = fθ, for a smooth function f defined on the manifold, we have

∇V1V = (V1f)θ + f(h′V1).
Using the above condition in (1.4), we infer

V1(f)ω(V2) + V2(f)ω(V1) + 2fg(h′V1, V2) + 2lS⋆(V1, V2) = 2
(
γ − mr⋆

2

)
g(V1, V2). (3.23)

The above equation gives
V1(f)θ + ω(V1)Df + 2fh′V1 + 2lQ⋆V1 = (2γ −mr⋆)V1. (3.24)

Contracting V1 and V2 in (3.23) with respect to a τ -basis, we obtain

θf = (2n+ 1)
(
γ − mr⋆

2

)
− lr⋆. (3.25)

By covariant differentiation of (3.24) with respect to V2 and then contracting V2 in the
resultant equation, we infer

θ(V1(f)) +Df(ω(V1)) + ω(V1)∆f + 2(h′V1)(f) + 2fdiv(h′V1)

+ 2l(divQ⋆)(V1) + 2l
2n+1∑
i=1

g(Q⋆∇eiV1, ei) = (2γ −mr⋆)divV1,
(3.26)

where ∆ is the Laplacian operator. Replacing V1 by θ and using the facts that divQ⋆ =
1
2dr

⋆ and divθ = 0, we get that

θ(θ(f)) + ∆f + lθr⋆ + 2ltr(Q⋆h′) = 0.
By virtue of (3.25), the above equation gives

∆f + 2ltr(Q⋆h′) = 2n+ 1
2

θ(mr⋆). (3.27)

In (3.24), replacing V1 by hV1 and then contracting V1 in the resulting equation, we infer

ltr(Q⋆h′) + ftr(h2) = 0. (3.28)
Combining (3.27) and (3.28), we get

∆f2 = 2∥Df∥2 + 2f
(2n+ 1

2
θ(mr⋆) + 2ftr(h2)

)
.
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Assuming θ(r⋆) = 0, we have

∆f2 = 2∥Df∥2 + 4f2tr(h2).

Considering the manifold compact and using the divergence theorem, we obtain∫
M

(
∥Df∥2 + 2f2tr(h2)

)
dM = 0.

As a consequence of the above equation, we get f is a non-zero constant and h = 0. Hence
by following the same arguments of the paper [33], it can be easily concluded that the
manifold is coKähler and ⋆-Ricci flat. The corresponding soliton is steady. This completes
the proof. □

4. ⋆-Ricci–Yamabe solitons on (κ, µ)-almost coKähler manifolds
Let us first prove the following.

Lemma 4.1. The ⋆-Ricci curvature and ⋆-scalar curvature of a (2n + 1)-dimensional
(κ, µ)-almost coKähler manifold are, respectively, given by

S⋆ = −κ(g − ω ⊗ ω), (4.1)

r⋆ = −2nκ. (4.2)

Proof. Applying (2.9) in (3.14), we obtain

R(V1, V2)τV3 =κ[g(τV1, V3)ω(V2) − g(τV2, V3)ω(V1)
+2g(τV1, V2)ω(V3)]θ + µ[g(τhV1, V3)ω(V2)
−g(τhV2, V3)ω(V1)]θ + g(hV2, V3)hτV1 − g(hV1, V3)hτV2

−g(hτV1, V3)hV2 + g(hτV2, V3)hV1

−ω(V3)[κ(ω(V2)τV1 − ω(V1)τV2 + 2g(τV1, V2)θ)
+µ(ω(V2)τhV1 − ω(V1)τhV2)] + τR(V1, V2)V3.

Therefore,

g(R(V1, V2)τV3, τW ) = − g(hV2, V3)g(hV1,W ) + g(hV1, V3)g(hV2,W )
−g(hτV1, V3)g(hτV2,W ) + g(hτV2, V3)g(hτV1,W )
−κ[g(V1,W )ω(V2)ω(V3) − g(V2,W )ω(V1)ω(V3)]
−µ[g(hV1,W )ω(V2)ω(V3) − g(hV2,W )ω(V1)ω(V3)]
+g(R(V1, V2)V3,W ) − ω(R(V1, V2)V3)ω(W ).

Contracting V1 and W in the above equation, we obtain

S⋆(V2, V3) =S(V2, V3) − κ[g(V2, V3) − ω(V2)ω(V3)]
−2nκω(V2)ω(V3) − µg(hV2, V3).

(4.3)

Using (2.8) in (4.3), we have

S⋆(V2, V3) = −κ[g(V2, V3) − ω(V2)ω(V3)].

Tracing V2 and V3 in the above equation, we obtain

r⋆ = −2nκ. □

Theorem 4.2. If a (κ, µ)-almost coKähler manifold with κ < 0 is a ⋆-Ricci–Yamabe
soliton, then γ = −nmκ.
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Proof. From (1.4), (4.1) and (4.2), we get

(LV g)(V2, V3) = (2γ + 2lκ+ 2nmκ)g(V2, V3) − 2lκω(V2)ω(V3). (4.4)

By covariant derivative, we infer

(∇V1(LV g))(V2, V3) = −2lκ[(∇V1ω)(V2)ω(V3) + ω(V2)(∇V1ω)(V3)]. (4.5)

From (2.2), we have
(∇V1ω)(V2) = g(hτV1, V2). (4.6)

From (4.5) and (4.6), we obtain

(∇V1(LV g))(V2, V3) = −2lκ[g(hτV1, V2)ω(V3) + g(hτV1, V3)ω(V2)]. (4.7)

Using formula for commutativity of Lie derivative and covariant derivative (for details see
Yano [41], p.23), we have

(LV (∇V1g) − ∇V1(LV g) − ∇[V,V1]g)(V2, V3)
= −g((LV ∇)(V1, V2), V3) − g((LV ∇)(V1, V3), V2).

Because of the parallelism of the metric tensor g, the above equation reduces to

(∇V1(LV g))(V2, V3) = g((LV ∇)(V1, V2), V3) + g((LV ∇)(V1, V3), V2).

From the above equation, we have
2g((LV ∇)(V1, V2), V3) =(∇V1(LV g))(V2, V3) + (∇V2(LV g))(V3, V1)

−(∇V3(LV g))(V1, V2).
(4.8)

Using (4.7) in (4.8), we obtain

g((LV ∇)(V1, V2), V3) = −2lκg(hτV1, V2)ω(V3),

from which we get
(LV ∇)(V1, V2) = −2lκg(hτV1, V2)θ.

Taking the covariant derivative of the above equation with respect to the vector field V1
and using (2.2), we infer

(∇V1(LV ∇))(V2, V3) = −2lκg((∇V1hτ)V2, V3)θ − 2lκg(hτV2, V3)hτV1. (4.9)

According to Yano ([41, p. 23]), we have

(LV R)(V1, V2)V3 = (∇V1(LV ∇))(V2, V3) − (∇V2(LV ∇))(V1, V3), (4.10)

for any vector fields V1, V2, V3.
Substituting (4.9) in (4.10), we obtain

(LV R)(V1, V2)V3 = − 2lκ[g((∇V1hτ)V2 − (∇V2hτ)V1, V3)θ
+g(hτV2, V3)hτV1 − g(hτV1, V3)hτV2].

Using (2.10) in the above equation, we get

(LV R)(V1, V2)V3 = − 2lκ
[
κ(g(V1, V3)ω(V2)θ − g(V2, V3)ω(V1)θ)

+µ[g(hV1, V3)ω(V2)θ − g(hV2, V3)ω(V1)θ]
+g(hτV2, V3)hτV1 − g(hτV1, V3)hτV2

]
.

Contracting the above equation over V1, we obtain

(LV S)(V2, V3) = 2lκµg(hV2, V3). (4.11)

From (2.8), we infer

S(V2, V3) = µg(hV2, V3) + 2nκω(V2)ω(V3). (4.12)
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Taking Lie derivative of (4.12) with respect to V and using (4.4), we obtain
(LV S)(V2, V3) =µ[(2γ + 2lκ+ 2nmκ)g(hV2, V3)

+g((LV h)V2, V3)] + 2nκ[(LV ω)(V2)ω(V3)
+ω(V2)(LV ω)(V3)].

(4.13)

Now,
(LV ω)(V2) =(LV g)(V2, θ) + g(V2,LV θ)

=(2γ + 2nmκ)ω(V2) + g(V2,LV θ),
(4.14)

where we have used (4.4).
Using (4.14) in (4.13), we have

(LV S)(V2, V3) =µ[(2γ + 2lκ+ 2nmκ)g(hV2, V3)
+g((LV h)V2, V3)] + 2nκ[4(γ + nmκ)ω(V2)ω(V3)
+g(V2,LV θ)ω(V3) + g(V3,LV θ)ω(V2)].

(4.15)

Comparing (4.11) and (4.15), we obtain
µ[(2γ + 2lκ+ 2nmκ)g(hV2, V3)
+ g((LV h)V2, V3)] + 2nκ[4(γ + nmκ)ω(V2)ω(V3)
+ g(V2,LV θ)ω(V3) + g(V3,LV θ)ω(V2)] = 2lκµg(hV2, V3).

Let {e1, . . . , e2n+1} denote an orthonormal τ -basis, with e2n+1 = θ, of the tangent space
at each point of the manifold, where hei =

√
−κei. Contracting V2 and V3 with respect to

the above basis, we get
ω(LV θ) = −2(γ + nmκ). (4.16)

Again, putting V2 = V3 = θ in (4.4), we obtain
ω(LV θ) = −(γ + nmκ). (4.17)

Comparing (4.16) and (4.17), we get
γ = −nmκ. □

As κ < 0, we state

Corollary 4.3. Under the hypotheses of Theorem 4.2, the soliton is expanding or steady
or shrinking according as the value of m is negative or zero or positive.

Remark 4.4. If m = 0, we see from Theorem 4.2 that γ = 0 and the soliton is l-almost
⋆-Ricci soliton. In that case, the soliton is steady. If l = 1 and m = 0, the soliton is a
⋆-Ricci soliton. Such solitons are also steady in (κ, µ)-almost coKähler manifolds.

Theorem 4.5. If a (κ, µ)-almost coKähler manifold with κ < 0 is a ⋆-Ricci–Yamabe
soliton and the potential vector field V is pointwise collinear with the Reeb vector field θ,
then V is a constant multiple of θ.

Proof. If the potential vector field V is pointwise collinear with θ, that is, V = ρθ, where
ρ is a smooth function, from (1.4), we get

ρg(∇V1θ, V2) + (V1ρ)ω(V2) + ρg(∇V2θ, V1)
+ (V2ρ)ω(V1) + 2lS⋆(V1, V2) = (2γ −mr⋆)g(V1, V2).

(4.18)

Using (2.2), (4.1) and (4.2) in (4.18), we obtain
2ρg(hτV1, V2) + (V1ρ)ω(V2) + (V2ρ)ω(V1)
= (2γ + 2nmκ+ 2lκ)g(V1, V2) − 2lκω(V1)ω(V2).

(4.19)

Putting V2 = θ in (4.19), we get
(V1ρ) + (θρ)ω(V1) = (2γ + 2nmκ)ω(V1). (4.20)
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Again, putting V1 = θ in (4.20), we obtain

(θρ) = γ + nmκ. (4.21)

From (4.20) and (4.21), we get

(V1ρ) = (γ + nmκ)ω(V1). (4.22)

Using (4.22) in (4.19), we obtain

ρg(hτV1, V2) = (γ + lκ+ nmκ)[g(V1, V2) − ω(V1)ω(V2)]. (4.23)

Replacing V1 by τV1 in (4.23), we get

ρg(hV1, V2) = −(γ + lκ+ nmκ)g(τV1, V2).

Again, replacing V1 by hV1, we infer

g(hτV1, V2) = − ρκ

(γ + lκ+ nmκ)
[g(V1, V2) − ω(V1)ω(V2)]. (4.24)

Using (4.24) in (4.23), we obtain[ ρ2κ

(γ + lκ+ nmκ)
+ (γ + lκ+ nmκ)

]
[g(V1, V2) − ω(V1)ω(V2)] = 0,

which is true for any vector fields V1, V2. Thus, from above, we get

ρ2 = −(γ + lκ+ nmκ)2

κ
,

from which we conclude that ρ is a constant. □

Theorem 4.6. A (κ, µ)-almost coKähler manifold can not be a ⋆-Ricci–Yamabe soliton if
the potential vector field is the Reeb vector field θ.

Proof. If the potential vector field V is the Reeb vector field θ, then from (4.19), we get

g(hτV1, V2) = (γ + nmκ+ lκ)[g(V1, V2) − ω(V1)ω(V2)],

which implies
hτV1 = (γ + lκ+ nmκ)V1 − ω(V1)θ. (4.25)

Operating both sides of (4.25) by τ and using (2.1), we obtain

hV1 = (γ + lκ+ nmκ)τV1. (4.26)

Again, operating both sides of (4.26) by h and using (2.5), we get

κτ2V2 = (γ + lκ+ nmκ)hτV1. (4.27)

Tracing the above equation and using tr(hτ) = 0, we infer κ = 0, which is a contradiction.
Thus, a (2n+1)-dimensional (κ, µ)-almost coKähler manifold can not be a ⋆-Ricci–Yamabe
soliton if the potential vector is the Reeb vector field θ. □

Due to Blair ([5, p. 72]) and Tanno [32], we give the following definition

Definition 4.7. A vector field V on an almost contact metric manifold is called an
infinitesimal contact transformation if it satisfies

LV ω = fω,

for f a smooth function on M. If f = 0, then the vector field V is called a strict infinitesimal
contact transformation.

Theorem 4.8. If a (κ, µ)-almost coKähler manifold with κ < 0 is a ⋆-Ricci–Yamabe
soliton, then the potential vector field is an infinitesimal contact transformation.
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Proof. Applying V3 = θ in (4.4), we infer
(LV g)(V2, θ) = 2(γ + nmκ)ω(V2). (4.28)

Again, replacing V2 by θ
g(LV θ, θ) = −(γ + nmκ),

which implies
LV θ = −(γ + nmκ)θ. (4.29)

Taking Lie derivative of ω(V2) = g(V2, θ) with respect to V , we have
(LV ω)(V2) = (LV g)(V2, θ) + g(V2,LV θ). (4.30)

Using (4.28) and (4.29) in (4.30), we obtain
(LV ω)(V2) = (γ + nmκ)ω(V2),

it follows that V is an infinitesimal contact transformation. □
As a consequence of the above theorem, we can state the following

Corollary 4.9. If the potential vector field of a ⋆-Ricci–Yamabe soliton in a (κ, µ)-almost
coKähler manifold is a strict infinitesimal contact transformation, then γ = −nmκ.

5. Gradient ⋆-Ricci–Yamabe solitons on (κ, µ)-almost coKähler manifolds
In this section we study gradient ⋆-Ricci–Yamabe solitons on (κ, µ)-almost coKähler

manifold.

Theorem 5.1. If a (κ, µ)-almost coKähler manifold with κ < 0 is a gradient ⋆-Ricci–
Yamabe soliton, then either µ2 = −κ or the soliton is trivial.

Proof. With the help of (1.5), we have

∇V1Dψ =
(
γ − 1

2
mr⋆

)
V1 − lQ⋆V1, (5.1)

where ψ is a smooth function on the manifold.
Using (4.1) and (4.2) in (5.1), we obtain

∇V1Dψ = (γ + lκ+ nmκ)V1 − lκω(V1)θ. (5.2)
Differentiating (5.2) covariantly with respect to V2, we get

∇V2∇V1Dψ =(γ + lκ+ nmκ)∇V2V1

−lκ[∇V2ω(V1)θ + ω(V1)∇V2θ].
(5.3)

Interchanging V1 and V2 in (5.3), we obtain
∇V1∇V2Dψ =(γ + lκ+ nmκ)∇V1V2

−lκ[∇V1ω(V2)θ + ω(V2)∇V1θ].
(5.4)

Also, from (5.2), we get
∇[V1,V2]Dψ = (γ + lκ+ nmκ)[V1, V2] − lκω([V1, V2])θ. (5.5)

Using (2.2), (5.3)-(5.5), we obtain
R(V1, V2)Dψ = −lκ[ω(V2)hτV1 − ω(V1)hτV2]. (5.6)

By (5.6), we get
g(R(V1, V2)Dψ, θ) = 0. (5.7)

Also from (2.4), we have
g(R(V1, V2)θ,Dψ) =κ[(V1ψ)ω(V2) − (V2ψ)ω(V1)]

+µ[(hV1ψ)ω(V2) − (hV2ψ)ω(V1)].
(5.8)
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As g(R(V1, V2)V3,W ) = −g(R(V1, V2)W,V3), from (5.7) and (5.8), we get

κ[(V1ψ)ω(V2) − (V2ψ)ω(V1)] + µ[(hV1ψ)ω(V2) − (hV2ψ)ω(V1)] = 0.

Putting V2 = θ in the above equation, we obtain

κ[(V1ψ) − (θψ)ω(V1)] + µ(hV1ψ) = 0. (5.9)

Replacing V1 by hV1 in (5.9), we get

(hV1ψ) = µ[(V1ψ) − (θψ)ω(V1)]. (5.10)

Therefore, from (5.9) and (5.10), we obtain

(κ+ µ2)[(V1ψ) − (θψ)ω(V1)] = 0,

thus we get either κ = −µ2 or Dψ = (θψ)θ.
When Dψ = (θψ)θ, from (5.2), we infer

V1(θψ)θ + (θψ)hτV1 = (γ + lκ+ nmκ)V1 − lκω(V1)θ. (5.11)

Taking the inner product of (5.11) with V2, we get

V1(θψ)ω(V2) + (θψ)g(hτV1, V2) = (γ + lκ+ nmκ)g(V1, V2) − lκω(V1)ω(V2). (5.12)

Putting V2 = θ in the above equation, we obtain

V1(θψ) = (γ + nmκ)ω(V1). (5.13)

From (5.12) and (5.13), we get

(θψ)g(hτV1, V2) = (γ + lκ+ nmκ)[g(V1, V2) − ω(V1)ω(V2)]. (5.14)

Contracting V1 and V2 and using tr(τh) = 0, we obtain

(γ + lκ+ nmκ) = 0. (5.15)

Using (5.15) in (5.14), we obtain

(θψ)g(hτV1, V2) = 0,

which gives (θψ) = 0. Thus, from the relation Dψ = (θψ)θ, we get Dψ = 0, i.e, V = 0,
which shows that the soliton is trivial. □

Corollary 5.2. If a (κ, µ)-almost coKähler manifold is a gradient ⋆-Ricci–Yamabe soliton,
then l = 0.

Proof. Applying Dψ = 0 in (5.2), we obtain

(γ + lκ+ nmκ)g(V1, V2) − lκω(V1)ω(V2) = 0. (5.16)

Contracting the above equation, we have

γ = −2nlκ+ n(2n+ 1)mκ
2n+ 1

. (5.17)

Again, putting V1 = V2 = θ in (5.16), we infer

γ = −nmκ. (5.18)

Comparing (5.17) and (5.18), we get lκ = 0. As κ < 0, we get that l = 0. □
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6. Examples
Example 6.1. Let M = {(x, y, z) ∈ R3 : z ̸= 0}, where (x, y, z) are the standard coordi-
nates in R3. We consider the linearly independent vector fields

u1 = ∂

∂x
, u2 = ∂

∂y
, u3 = x

∂

∂x
+ y

∂

∂y
+ ∂

∂z
.

By a direct computation, we get
[u1, u2] = 0, [u1, u3] = u1, [u2, u3] = u2.

Let g be the Riemannian metric defined by g(ui, uj) = δij , i, j = 1, 2, 3.
We define the 1-form ω by ω(V1) = g(V1, u3) for all vector fields V1 on M.
Let τ be the (1, 1)-tensor field represented by

τu1 = u2, τu2 = −u1, τu3 = 0.
It is easy to see that

ω(u3) = 1, τ2V1 = −V1 + ω(V1)u3,

g(τV1, τV2) = g(V1, V2) − ω(V1)ω(V2),
for any vector fields V1, V2 on M. Thus (τ, u3, ω, g) defines an almost contact metric
structure.
By the formula due to Koszul, we have the following

∇u1u1 = −u3, ∇u1u2 = 0, ∇u1u3 = u1,

∇u2u2 = −u3, ∇u2u1 = 0, ∇u2u3 = u2,

∇u3u1 = 0, ∇u3u2 = 0, ∇u3u3 = 0.
Clearly M is an almost coKähler manifold with hu1 = −u2, hu2 = u1 and hu3 = 0.
The components of the curvature tensor are

R(u1, u2)u1 = u2, R(u1, u2)u2 = −u1, R(u2, u3)u3 = −u2,

R(u3, u2)u2 = −u3, R(u1, u3)u3 = −u1, R(u3, u1)u1 = −u3,

R(u1, u2)u3 = 0, R(u2, u3)u1 = 0, R(u3, u1)u2 = 0.
The only non-vanishing components of the Ricci curvature tensor are

S(u1, u1) = −2, S(u2, u2) = −2, S(u3, u3) = −2,
thus

S(V1, V2) = −2g(V1, V2)
for any vector fields V1, V2 on M and the scalar curvature r is −6. Thus we can write the
curvature tensor as

R(V1, V2)V3 =a− b

2
[g(V2, V3)V1 − g(V1, V3)V2]

+b[g(V2, V3)ω(V1)θ − g(V1, V3)ω(V2)θ
+ω(Y )ω(V3)V2 − ω(V1)ω(V3)V2],

for any vector fields V1, V2 and V3 on M, where a = −2, b = 0.
The non-zero components of the ⋆-Ricci curvature are

S⋆(u1, u1) = −1, S⋆(u2, u2) = −1.
Therefore the ⋆-scalar curvature r⋆ is −2.
Let V = c1u1 + c2u2 + c3u3 be the potential vector field, where c1, c2, c3 ∈ R. Then

(LV g)(u1, u1) = 2c3, (LV g)(u2, u2) = 2c3, (LV g)(u3, u3) = 0.
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Thus, from (1.4), we obtain the following equations
γ − l −m = c3,

γ −m = 0.
From the above two equations, we get l = −c3. Thus M is a ⋆-Ricci–Yamabe soliton with
l = −c3, γ = m, where m can be any real number.
Now, let V = fu3 where f is a smooth function on M. Then

(LV g)(u1, u1) = 2f, (LV g)(u2, u2) = 2f, (LV g)(u3, u3) = 2(u3f).
Thus, from (1.4), we obtain the following equations

f − γ − l −m = 0, (6.1)
(u3f) − γ −m = 0. (6.2)

Equation (6.1) implies f = γ + l+m, which is a constant. Thus (u3f) = 0, so, from (6.2)
we have γ = −m and finally, from (6.1), we get f = l. The above data verifies Theorem
3.4.

Example 6.2. Let M = {(x, y, z, u, v) ∈ R5 : v ̸= 0}, where (x, y, z, u, v) are the standard
coordinates in R5. We consider the linearly independent vector fields

u1 = e2v ∂

∂x
, u2 = e2v ∂

∂y
, u3 = e−2v ∂

∂z
, u4 = e−2v ∂

∂u
, u5 = ∂

∂v
.

By a direct computation, we get
[u1, u5] = −2u1, [u2, u5] = −2u2, [u3, u5] = 2u3, [u4, u5] = 2u4

and all the remaining brackets [ui, uj ] = 0 for i, j = 1, 2, 3, 4, 5.
Let g be the Riemannian metric defined by g(ui, uj) = δij , i, j = 1, 2, 3, 4, 5.
We define the 1-form ω by ω(V1) = g(V1, u5) for all vector fields V1 on M.
Let τ be the (1, 1)-tensor field represented by

τu1 = u3, τu2 = u4, τu3 = −u1, τu4 = −u2, τu5 = 0.
Then it is easy to see that

ω(u5) = 1, τ2V1 = −V1 + ω(V1)u5,

g(τV1, τV2) = g(V1, V2) − ω(V1)ω(V2),
for any vector fields V1, V2 on M. Thus (τ, u5, ω, g) defines an almost contact metric
structure.
By the formula due to Koszul, we have the following

∇u1u1 = 2u5, ∇u1u5 = −2u1, ∇u2u2 = 2u5,

∇u2u5 = −2u2, ∇u3u3 = −2u5, ∇u3u5 = 2u3,

∇u4u4 = −2u5, ∇u4u5 = 2u4

and all the rest ∇uiuj = 0 for i, j = 1, 2, 3, 4, 5. Clearly M is an almost coKähler manifold
with hu1 = −2u3, hu2 = −2u4, hu3 = −2u1, hu4 = −2u2 and hu5 = 0.
The components of the curvature tensor are

R(u1, u2)u1 = 4u2, R(u1, u2)u2 = −4u1, R(u1, u3)u1 = −4u3,

R(u1, u3)u3 = 4u1, R(u1, u4)u1 = −4u4, R(u1, u4)u4 = 4u1,

R(u1, u5)u1 = 4u5, R(u1, u5)u5 = −4u1, R(u2, u3)u2 = −4u3.

R(u2, u3)u3 = 4u2, R(u2, u4)u2 = −4u4, R(u2, u4)u4 = 4u2,
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R(u2, u5)u2 = 4u5, R(u2, u5)u5 = −4u2, R(u3, u4)u3 = 4u4,

R(u3, u4)u4 = −4u3, R(u3, u5)u3 = 4u5, R(u3, u5)u5 = −4u3,

R(u4, u5)u4 = 4u5, R(u4, u5)u5 = −4u4

and all the other R(ui, uj)ek = 0 for i, j, k = 1, 2, 3, 4, 5. From above, we conclude that M

is a (κ, µ)-almost coKähler manifold with κ = −4 and µ = 0.
The only non-vanishing component of the Ricci curvature tensor is S(u5, u5) = −16 and
the scalar curvature r is −16.
The non-zero components of the ⋆-Ricci curvature are

S⋆(u1, u1) = S⋆(u2, u2) = S⋆(u3, u3) = S⋆(u4, u4) = 4.
Therefore, the ⋆-scalar curvature r⋆ is 16.
Let us consider the potential vector field V as the Reeb vector field θ. Then

(LV g)(u1, u1) = −4, (LV g)(u2, u2) = −4,
(LV g)(u3, u3) = 4, (LV g)(u4, u4) = 4, (LV g)(u5, u5) = 0.

Thus, from (1.4), we obtain the following equations
γ − 4l − 8m+ 2 = 0, (6.3)
γ − 4l − 8m− 2 = 0, (6.4)

γ = 8m.
Equations (6.3) and (6.4) are inconsistent. Thus M does not admit a ⋆-Ricci–Yamabe
soliton if the potential vector field is the Reeb vector field θ, which verifies Theorem 4.5.
Now, let the potential vector field V be the gradient of a smooth function ψ on M. Then,
from (1.5), we obtain

∇V1Dψ =
(
γ − 1

2
mr⋆

)
V1 − lQ⋆V1.

Also, Dψ can be written as
Dψ = (u1ψ)u1 + (u2ψ)u2 + (u3ψ)u3 + (u4ψ)u4 + (u5ψ)u5.

Thus,
∇u1Dψ =(u1(u1ψ) − 2(u5ψ))u1 + u1(u2ψ)u2 + u1(u3ψ)u3

+u1(u4ψ)u4 + (u1(u5ψ) + 2(u1ψ))u5,

∇u2Dψ =u2(u1ψ)u1 + (u2(u2ψ) − 2(u5ψ))u2 + u2(u3ψ)u3

+u2(u4ψ)u4 + (u2(u5ψ) + 2(u2ψ))u5,

∇u3Dψ =u3(u1ψ)u1 + u3(u2ψ)u2 + (u3(u3ψ) + 2(u5ψ))u3

+u3(u4ψ)u4 + (u3(u5ψ) − 2(u3ψ))u5,

∇u4Dψ =u4(u1ψ)u1 + u4(u2ψ)u2 + u4(u3ψ)u3

+(u4(u4ψ) + 2(u5ψ))u4 + (u4(u5ψ) − 2(u4ψ))u5,

∇u5Dψ =u5(u1ψ)u1 + u5(u2ψ)u2 + u5(u3ψ)u3

+u5(u4ψ)u4 + u5(u5ψ)u5.

The last five equations imply
u1(u1ψ) − 2(u5ψ) = γ − 4l − 8m,
u2(u2ψ) − 2(u5ψ) = γ − 4l − 8m,
u3(u3ψ) + 2(u5ψ) = γ − 4l − 8m,
u4(u4ψ) + 2(u5ψ) = γ − 4l − 8m,
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u5(u5ψ) = γ − 8m,
u1(u5ψ) + 2(u1ψ) = 0,
u2(u5ψ) + 2(u2ψ) = 0,
u3(u5ψ) − 2(u3ψ) = 0,
u4(u5ψ) − 2(u4ψ) = 0,

u1(u2ψ) = 0, u1(u3ψ) = 0,
u1(u4ψ) = 0, u2(u3ψ) = 0,
u2(u4ψ) = 0, u3(u4ψ) = 0,
u5(u1ψ) = 0, u5(u2ψ) = 0,
u5(u3ψ) = 0, u5(u4ψ) = 0.

Thus we get the following partial differential equations

e4v ∂
2ψ

∂x2 − 2∂ψ
∂v

= γ − 4l − 8m, (6.5)

e4v ∂
2ψ

∂y2 − 2∂ψ
∂v

= γ − 4l − 8m,

e−4v ∂
2ψ

∂z2 + 2∂ψ
∂v

= γ − 4l − 8m,

e−4v ∂
2ψ

∂u2 + 2∂ψ
∂v

= γ − 4l − 8m,

∂2ψ

∂v2 = γ − 8m, (6.6)

e2v ∂
2ψ

∂x∂v
+ 2e2v ∂ψ

∂x
= 0,

e2v ∂
2ψ

∂y∂v
+ 2e2v ∂ψ

∂y
= 0,

e−2v ∂
2ψ

∂z∂v
− 2e−2v ∂ψ

∂z
= 0,

e−2v ∂
2ψ

∂u∂v
− 2e−2v ∂ψ

∂u
= 0,

e4v ∂
2ψ

∂x∂y
= 0, ∂2ψ

∂x∂z
= 0,

∂2ψ

∂x∂u
= 0, ∂2ψ

∂y∂z
= 0,

∂2ψ

∂y∂u
= 0, e−4v ∂

2ψ

∂z∂u
= 0,

which show that ψ is a constant. Thus, Theorem 5.1 is verified. Hence, from (6.5)-(6.6),
we have

γ − 4l − 8m = 0,
γ − 8m = 0.

The above two equations indicate that l = 0 which verifies Corollary 5.2. The value of γ is
8m, where m is a real number. In particular, if we take m = 1, then the soliton becomes
a gradient ⋆-Yamabe soliton and it is shrinking.
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