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ABSTRACT. In this paper, we investigate the existence of a piecewise asymptot-
ically almost automorphic mild solution to some classes of integro-differential
equations with impulsive effects in Banach space. The working tools are
based on the Monch’s fixed point theorem, the concept of measures of non-
compactness theorem and resolvent operator. In order to illustrate our main
results, we study the piecewise asymptotically almost automorphic solution of
the impulsive differential equations.

1. INTRODUCTION

The exploration of impulsive integro-differential equations has witnessed rapid
expansion in recent years, finding diverse applications in mathematical models span-
ning domains such as chemical technology, population dynamics, electrical engineer-
ing, medicine, physics, ecology, economics, biology, and beyond. The pioneering
work of Milman and Myshkis [36] dates back to 1960 when they first introduced
the concept of impulsive differential equations. To delve deeper into the outcomes
and practical uses of impulsive integro-differential equations, comprehensive in-
sights can be gleaned from the monographs authored by Bainov and Simeonov [7].
In the books authored by Benchohra et al. [9,[10], numerous results concerning
differential equations are derived using a range of tools, including the utilization
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of measures of noncompactness and fixed point theory, from which we drew mo-
tivation. In the papers [11415], the authors investigated several types of integro-
differential equations under different conditions with qualitative and quantitative
results. In [6,133,[52], the authors considered some fractional integro-differential
equations with state-dependent delay. See [2-4.|26({28]48,/49], for some recent re-
sults on impulsive equations.

The notion of almost automorphy stands as a significant extension of Bohr’s clas-
sical concept of almost periodicity, initially introduced by Bochner in [16] in connec-
tion with certain aspects of differential geometry. Since its inception, the realm of
almost automorphic functions has witnessed substantial advancement and applica-
tion across diverse fields such as ordinary differential equations, partial differential
equations, functional differential equations, integro-differential equations, fractional
differential equations, and even stochastic differential equations. A notable array of
references, including [5},17H19}241[25/321|35[37,/138,/41}/42L|45//50,51}{54], serve to illus-
trate these developments. Subsequently, this conceptual framework has undergone
compelling, natural, and potent generalizations. To exemplify, N’Guérékata [40]
introduced the notion of asymptotically almost automorphic functions, which has
been fruitfully applied within the realm of differential equations. For a deeper ex-
ploration of outcomes in this domain, one can turn to [1}34,441/47,[53] and their
associated references. For a comprehensive understanding of the contemporary
theory and applications surrounding asymptotically almost automorphic functions,
N’Guérekata’s monographs [43] offer valuable insights.

In [29], Goldstein and N’Guérékata studied the following semilinear differential
equation in a Banach space X,

7' (t) = Az(t) + F(t,z(t)), teR,

where A generates an exponentially stable Cy-semigroup and F(¢,z) : Rx X — X
is a function of the form F(t,x) = P(t)Q(x). Under appropriate conditions on P
and @, and using the Schauder fixed point theorem, they proved the existence of
an almost automorphic mild solution to the above equation.

José and Claudio |46] investigated the existence and uniqueness of an asymptoti-
cally almost automorphic mild solution to the following abstract fractional integro-
differential neutral equation with unbounded delay:

p )—/t(t_S)HAD( Vds+ g (tug), >0
dt ,Ut) = o F(Ol—l) S, Us S g\t,ut), - Y,

U/O:L)OGB7

where 1 < a < 2,D(t,¢) = p(0)+ f(t,¢), A: D(A) C X — X is a linear densely de-
fined operator of sectorial type on a Banach space X, the history u; : (—o0,0] = X
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defined by u.(0) = u(t + ), belongs to an abstract phase space B defined axiomat-
ically, and f, g are functions subject to some additional conditions.

Motivated by the above-mentioned discussions, we are interested in investigating
the existence of piecewise asymptotically almost automorphic mild solution for the
following integro-differential equations with impulsive differential system

y(O) = Au(0)+ [ R = s(s)ds + 1 (y(0). M(0) .t £ 15,

My(t)=/ H(t,s,y(s))ds, t € RT, (1)

Ay(ty) = y(t7) —y(t7) = Ji(y(ty), 7=1,2,3,...,

0

(
where A : D(A) C E — F is the infinitesimal generator of a Cp-semigroup
(S(t))i>0 € E and (E,| - |) is a Banach space. Here R(¢) is a closed linear opera-
tor on E, with domain D(A) C D(R(t)) which is independent of ¢. Furthermore,
the fixed times t; satisfy 0 = tp < t1 < t2 < ... <t; < ..., t;r and t; denote
the right and left limits of y at ¢;, Ay(t;) = y(t;r) —y(t; ) represents the jump in
the state y at time ¢;, where J; determines the size of the jump. The functions
J:R"XEXE—FE and H: DxFE — E, D={(s) € Rt xRt :s <t}
are appropriate functions satisfying certain assumptions that will be specified later.

We note that the results we have obtained and the problem addressed in this
paper are regarded as an extension and a natural continuation from the previously
cited works, such as [29,46).

Let us describe the content of this paper. In Section 2, we recall some facts
from resolvent operators and measure of noncompactness. In addition, notations
about almost automorphic functions and asymptotically almost automorphic func-
tions are also introduced in this section. In Section 3, we study the existence of
a piecewise asymptotically almost automorphic mild solutions for system with
their proofs, the results are based on Ménch’s fixed point theorem under some
appropriate assumptions. In last section, we provide an example to illustrate our
obtained results.

2. PRELIMINARIES AND BASIC RESULTS

In this section, we present some mathematical tools needed to demonstrate the
main results. Let F and E be two Banach spaces. For any Banach space F, the
norm of E is defined by |-|. The space of all bounded linear operators from E to E
is denoted by L(E, E) and L(E, E) is written as L(E). We denote by €¢(R*, E) the
Banach space of all continuous E-valued function on R*. We use || f||» to denote
the LP(R™, E) norm of f whenever f € LP(R*, E) for some p with 1 < p < co. We
consider the following spaces:
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» ¢*(R*, E) : the Banach space of all continuous and bounded functions y mapping
R* into E equipped with the norm

lyller = sup{ly(t)] : t € RF}.
» PEC(RT, E) : the space formed by all piecewise continuous functions f : Rt — E
such that f(-) is continuous at ¢ for any ¢t # (t;)jen , y(tj)7 y(t; ) exist, and
y(t;) = y(t;) for all j € N.
> PE(RT x E x E, E) : the space formed by all piecewise continuous functions
f:RT x Ex E — E such that for any (y,v) € Ex E, f(-,y,v) € PE(RT, E), and
for any t € RT, f(¢t,-,-) is continuous at (y,v) € E x E.
» P&y (R, E) : the space formed by all piecewise continuous functions T : R* — F
such that 26lim T(t) =0.

—00
» PC(R* x E x E, E): the space of all piecewise continuous functions Y : RT x
E x E — E satisfying tlim Y(t,y,v) = 0 in ¢t and uniformly for all (y,v) € K,
—00

where K is any bounded subset of £ x E.

» P¢’(R*, E) the subspace of PE(R*, E) consisting of all bounded functions.
It is well-known that PE¢®(RT, E) is a Banach space with the norm

lyll per = sup{|y(t)],t € RT}.

First, let’s recall some basic defnitions and results on the strong continuous
evolution family which will be used later.
We consider the following Cauchy problem

t
v = a0+ [ Rt sys)ds, t=0 o)
0
y(t) = yo.
Definition 1. ( [23,30]) A resolvent for Equation (@) is a bounded linear operator
valued function S(t) € L(E) fort > 0, satisfying the following properties:
(a): Foranyt € RT, S(0) =1 and ||S(t)||p(m) < ne =% for some constants
n and .
(b): For each y € E, S(t)y is strongly continuous for ¢t > 0.
(c): Forye E, S(-)y € €([0,+00), E) N ([0, +00), E) and

Sty = AS(t)y+ /0 R(t — 5)S(s)Eds
= S(t)Ay—i—/tS(t—s)R(s)Eds.
0

We introduce the following assumptions:

(T1): A is the infinitesimal generator of a strongly continuous semigroup
(S(t))tzo on F.
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(I2): For allt > 0, B(t) is closed linear operator from D(A) to E and R(t) €
L(E,E). For any y € E, the map ¢ — R(t)y is bounded, differentiable and
its derivative R'(t)y is bounded and uniformly continuous on R*.

Theorem 1. ([25(30]) Assume that (T1) and (Tz) hold. Then there exists a unique
resolvent operator for the Cauchy problem (@

Definition 2 ( [16,41}42]). Let u: N — E be a bounded sequence. u is called almost
automorphic sequence, if for each real sequence {ji}, there exists a subsequence
{ji}y c {4} such that
u(j) = lim u(j+ jn)
n—oQ

is well defined for each t € R and

Jim u(f + jn) = U(5),
for all j € N. Represent this class of all sequences as AA(N, E).
Definition 3. [1] A bounded piecewise continuous function f € PE(RT, E) is said
to be almost automorphic if

(A1): sequence of impulsive moments {t;} is a almost automorphic sequence,
(A2): for every sequence of real numbers {o,}, there exists a subsequence
{on,} such that

G(t) = lim f(t+on,)
n—oo
is well defined for each t € R and
nl;ngo Gt —on;) = f(t)
for each t € R.
Denote by AApe(R, E) the set of all such functions.

Lemma 1. [{1] AApe(R, E) is a Banach space with the norm
£l pe = sup |f(t)]-
teR

Definition 4. [1,|/1] A bounded piecewise continuous function f € PE(RT x E, E)
is called almost automorphic if

(A1): sequence of impulsive moments {t;} is a almost automorphic sequence

As): for every sequence of real numbers {o,}, there exists a subsequence

( y seq : q
{on,} such that

lim f(t + Un,-,y) = g(tvy)

n—oo

is well defined for each t € R and

lim g(t —oy,,,y) = f(t,y)

n—oo
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for eacht € R and each y € E.
Denote by AApc(R x E| E) the set of all such functions.

The following definition, which is the Bi-almost automorphicity, is a crucial
ingredient in our approach.

Definition 5 ( [43]). A bounded piecewise continuous function f € PE(RT x Rt x
E,E)) is Bi-almost automorphic if

(A1): sequence of impulsive moments {t;} is an almost automorphic sequence

As): for every sequence of real numbers {o,}, there exists a subsequence

( y seq : q
{on,} such that

lim f(t+on,,s+0n;,y) =G(t,s,y)

n—oo

18 well defined for each t € R and

hm g(tfa'nj,sfa'nj,y) = f(t757y)

n—oo

for eacht € R and each y € E.

Definition 6. [}1] A piecewise continuous function f € PERY,E) is said to be
asymptotically almost automorphic if it can be decomposed as

f(t) =G(t) + (1),

where

G(t,y) € AApe(RT,E), Y(t,y) € PCy(RT, E).

The space of these kinds of functions is denoted by AAApe(RT, E).

Definition 7. [{1] A piecewise continuous function f € PE(RT x E.E)) is said
to be asymptotically almost automorphic if it can be decomposed as

fty) =Gt y) +Y(ty),
where

G(t,y) € AApe(RT x E,E), Y(t,y) € P&(R' x E,E).
This class of functions is denoted by AAApe(RT x E, E).

We state a lemma inspired by the paper of J. Cao et al. [19] about the composition
result.

Lemma 2. j20] Let y,v € AAApe(RT,E), K ={v(t): t e Rt} x {y(t) : t € Rt}
and

f€AAAps(RT x Ex E,E)NCk(RT x E x E, E),
then [(,y(), () € AAApe(R", E).
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The proof of the above lemma is similar to the proof of Lemma 2.5 of [19].
Now, we introduce the Kuratowski measure of noncompactness x defined by

x(©) =inf{ A > 0: © has a finite cover by sets of diameter < A},

for a bounded set © in any space E. Some basic properties of x(-) are given in the
following lemma. For more details, please see [§].

Lemma 3. ( [§/) Let E be a Banach space and 01,03 C E be bounded, and the
following properties are satisfied:
(j1) © is pre-compact if and only if x(©) =0,
(j2) x(©) = x(©) = x(Conv®), where © and conv® are the closure and the
convez hull of ©, respectively,
(Js) x(©1) < x(©2) when ©1 C Og,
(4a) X(B1 4 O2) < x(O1) + x(2),
(Js) x(k©) = |k[x(©) for any k € R,
(J6) x(O2 4+ 601) < x(O2) + x(O2) where O2+ 01 ={y+v:y € O,v € Oz},
(J7) x(B2UO1) < max (x(02), x(©2)),
(js) i T : E — Eis a Lipschitz continuous map with constant k, then x(I'(0)) <

kx(0©) for all bounded subset © of E.

Lemma 4. ( [21]) Let E be a Banach space, © C E be bounded. Then there exists
a countable set ©g C O, such that

x(©) < 2x(Oy).

Lemma 5. ( [31]) Let V be a Banach space, and let © = {y,} C €([¢,d], E) be
a bounded and countable set for constants —oco < ¢ < d < +oo. Then ¥(v(t)) is
Lebesgue integral on [c,d], and

x({ /cd yn(t)dt i n € N}) < 2/cdx(@(t))dt.

Now, we recall a useful compactness criterion.

Lemma 6. [22][Corduneanu]
A set C C PC*(RY, E) is relatively compact if the following conditions hold
(i): C is bounded in PC*(RT, E),
(ii): C is a locally equicontinuous family of function, i.e., for any constant
d > 0, the functions in C are equicontinuous in [0, d),
(i5i): the set C(t) := {y(t) : y € C} is relatively compact on any compact
interval of RY,
(iv): the functions from C are equiconvergent, i.e For each € > 0 ,there exists
d(e) > 0 such that |y(t) — y(+00)| < € for all t > d(e) and for all y € C.

Finally, we will make use of Ménch’s fixed point theorem
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Theorem 2. (Ménch fized point) [39]. Suppose that  is a closed conver subset
of X; 0€ Q. If the map N : Q) — X s continuous and of Mdnch type, namely, Q
satisfies the following property

O C Q0,0 is countable, © C Conv (N(O)U{0}) = O is compact,
then, N has a fized point in €.

3. THE MAIN RESULTS
Before starting our main results, we recall the definition of the mild solution of
()
Definition 8. A function y € PC*(R*, E) is called a mild solution to the problem
if y satisfies the integral equation
y(t) = Styo+ > S(t—t;)J;(y(t;)+6S(t—9)f (5,(s), My(s)) ds, t € R*. (3)
0<t;<t
The following assumptions are needed to establish our results.
(Hy): The resolvent operator given by Theorem [l| satisfies the following con-
dition:
1St —s)loe) < ne= =) where 1 > 0 and A > 0.

(Hs): The function f: RT x E x E — E satisfies:
(i): Fora.e. t € R, the function f(¢,-,-) : Rt x Ex F — E is continuous,
and for each (y,v) € E x E, the function f(-,y,v) : Rt x E x E is
strongly measurable.
(7): The function f(t,y, ) asymptotically almost automorphic i.e., f(¢,y,v) =
G(t,y,v) + Y(t,y,v) with

G(t,y,v) € AApe(R x E x E,E), 7Y(t,y,v) € &(R" x E x E,E),
and G(¢,y,v) is uniformly continuous on any bounded subset K C
E x E uniformly for ¢t € R.
(#1): There exists a function ki € Lﬁ(R*‘,R*‘), for a constant p; € (0,1)
such that:

|f(t,y,v)| < B(t)(Jy| + |v]) for a.e t € RT and each y,v € E.

(#4i): There exists a function p € Lvs (RT,RT), for a constant p, € (0,1)
such that:

X(f(t,Q1,Q2)) < p(t) (x(21) + x(22)) . € R,
for any bounded countable subsets 2,y C PE*(RY E).
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(Hjs): The function H : D x E — E have the decomposition H = H* + H}
in which H® is Bi-almost automorphic functions which satisfies Bi-almost
automorphic in (¢, s) uniformly on bounded subsets of E and is g-bounded.
Moreover,

t
sup/ o(t, s)ds = " < 4o0.
teR J —co

Also, the Bi-almost automorphic functions H?® is (¢,$)—Lipsehitz (see [20]),
with ;

sup/ o(t, s)ds = ¢* < 4005

teR J—oo
and for every compact interval [a,b] C R, the following limit holds

b
tl:gloo/a o(t,s)ds =0,
we also assume that there exists a function 7 : R x R — R such that
|H(t,s,0)] < 7(t,s),
0
lim 7(t,s)ds =0

t—4o0 [

and Hf € €5(D x E, E), with

oo

d
/ 0(t,s)ds =0, for a.e d > 0.
0

and .
sup / 0(t,s)ds = q < +00
0

teRF
(i): There exists a positive function v(t,s) € L'(D,RT) such that:

|H(t,s,y)] <v(t,s)(1+y|), for a.e t € RT and each y € E.
(ii): There exists a positive function 9(¢, s) € L'(D,R*) such that for any bounded countable
QO C PC(R*, E)
X(H(t,5,Q) <I(t,s)x(2),t € RT.

(Hy): The impulse functions J; : E — E for j=1,2,3..., is a sequence of
almost asymptotically automorphic function and satisfies:
(¢): There exist positive constant numbers o; and ¢; such that

|J;(y)] < ojly| +;, for a.et € RT and each y € E.

(23): Thereexist6; > 0;j=1,2,....suchthat for any bounded countable
Q C Pet (R, E)

x(J5() < 0;x().
In the proofs of our results, we need the following auxiliary result.
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Lemma 7. [20] Let f = G+Y € AAApe(RTXEXE,E) withG € AApe(R,E), Y €
PCy(RT, E). Then

/ S t— S dS S AAA}DQ(R E)

Lemma 8. [20] Suppose the functions H : RxRx E — E satisfies condition (Hs).
Then, the integral operators E5 such that

Eoy(t) /Htsy())ds teRT,

maps AAApe(RT E) into AAApe(RT, E).

Theorem 3. Assume that the hypotheses (Hy) — (Hy) are satisfied. Then the
problem has an asymptotically almost automorphic mild solution if

Sj g . 0; .
o (=S + =+ 0l s A0 2 ) < 1

(4)
Proof. Let U, = {y € PC®(RT,E) N AAA(RT,E) : [ly|| < } . Define an oper-
ator Q on U, by

(Qy)(t) Byo+ Y S(t—t;)J5(y(t;) +5S(t—9)f (5,y(s), My(s)) ds, t € R*.

0<t; <t
()

We next show that @ has a fixed point in U,. We divide the proof into several
steps.

Step 1. For every y € U, Qy € PC*(RT, E).

For t € RT, from the hypotheses (Hj)-(Hy), we get

Q)OI < USON gy lyol + D 1S =)y 1Ty (E))]

0<t;<t
+/O 15( = )l gy Ps) (Jy(s) 45 v(s, T)(A + [y(7)])dr) ds

<nlyl+n > oilyt)l+s;

0<t; <t

+ 77/0 e’Mt’S)ﬁ(S) (ly(s) +5 v(s, 7)(1 + [y(7)[)dr) ds

<nlyol+n > e o ly(t;)] +<5)
0<t; <t

oo [ )<Sup W + 0+ sup o)) ) ds

sERT SERT
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<nlyol+n Y e M) (o ly(ts)] +55)
0<t; <t

t
+77/ e_k(t—s)h(s) <(1 +’U*)(]_+ sup y(s)l))> ds
0 sERT
< nlyol + n(ojllyllper +<5) D e )
0<t; <t

t
L1+ ot) / e h(s)dslly]| pes
0

(ollyll per + ;)
1—e @

n
< nlyo| +

t L . 1—p1
ol (=R ) 0 e
0

n(o;llyllper +<5)
1—e?®

At
(o)Al o (1= 7T ) (L [yl per)

< nlyo| +

NS gj *
<ol + = (= Zos + (40 ) (4 Iyl
which implies that Qy € PE*(RT, E).

Step 2. For every y € U, Qy € AAApe(RY E).
Claim 1. Proving that (Py)(t) belongs to AAAps(RT, F),

where
(Py)(t) = S(t)yo +4 S(t = s)f (s,y(s), My(s))ds, t € R*.
Let
E(t) = S(t)yo,
then

[E)] =[S )yol < [SE)yol < ne™[yol.
Since A > 0, we get lim |(E(t)| = 0. That is
t——+o0

E € P&y (R, E). (6)

Applying Lemma [§| and Lemma [2] we infer that My(t) and f(-,y(-), My(¢)(+)) be-
long to AAApe(R¥, E). By Lemmal[7]and [6] we obtain that P is AAApe (R, E)-
valued.

Claim 2. Proving that Z S(t—t7)J;(y(t;)) belongs to AAApe(RT, E).
0<t; <t
From the assumption (Hy), J;(y(t;)) € AAApe(RT, E). By definition, it can be
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expressed as
Ji(y(t;)) = Jin(y(t;)) + Jj2(y(t;))

such that le(y(tj)) S AAA(R+,E),Jj2(y(tj)) S PCO(R+,E) Then:

S OSt—tp) L) = > St—t)Jnt)+ > S(t—t;)Jiayt)))
0<t; <t 0<t; <t 0<t; <t

= p"(t) +p°(t).

Since J;; € AA(RY, E), for every real sequence {¢;}, there exists a subsequence
{t;, } such that

lim Jj1(y(t; +t5,)) = T (y(t;)

n—
is well defined for each ¢t € R and
Jim T3 (y(t; —15,)) = Jn(y(5)),

Now, we have

Pl t+t) = Y Sttt —t)Jnlyt) = Y SE—t)Tn(ylt; +15,),

0<t; <t+t;,, 0<t; <t
then
T @ (t4,) = lm S St L)) = Y S-1)T (L) = 5.
0<t;<t 0<t;<t
Similarly
rt—t;,)= Y. Slt—t,—t)Ialy = > SEt—t)In(ylt;—t;,))),
0<t;<t—t;, 0<t;<t
then
D g ty) = Im S STl 1)) = Y ST w(t,).
0<t;<t 0<t;<t
then,

> St —1)Tn(y(ty))

0<t; <t
belongs to AAApe(RY, E).
Next, we show that ©%(t) € € (RT, E). Since Jj2 € PCy(R™, E), one can choose a
T > 0 such that
[ Jj2| < e
This enables us to conclude that for all ¢ > T,

Y St —t)dpa(y(t;) D IS =)l 12y (E))]

0<t]'<t 0<tj <t

noY e M T (y(t)]

0<t;<t

IN

IN
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< 7 ‘Jj2| Z ef)\(tftj)
O<tj <t

< _nlJl

T l-ew

< ¢

So, p°(t) € P&y(R*, E). Finally by (6)), we prove our claim that Qy € AAApe(RT, E).

Step 3. We prove that @ (6,{) C Uy.
If this condition fails, then for every positive constant x > 0 and ¢ > 0 , there
exists a function § € U, but Q(y) ¢ U, i.e |(Qy)(t)] > k. Thus, by the Holder
inequality, the conditions (H;)— (Hy,), based on the above estimations, we can easily
demonstrate that

~ NS Oj *
< .
(@U)O < nlyol + 7— =5z + (1 —ow Tt )|ﬁ|L;1) (1+ k)
Thus,

NS 0j *
ko < 77|Z/0|+1_6_,\w+77<1_6_,\w+(1+v)||h||“}1)(1+”v)-

Dividing on both sides by x and taking the lower limit as kK — 400 , we can obtain
that

U 0j *
1 < e +n (1—e—kw +(1+w )|h||Lp11).

This contradicts . Hence, for some positive number &, we must have Q(U,,) C Uk.
Step 4. We show that Q is continuous U,.

To demonstrate the continuity of @), we assume that there exists a sequence y,,y
in U, and y, =y as n — +oo.

Case 1. If t € [0,d], d >0, and y, € U, we have

[(Qun)(t) — (Qy)(?)]
So<ty<t St —15) [J5(y(t;)) — Ji(yn(t;))]

+n£tf(a%@%AiH@fwAﬂﬁh>—f(&wﬂzénﬂamyh»w)w&

By the Lebesgue dominated convergence theorem accompanying with (Hs)(7), we
get

1Qyn —Qul =0 as  n— o0
Case 2. If t € (d, +0), d > 0, by (Hz)(4), we can see that

_eAw)e,
T wat) ~ L) < L5 ez ™)
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and
(tmto) [ Hesmonas) 1 (oo, [ s o)

Hence, according to the dominated convergence theorem and 7 we obtain that
for every t > 0,

[(Qyn)(t) — (Qy)(?)]
< 3 S(t—t) 1 (ua(t)) = Ji(u(t)]

s <s e /SH S;T,y(T))m) L (s,y(s)v/os H(s,T,y(T))dT)‘ds

t t

g% for t > d. (8)

0 0

+oll St =)L) |f

l—e" A= e~ AE=t;) | Ae e~ A(t=9) )

< Z gje 277 ds
0<t;<t

€ nAe .
< 4 1770 =
-2 + A2n (1 )
cELEL
-2 2

Then the inequality @D reduces to

1Q(yn) — QW) |lper — 0 as n — oco.

This implies that @ is continuous in Uy.

Next, we demonstrate that the operator @) is equi-continuous on every compact
interval [0, d] of [0, +00), for d > 0 and is equi-convergent in y € U,.

Step 5. Q(U,) is equicontinuous.

Let 0 < d < 400 be an arbitrary constant. Generally, let 0 < 71 < 79 < d, for any
y € U, we know that

[(Qy)(T2) — (Qy)(71)]

= |S(r2)yo+ D> Slra—t;);(u(t)))

0<t; <72
+ 2S(s—T12)f (s,y(s),/o H(s77,y(7))d7> ds

— Sty + Y. Sl —t)J;(y(t;))

0<t; <71

+ [T st (s, [ o) i

< |S(12)yo — S(T1)yo|

+ D S =) Tit) = Y S(ra—t)J;(y(ts))

0<t; <72 0<t; <71
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+

/OTI(S(TQ,S) —S(r1,9))f (S,y(S), /08 H(S;T,y(’r))d’r> ds
+ /:2 S(r2,7)f (S’y(s)a /OS H(s,r,?J(T))dr) ds

1

< |S(72)yo — S(T1)y0]
+ Y S(r = t5) = S(r2 = t) | 1 (W)l

0<t; <71

> ISt =) leem 1 (u(t;)]

T1<t;<T2
+0' [15(r2,7) = S(r1, Dl Bv) 7ls) (ly(s)] +5 v(s, 7)(1 +y(7)])d7) ds
+ 72 () (Jy(s)] + vls, 7)1+ y(r)|)dr) ds.
It follows from the Holder’s inequality that
[(Qy)(72) — (Qy)(11)| < [1S(72) = S(T1)l| () Yol
+(ojo+s) >, =S —71)lm

0<tj <71

+n(oj0+s;) Z e~ Mt=t)

T1<t;<T2

+ (1 4+v")op"[|S(12 — 5) — S(T1 — 8)||B(v) h(s)ds

t N 1-p1
sl el ([ e edas)

It follows that
[(Qy)(2) — (Qu)(T1)| < [|S(72) — S(T1llL(E) |vol
+(ojots) Y. IS(ri—t5) = S(ra = t))llL(m)

0<t; <71
L Moot $j)(r2 —71)
w
+ (1 4+v")oy [|S(12 — 5) = S(71 — 8)||B(v) I(s)ds

h 1 “Jo(l — I-p1 _
+ 77|| HLﬁ( v )Q( pl) (e_ﬁ(t—ﬁ) _ e_ﬁ(t—ﬂ))l " .

)\1—191

The right-hand side tends to zero as 7o — 7. This proves the equicontinuity of
QD).
Step 6. U,(t) = {(Qy)(t) : y € U, } is a relatively compact subset of E in each
t e RT.

Let H be a subset of U, such that H € eonv(Q(M) U {0}). In addition, by
Lemma we know that there is a countable set {y}Zzgoo C O such that x(Q(0)) <
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2x(Q{y}=+>)) for any bounded set ©. Thus for {y,,}, > C H, for the appropriate
choice of H, for every t € [0,d], by utilizing Lemma |5 I and the properties of the
measure Y, we obtain

xX(QH(1)))
Q{yn(H},20))

2x ({S(t)yo+ D St —15)J;(yalty))

0<t; <t

IN

IN

+ 08t =) (5,yn(s)5 H(s, 7, yn())dr) ds} )
> St t)x((yn(t))))

0<t;<t
+ 2y ({BS(t —8)f (8,yn(s),q H(s, T, yn(T)dT) ds}zozo)
> St —t)0;x((yn(t))))

0<t; <t

+ 2x (65t = 5)f (s {yn () a0 0 H(s, 7 {yn(7) 1520 )d7) ds)

IN

IN

< Y St—t)0; Sl[lp]X({yn( )} ozo)

0<t;<t Telo
+ dpe N p() < zl[lopﬂx({yn(S)}f:o)+2819(577) il[loplx({yn( )}z ))dT>d
< > St—t)e; s?p]x({yn( 5)} o)

0<t;<t

+  dnhe 9 p(t) ( Sl[lop}x({yn(S)}Zio) +2 81[10p}x({yn(S)}?—o)Sﬁ(s,T)dT> ds
s€|(0,t T7€(0,s

IN

n sup 0, Z e M) sup x({yn(s )} neo)

T€[0,s] 0<t; <t T€[0,s]

+ 477(1"‘279*)66_)\“ S)P(S) S‘?Opt]X({yn(S)}?:o)dS
sE

Z S(t —t;)0; s?p]x({yn( 5) neo)

0<t;<t
+ (14 20%)5e Y p(s)dsx ({yn oo )

779] )
< ——L— sup x({yn(s)},—
[—eow S0P {yn(s)}n=o)

IN

t 1-p2
bl ([ =R as) i)
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T = Sup X({yn(8)}=0)
1—e? T€[0,s] 0

IN

+

« _ At [e'e)
an(t+20%) ol o (1= ™5 ) x({mn o)
770]‘ [ee]
1= e b X Ehmo)

an(1+207)llpll, 2 x(n}aZo),

IN

+

which ensures that
0.
QU = (g + an1+ 2ol ) x(H(0),
Then

() < X(QO)0) < (55 + an(1+ 27l ) (),

That is to say

n9; .
(2 + an+ 2ol ) x(H(0) < 0

From (10), we observe that x(H) = 0.
Step 7. Q(U,) is equiconvergent.
Let y € U,. For t € RT, we have

QO] < 1S@yol + D IS¢ =)l 13 ()]

0<t; <t

TS s)f (w(s), / CH(s, ym)df) s

nlyole™ +n Y e (o y(t;)] + <)
O<tj<t

v o / NI (s) (Jy(s)| +5 v(s, 7)ly(r)|dr) ds

n(o;(1+ lyllper) +<5)
1—e =

IN

IN

nlyole ™ +

LS W e
ool ([ e as) T ds s e

n(o;(1+ lyllper) + <5)
1—e @

At
ool (1) (1 lpe)

IN

nlyole ™™ +
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< alyole ™ + LT (1ot o (17T (14 5).
- 1—e ™ L7
Then, we get

(@O > TESZ + (L4 o)l 5 (145) as = +oc,

Hence, as t — +oo, we have |(Qy)(t) — (Qy)(+00)| — 0.

Thus, from the above results U,; is a relatively compact set. By Lemma we know
that @ has a fixed point in U, . The proof is complete.

4. EXAMPLE

To end this work, we apply our abstract results to the study of an integro-
differential equation with impulsive effects. Consider the system

t

D01(t,€) = D°0EHH(1,€) + / F(t— $)0P0sP(t,€)ds
0 t
+27 " sin ( ! ) (e_w(t’f) +/ a(t)e” =1 + 1/J(t,s))ds)
0

2 —&-costt—i— CcoS \/it
427 <¢(t,5) +/ a(t)e" =91 +1/)(t,3))ds) gdteERT t£t;,7=1,2,3...,£€[0,1],
A(17,€) = (1= €)1+ 279-2)0(t;, ) + 279721 — o) sin((t;, ), = 1,2,
¥(t,0) =(t,1) =0, ¥(0,§) =v(§), teR", ¢e[0,1],

(10)
1
where ¢; = sin and the function @ € AApe(R) such that
! (2+cosj—|—c05\/§j) re(R)
3 —4(In2)? . . .
la] < W Here f : R — R is bounded uniformly continuous and
n

continuously differentiable. Set E = L2?(0,1) and let A be be the Laplace operator

(AY)(€) = 9*05*9(€),
then A : D(A) = H?(0,1) N H}(0,1) — L%*(0,1). Note that, the operator A has
eigenvalues {—n?72}7° and generates a Cyp-semigroup (S (t));>o on £ such that
IS ze) < ne M,

Withn:L)\:w2 forallt>0.
We define the operator B(t) : B: E — FE as follows:

B(t)y = f(t)Ayp fort >0 and ¢ € D(A).
Furthermore we set
P(t)(€) = Y(t,€) for t € RT and € € [0, 1].
¥(0) = (0,£) for t € RT and £ € [0,1].
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Then the system ([10) takes the following abstract form

{w(t):Aw(m / B(t—s>w<s>ds+f(t,w<t>, / H(t,s,ws))ds), £>0,

1/1(0) =y,
(11)

where the nonlinear function f : Rt x £ x E — E given by

/ (t’w(t)’ /ot Ht,s, w(s))ds) = 27sin (2 + cost 1+ cos \/Qt)

(e_w + /Ot a(t)e” =9 (1 4 (t, s))ds)

+ 277 (¢(t)+/0t a(t)e” =9 (1 4+ (¢, 8))ds>.

X

Let
—t . 1 .
Gltw(Op) = 2sin (5t () + ol0),
T(E009(0) = 27w + (),
and

H(t,s,9(s)) = a(t)e” " (1 + ¢ (t, 9)).

Then it is easy to verify that G, Y : R x E x E — E are continuous
and G(t,¥(t), o(t)) € AAR x Ex E — E) and

1Tt 9), o) < 27 (%] + ),
which implies Y (¢, ¥(t), ¢(t)) € Co(RT x E x E — E) and

F (), () = G(t,9(1), (1) + Y(t,w(t),d(t)) € AAApe(RT x E x B, E).
Observe that

[F(t0(), o) < 27" (v ()] + [ (t)))-

Moreover, for a bounded subset 1,9 of E, and from properties of measure of
noncompactness y, we have

X(F(t, 0, Q2)) <278 (X(€1) + x(Q2)) -

1
Moreover, let p1 = py = oL then, the assumptions (Hs) hold with

h(t) = p(t) =27
Similarly, H clearly satisfies the following;:

‘H(@S,wz) - H(t757¢1)| S |a’(t)| e_(t_S) ‘QZ)2 - 1p1| .
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Now, by the property of measure of noncompactness for bounded subset (2 of E,
we have

X(H(t,5,Q)) < la(t) e”"~*)x(Q).

In addition

t
lallpe SUP/ e”"ds = Jlal| pe < +oo.

teR J —0

and for every compact interval [c,d] C R, we have

b
. —(t=8)Je — T —(t—d) _ —(t—c)y _
télJrrréo aa(t)e ds té1Jrrréo|\a||p¢(e e ) =0,
and
H(t,s,0) = a(t)e” =%,

Then the assumptions (H;) hold with
o(t,s) = o(t,s) = 0(t,s) = m(t,s) = a(t)e” ") and ¢(t,s) = b(t)e ),

b the limit functions given in Definition [3| with f = a, G = b.
Moreover,

7)< (1= e =) I+ 279)(t)] + 277 72(1 - e %),

Now, by the property of measure of noncompactness for bounded subset €2 of F,
we have

X(J3(Q) £ 27772(1 — e ) x(Q).

Furthermore, from Theorem [3] we obtain

_ Sj g; . 8 . )
A = nmax(le)\w T (OBl g AL+ 20 )p||m)
1 4(1+41]a) 1 16(1 + 2[al)
< — —
e (2 T T me? 1 (In2)2
1 4
< 7 + o)y max (1 + |a|,4(1 + 2|al))
1 16(1+ 2a)
- 4 (In2)2
< 1.

So, all the conditions of Theorem [3| are satisfied. Hence by the conclusion of The-
orems |3} it follows that the problem has at least one an asymptotically almost
automorphic mild solution ¥ € U,.
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5. CONCLUSIONS

In the present research, we have investigated existence for the piecewise asymp-
totically almost automorphic mild solutions of impulsive integro-differential equa-
tions with instantaneous impulses in Banach space. To achieve the desired results
for the given problems, the fixed-point approach was used, namely Moénch’s fixed
point theorem, combined with resolvent operators from the Grimmer perspective
and the concept of measures of non-compactnes. An example is provided to demon-
strate how the major results can be applied. Our results in the given configuration
are novel and substantially contribute to the literature on this field of study. We feel
that there are multiple potential study avenues such as coupled systems, problems
with infinite delays, problems with inclusions and many more due to the limited
number of publications on integro-differential equations and inclusions, particularly
with impulses. We hope that this article will serve as a starting point for such an
undertaking.
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