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algebraically derived. Firstly, the Gaunt coefficient, equal to the integral
over the solid angle of the product of three spherical harmonics, is written
in terms of angular momentum ladder operators. Subsequently, raising or
lowering operators are applied to spherical harmonics, and the obtained
integrals are solved using the recurrence and orthogonality relations of
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Acisal Momentum Merdiven Islemcileri ile Gaunt Katsayilarinin Cebirsel Co6ziimii

Sinop University, Faculty of -
Education, Department of Science Oz
Education, Sinop, Tiirkiye Bu calismada, atomik ve molekiiler yapilarin kuantum mekaniksel
hesaplamalarinda siklikla karsilasilan Gaunt katsayilari cebirsel olarak
tiiretilmistir. Ik olarak, ii¢ kiiresel harmonigin carpiminin kati ac1
tizerinden integraline esit olan Gaunt katsayisi, agisal momentum
merdiven islemcileri cinsinden yazilir. Daha sonra, yiikseltme veya
alcaltma islemcileri kiiresel harmoniklere uygulanir ve elde edilen
integralleri ¢6zmek i¢in kiiresel harmoniklerin tekrarlama ve diklik
bagntilar1 kullanilir. Sonug olarak, Gaunt katsayilar1 igin cebirsel ifadeler,
This work is licensed under a kuantum sayilar1 cinsinden elde edilir.
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harmonikler

Introduction

In quantum mechanics, two formulations are used: matrix mechanics and wave mechanics. In matrix
mechanics, developed by Heisenberg in 1925, dynamical quantities such as position, energy,
momentum, and angular momentum are expressed in terms of matrices defined using algebraic

equations and commutation relations. Well-known applications of matrix mechanics in quantum
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mechanics include the harmonic oscillator and angular momentum [1, 2]. Wave mechanics, which

describes the dynamics of microscopic systems using the Schrodinger wave equation, was developed by
Schrodinger in 1926. This method requires solving the Schrodinger wave equation, formulated as a
second-order linear differential equation. For different potentials, power series, boundary conditions,
and separation of variables methods are used for the analytical solution of the Schrodinger equation.
Still, it cannot be solved exactly except for some simple systems, such as the hydrogen atom and the
harmonic oscillator, and approximate methods are employed. The algebraic method, which depends on
raising and lowering operators, is very useful for systems with a finite-dimensional matrix, such as
angular momentum. This is because while the orbital angular momentum quantum number [ has a certain
value, the magnetic quantum number m takes a value of 21+ 1, and the angular momentum is
represented by 21+ 1 dimensional matrices. In the case of a spherically symmetric potential, the
Hamiltonian operator exhibits commutation with both the squared angular momentum operator and its
z-component. As a consequence of this commutative behavior, these operators share identical
eigenfunctions. These eigenfunctions are precisely the spherical harmonics derived as solutions to the
angular part of the Laplace equation in spherical coordinates. The angular momentum operator algebra
is one of the most commonly used methods for deriving spherical harmonics. In this method, raising and
lowering operators of angular momentum, also known as ladder operators, are applied to a state of
spherical harmonics to obtain spherical harmonics corresponding to different states. Many textbooks
and articles in the literature use this method [3-7]. In atomic and molecular systems, particles have spin
angular and orbital angular momentum. While the orbital and spin angular momentums are not
conserved separately, the total angular momentum equal to their vector sum is conserved. In this case,
the linear combination coefficients connecting the reducible and irreducible representations are called
Clebsch-Gordan coefficients. According to this, Clebsch-Gordan coefficients are the most general
coefficients related to angular momentum. Other coefficients related to angular momentum, such as
Gaunt, Wigner 3j, and 6j, are written in terms of Clebsch-Gordan coefficients. Clebsch-Gordan
coefficients can be calculated by different methods, either analytically or using recurrence relations [8-
19]. Based on the variational principle, the Hartree Fock Roothaan (HFR) method is a widely used
approximate technique for calculating atoms or molecules' physical and chemical properties in multi-
electron systems. When employing this method to determine any physical property, we encounter Gaunt
coefficients, which represent the integral of the product of three spherical harmonics over solid angles
[20]. Due to the vast number of Gaunt coefficients that need to be computed (often in the hundreds of
thousands), it is crucial to calculate these coefficients accurately and efficiently. In the literature, Gaunt
coefficients are usually expressed as the product of two Clebsch-Gordan coefficients or 3j symbols.
Calculations for Gaunt coefficients are performed using the explicit expressions of these coefficients in
terms of different functions or recurrence relations [16, 21-25]. Other approaches used in calculating

Gaunt coefficients can be found in Refs. [26-30]. First, this paper introduces the angular momentum
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ladder operators in the spherical coordinates and recurrence relations of spherical harmonics. Then,

using these operators, the Gaunt coefficients, defined by integrating the tri-product of spherical
harmonics, are calculated algebraically. Gaunt coefficients are given as master formulae based only on

guantum numbers.
Angular Momentum Ladder Operators in the Spherical Coordinates

Since angular momentum has rotational symmetry, it is convenient to express the angular momentum
operator L, which is defined by its three components Ly, L, and L, in terms of spherical coordinates.

In this case, the components of the angular momentum operator are expressed as [8-10].

L,=ih (sin(;b% + cotOcos¢ %) 1)
L,=in (—cosqb ;—9 + cotfsing %) (2
> . 0

LZ = _lhﬁ (3)

Using these equations, the operator L?, which consists of the sum of the squares of its components, is

obtained as follows.

B = =[5 55 (sin0 35) + 55 g @

Since the differential form of angular momentum operators depends only on the 6 and ¢ angles, their
eigenfunctions are the spherical harmonics ¥;™ (6, ¢). Accordingly, well-known eigenvalue equations

of L? and L, operators are given below.
[2Y™(6,¢) = L(L+1) R?Y™(6,¢)
L,Y"(6,¢) =mhY™(6,¢) (5)

When performing analytical operations on angular momentum, it is necessary to solve the differential

equation of the associated Legendre functions P;™(cos®) given below.

d . dP[™(cos8) m2 _
sinf do ( 0 =8 ) + {l(l +1) - _}sz(COSQ) =0 (6)

sin26
For algebraic operations involving angular momentum, ladder operators need to be used. The angular

momentum ladder operators, L, and L_, are introduced as follows.

~

Ly =1L,+il, = theti® [% + icotf %] @)

Here L, and L_ are called raising (or creation) and lowering (or annihilation) operator, respectively.

The following equation gives the action of angular momentum ladder operators on spherical harmonics:

L.Y™(6, ) = Al + 1) — m(m + D]Y2¥™1(0, ¢) (8)
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According to this equation, while the angular momentum quantum number [ remains unchanged, the

magnetic quantum number m increases or decreases by one.
Recurrence Relations for Spherical Harmonics

In quantum mechanics, the spherical harmonics, ¥, (8, ¢), that constitute the angular part of the wave
function are also eigenfunctions of the orbital angular momentum operators 2, L, and L. ¥;"(6, ¢) is

defined as below for non-negative values of m magnetic quantum number [31].

Ym(o,¢) = (—1)m 21+1 (I-m)!

4t (I+m)!

P™(cos@) et™¢ 9)
Where P/"(cos0) is represented as the associated Legendre polynomial. Also, for negative values of m
we have
Y6, ) = (D)™™ (6, ¢) (10)
Spherical harmonics are orthogonal functions and orthogonality relation is given by

2 * .
Jooo Jomo Vi (6,0 Y, (6, $)sing d6 d = 6,1,6m,m, (11)

Using the recurrence relations of the associated Legendre polynomials, recurrence relations can be
written for spherical harmonics. Some of these relations, which are very useful in solving integrals

consisting of the product of trigonometric functions and spherical harmonics, are given below [11, 31].

-m+DU+m+1) (I-m)(+m)
QL+ 121 +3) V1(6,9) + \](Zl —-1D(2l+1)

cost Y;"(6,$) = J e, (12)

e®sind Y (0, ¢) =

_J(l+m+1)(l+m+2) m+1(0’¢)+\/(l—m—1)(l—m) Yo, 4) (13)

(2l +1)(21 + 3) Yot 2l-1)2l1+1)

e~ ®Psind Y/(0, ¢) =

(-m+DU-m+2) +m-DU+m)
J @+ D@EI+3) Yl“l(a"”)_j ai-na+n 9

(2l -1 (2L+3)cos? 0 Y™(6,¢) =

YlTZ (0' ¢)

((L+ 12 —m?)(( + 2)% —m?)
@h= DJ 2L+ 1)(2L + 5)
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+QII+ 1) - 2m? — 1) Y(6, ¢)

@-m?)(-1D*-m?)
+(21+3)\/ AT DD Y™, (6, ) (15)

(21 — 1)(21 + 3)sinf cos 6 e PY™ (0, ) =

Y156, ¢)

((+1)2-m)(I+m+2)(+m+3)
—(2l- DJ 21+ 1)(2L +5)

—@2m+ 1)/ -m)A+m+ 1) Y6, ¢)

(16)

Y2510, ¢)

Z-m>)l-m-1DA-m-2)
G 3)J 2+ D@2l —3)

(21 — 1)(2L + 3)sinf cos 6 e Y™ (8, p) =

Y6, ¢)

((+1D2-m2)(l-m+2)(I—-m+3)
(2l - UJ Q2L+ 1D(L+5)

—2m-1DJI+m)(A-m+1) Y16, ¢)

rrte.¢) (A0

Z-m>)A+m-1D)(U+m-2)
_(2““3)\/ QI+ 12l =3)

_ b m 21-1) ,(l+m+4)! -
@L=D@L+3) sin?0 X2 170, 9) =\/(21+1)(21+5) (I +m)! Vi ©.0)

(+m+2)1-m)! .
_Zj(l—m—Z)!(l+m)!Yl “©6,9)
(2L +3) 1 -m)!

Yr32e,¢) (18

+J(21+1)(2l—3) (I-m—4)!
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2l-1) (I —m+4)!
J@I+1D)l+5), —m)!

(2l = D(2L+3) sin?§ e3¢ V(9 ¢) = Y526, )

Y20, )

) (U-m+2){+m)
Clt+Em =21 =m)!

(2L +3) t+my
+J(21 +1)(2l - 3)@ 2.9 (19

Algebraic Derivation of Gaunt Coefficients

The Gaunt coefficients are defined by the integral of the product of three spherical harmonics, Y, (6, ¢),

or associated Legendre functions over solid angles by Gaunt [20].

2 * .
Vi m, = Jo Iy Y (6, ¢) Y 2(6,$) Y™ (0, )sinfdOdp (20)
Where selectionrulesarem =m; —myand [[; — L, <1< 1 + 1,

The Gaunt coefficients can be expressed using the lowering and raising operators given in Eq. (8).

1
(G + 1) — my(my — 1)

Ilm
11m1,12m2

21 T
f f v ©0,0) (L7716, ¢)) V™6, d)sinfdodg @1
0 0

1
L + 1) — my(my + 1)

f " f 0,0 (111 0,.0) W0, p)sinddodg (22
0 0

In Eq. (20), if we use ¥,'2(6,¢) = Y7 (6, ¢) = 1/v/4 and the orthogonality relation of spherical
harmonics for [, = 0 and m, = 0 the Gaunt coefficient is obtained easily as:

1
Yzﬁ%,oo = \/T—nsll,lsml,m (23)

For I, = 1, m, takes the values —1,0and 1. To find the algebraic expressions of nﬁm1,1m2 Gaunt

coefficients we start m, = 0 value. For these values inserting YZ’Z”2 6,¢) =Y2(6,¢) = /3/4mcosh

relation into Eq. (20) the Gaunt coefficient can be written as below
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3 2 * .
rim o= = s T f(f yl’lnl (6, ¢) (cos8 Y™(6, $))sin0dod¢p (24)

For the product of trigonometric function and spherical harmonic, we insert the recurrence relation of
spherical harmonics given by Eq. (12) into Eq. (24). Then, using the orthogonality relation of spherical

harmonics, for the values of [, = 1 and m, = 0 we obtain the Gaunt coefficient algebraically.

im _ [ 3 {{a-m+D)+m+1))1/2 (1-m)(1+m) ) 1/2
Vim0 = \,411 {{ (1+1)(21+3) } O1,,1410mym + {(21—1)(21+1)} 01,,1-10mym (25)
To obtain the expression of ¥} ., Gaunt coefficient from the Y™ ., we use the definition of Gaunt
171 1771,

coefficients given by the Eq. (21). Therefore, we apply the raising operator of angular momentum L. to
Y2 (8, ¢) substituted in Eq. (21).

Vma =3 b Jo Yo 6,9) (L (y3/4mcost)) Y™ (8, )sinddode (29)

Using the differential form of L, operator given by Eq. (7) we have

Yll

1

3 2 * i . .
M === Jo Sy Y6, ¢) (e'sind Y™ (6, §))sin0dOd¢p (27)

Finally, when the recurrence relation given by Eq. (13) and orthogonality relation of spherical harmonics
are used respectively in Eq. (27), for [, = 1 and m, = 1, the Gaunt coefficient Yllllel is algebraically

obtained as follows.

3 {{(l+m+1)(l+m+2)
T

1/2
LM —
Yllml,ll - 8_ (Zl + 1)(21 + 3) } 611,l+1 6m1,m+1

(I-m)(l—m—1)"?
_{ I-12l+1) } Oui-1 6m1,m+1} (28)

Since atomic units are used in these calculations, the Planck’s constant # is taken as 1.
For the values [, = 1 and m, = —1, when obtaining the expression of Y}l m,1—1 Gaunt coefficient from
Yzlﬁl,m, we use the definition of Gaunt coefficients given by the Eq. (22). To do this, we must apply
the lowering operator of angular momentum L_ to Y°(6, ¢) substituted in Eq. (22)

1 2 * =~ .
Vi == 2T [T (6, ) (Z-(y/3/4mcos6)) Y™ (6, ¢)sinododep (29)

and then we use the differential form of L_ operator given by Eq. (7) in Eq. (29):

Yll

1

M= [T T 0, 9) (e sindY™ (0, ¢))sinddodg (30)
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Substitution of Eq. (14) into Eg. (30) and using orthogonality relation of spherical harmonics gives the

algebraical expression of Gaunt coefficient for [, = 1 and m, = —1 as follows.

. 3{{(l—m+1)(l—m+2)
l =

1/2
m 1-1 = 81,141 Om,m-1
1M1, 8w L+ 121+ 3) v v

(+m)(l+m—1))"?
_{ 2I-DEL+1) } O1y,1-1 5m1,m—1} (31)

In order to get algebraically the Gaunt coefficients with the value [, = 2 we start the value of m, = 0.
To do this, YITZ 6,¢) =Y2(0,¢) =/(5/16m)(3cos?8 — 1) is written in definition of the Gaunt

coefficient Y%} 5, in Eq. (20).

5 2 * .
vim a0 = J== I3 Iy Y (6, 6)((Beos?0 — 1) Y™(6,¢))sinfdOdgp (32)

If we use Eq. (15) and the orthogonality relation of spherical harmonics, the algebraical expression of

the Yz%l,zo Gaunt coefficients is obtained easily in terms of Kronecker delta functions as follows.

s _ |5 (3 (@D -mh(+2?—mn
bmu20 ™ 1167 (21 + 3) L+ 1DQL+5) bol+2%my,m

QU+ 1) —6m?) |
@l-1)(21+3) wiomm

3 (12 _ mZ)((l _ 1)2 _ mz) 1/2
* 2l - 1){ 2L+ 1)(2l-13) } 61,,1-20m,m (33)

According to the Eq. (21), if the raising operator of angular momentum L. is applied one time on

Y/ 20, We obtain YT ) if it is applied two times we obtain Y7, .

s 3|51 (@D -mHUtmtDAtmeNT
hmu21 ™ g Jém | (21 + 3) 21+ 1)(21 +5) fotrzTmamel

@m+ DYE-—m)U+m+1) o
l-1)2l1+3) 13,10my,m+1
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1 PP-m>(-m-1)(U-m-2)
_(21—1){ (2l+ 1) (21 -3)

yim _3 5{ 1 (l+m+4)!8 s
b2z T g J6m |21+ 3) @I+ D2l +5) (+m) wirzimm
N 1 (I —m)! 5 5
21— D)Y@+ D (2l = 3) | [ —m— 4y im27mamsz

2 \](l+m+2)!(l—m)!6 5 } -

1/2
} 6[1,1—26m1,m+1} (34)

T @I-DEI+3) JT—m =D+ m)l 1 omam2

Similarly, to calculate Ylll’,”nl,z_1 we must apply one time the lowering operator of angular momentum

T Im
L_on Y;'m, 20-

pm _3[5( 1 ((@+1)?-m)A-m+2)(=m+3) 1/25 s
hma2=1 79 J6m | (21 + 3) (2l+ 1)(2L + 5) fubr2Tmym=1

@m-DJl+m)(A-m+ 1)6 5
- Q-1 +3) t3.18mym-1

1 {(lz—mz)(l+m—1)(l+m—2)

1/2
S @l-1) QI+1DEL-3) } Szl,z-szl,m_l} (36)

If we apply two time the lowering operator of angular momentum L_ on nll’,’;ll,zo, we find that

yim 3 5{ 1 (l—m+4)!5 5
hm2=2 T4 J6m (21 + 3)J @1+ D(2l +5) (—m) “wirEimme

n 1 Grmt oo
@2l - 1)@+ D2l = 3) | +m— 4 i2imm=2

2 \/(l—m+2)!(l+m)!6 } -

T DE+3) [T m— DI —my wtOmm-
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Results

Spherical harmonics are orthogonal functions that depend on polar () and azimuth (¢) angles. Using
ladder operators when numerically calculating the Gaunt coefficients obtained from the integral of the
product of three spherical harmonics as given Eq. (20), since the integral over azimuth angles have the

following value.
fOZHei(_ml+m2+m)¢d¢ = 27T5_m1+m2+m,0 >

According to this result, the selection rule based on magnetic quantum numbers must satisfy the —m, +
m, + m = 0 condition for the Gaunt coefficients to be different from zero. The remaining integral over
polar angles consists of the product of three associated Legendre polynomials. In some special cases,

this integral takes the following form.
f: Plznl (cos0)(f(8)P™(cosh)) sinbde (39)

Here, f(6) is a function depending on trigonometric functions. Using the recurrence relation of
associated Legendre polynomials, the product f(68)P/"(cos8) is written as the sum of associated
Legendre polynomials of different degrees. After this process is performed, the integral over polar angles
becomes the integral of the product of two associated Legendre polynomials. This gives the

orthogonality relation for associated Legendre polynomials given below.

. 2 (+m)!
f: P["(cos8)P[™(cosB) sinfdf = ma_—x!‘shl (40)

This result demonstrates that the selection rules depending on the orbital angular momentum quantum
number are l; + I, + I = 2n. Here nis an integer. In solutions using algebraic methods, the encountered
integrals can be easily solved using the functions’ orthogonality relations and recurrence relations
without the need to solve integral and differential equations. Whichever method is used, analytic or
algebraic, the physical results are the same, even if the obtained mathematical expressions differ. In this
paper, the Gaunt coefficients are derived algebraically using the definition given in Eq. (20). To do this,
angular momentum ladder operators, which are frequently used in the derivation of spherical harmonics

in quantum mechanics, are applied to Yl’:2 (6,¢) in Eq. (20). We start with the case m, = 0, which

corresponds a given value of I,. As given in Eq. (21) and Eq. (22), applying the raising operator L, we
get the cases m, > 0 and applying the lowering operator L_ we get the cases m, < 0. This algebraic
operation is performed for all physical values of the m, magnetic quantum number, corresponding to
the constant values [, = 0,1, 2. As can be seen from the derived algebraic expressions in Egs. (23, 25,
28, 31, 33, 34, 35, 36, 37), the values of the [; and m, are determined by the values of [ and m quantum

numbers. Accordingly, the algebraic formulae given for Gaunt coefficients in the 5th column of Table
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1 are expressed solely in the [ and m quantum numbers. Gaunt coefficients can be easily computed by

substituting the desired physical values into the [ and m quantum numbers, as indicated in Table 1.

Table 1. Algebraic expressions of Gaunt coefficients for I, = 0,1, 2 values

ll my lz m; Yll1$1rlzm2
l m 0 0 1/Van
1 " . . \/i(l—m+1)(l+m+1)
4T QL+ 1)21+3)
-1 m 1 0 3 U-m{+m)
4 2I- DI+ 1)
1+1 m+1 1 1 \/i(l+m+1)(l+m+2)
8t (2I+1)(21+3)
-1 m+1 1 1 _ |3 U4-—mi-m-1
8t I-1DRI+1)
141 m—1 ) . \/i(l—m+1)(l—m+2)
8t (2I+1)(21+3)
-1 m—1 1 1 B i(l+m)(l+m—1)
8t I-1DRI+1)
L4 2 . 5 0 3|5 (U+12-m)((+2)2—m?)
21+ 3) . |16m l+1)@2L+5)
l m 2 0 5 L+ 1)-6m?2)
167 (21— 1)(21 +3)
1-2 m 2 0 3 5 (12-m?)(U-1)?2-m?)
l-1) |16r I+ D(2l-23)
142 m+1 ) 1 3 Ji((l+1)2—mz)(l+m+2)(l+m+3)
21+ 3) | 24n QI+ 1)@2L+5)
I m41 2 1 32m+1) 50-m)({+m+1)
lL-1)2l1+3) 241
1-2  m+1 2 1 __ 3 |5 @-—m)hU-m-DU-m-2)
(2l—-1) |24n i+ 1)(21-13)
[+2 m+2 2 2 5 (+m+4)
(21+3),/(21+1)(21+5 96 (I+m)!
! — 2 2 6 5 U+m+2)({I—-m)!
T @RI-1D@L+3) (96n (I —m—2)! (I +m)!
1—2 m+2 2 2 ¢ —m)t
(21—1),/(21+1)(21—3 96n(l m—4)!
1+2 m—1 2 -1

3 Js ((A+12—mD)(-m+2)A—m+3)

(21 +3) |24 Ql+1D2l+5)
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Table 1. ...contiuned

l m—1 2 -1 32m-—-1) \/5(l+m)(l—m+1)

T QI-1D@2I+3) 247
P , o 3 ji(lz—mz)(l+m—1)(l+m—2)
(1 —1) |24n QI+ DRI-3)
[+2 m-—2 2 - 5 (-m+4)!
(21+3),/(2l+1)(2l+5 96m  (1—m)!
z - , » B 6 Ji(z—m+2)!(l+m)!
QlL-1@L+3) |96l +m—2) (I —m)!
I-2  m-2 2 2 L+ m)!

Q1 - 1),/(21 F D)2l = 3)y 96 (l +m—4)!

In the Mathematica programming language, the Gaunt coefficients, defined by integral representation

in Eq. (20), are calculated numerically using the integral command below.

Integrate [Conjugate [spherical [11,m1,0,4]]*spherical[12,m2,6,0]
*spherical [1,m.0,¢]*Sin[0],{$,0,2*Pi},{6,0,Pi}] (41)

The spherical harmonics employed in Eq. (41) are derived using angular momentum lowering and
raising operators, and the program utilized for this purpose is detailed in the appendix. The Gaunt
coefficients are calculated numerically for the chosen quantum sets using the Mathematica program
provided in the appendix for Eq. (41) and the algebraic expressions presented in Table 1. The numerical

results obtained are in complete agreement and are shown in the 6th column of Table 2.

Table 2. Numerical values and CPU times of Gaunt coefficients for some quantum sets

CPU times (seconds)

lm

b my L omp I Yiim, tym, Algebraic expressions in Eq. (41)
Table 1 a

1 0 1 0 2 0.252313252202016 0. 0.125000
3 0 1 1 4 -0.194663900273006 0. 0.421875
5 2 1 -1 6 -0.129207486045503 0. 0.828125
8 3 2 1 8 0.110108998314263 0. 1.046875
10 4 2 -1 12 -0.247740673270131 0. 5.734375
12 5 2 -2 14 0.047285232345527 0. 129.812500
20 5 2 2 18 0.140116470887863 0. 221.296875
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Additionally, CPU times are computed and presented in the 7th and 8th columns of Table 2. When the

obtained CPU times are compared, it is seen that the use of algebraic expressions in calculating the
Gaunt coefficients is more efficient. The programs are executed on an Intel(R) Core (TM) i7-6500U
CPU @ 2.50 GHz computer.

Appendix. Mathematica code

The Mathematica program presented in this section calculates the Gaunt coefficients and CPU times
using the integral definition consisting of the product of three spherical harmonics shown in Eq. (41).
The spherical harmonics employed within the program are derived using lowering and raising angular

momentum operators.
Program:
In[1]:= ClearAll["'Global *"T];
carpp[pl_,pm_]:= Sqrt[pl*(pl+1)-pm*(pm+1)];
carpm[ml_,mm_]J:= Sgrt[mI*(ml+1)-mm*(mm-1)];
plusop[pt_,pf_,khf_]:= Exp[I*pf]*(D[khf,pt]+1*Cot[pt]*D[khf,pf]);
minop[mt_,mf_ khf ]:= -Exp[-1*mf]*(D[khf,mt]-1*Cot[mt]*D[khf,mf]);
spherical[sl_,sm_,0 ,¢_]:= Block[{sphr=0},
mek=0;
fonkpl= SphericalHarmonicY [sl,mek,0,];
If[sm >0,
For[i=1,i<=sm,i++,
kat= carpp[sl,mek];
fonkp= plusop[0,$,fonkpl];
fonkpl= fonkp/kat;
mek= mek+1],
If[sm <0,
For[i=-1,i>=sm,i=i-1,
kat= carpm[sl,mek];
fonkm= minop[0,¢,fonkpl];

fonkpl=fonkm/kat;
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mek= mek-1]]1;
sphr= fonkpl];
11=3; m1=0;
12=1; m2=1,
1=4; m=ml-m2;
fl=spherical[l1,m1,0,¢];
f2=spherical[12,m2,0,4];
f3=spherical[l,m,0,¢];
Timing[N[Integrate[Conjugate[f1]*f2*f3*Sin[0],{¢,0,2*Pi},{0,0,Pi}],15]]
Out[1]= {0.421875,-0.194663900273006}
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