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ABSTRACT. In this paper, the Riesz potential (B—Riesz potential) which are
generated by the Laplace-Bessel differential operator will be studied. We ob-
tain the necessary and sufficient conditions for the boundedness of the B—Riesz

potential I in the B—local Morrey-Lorentz spaces M;)?;:,A,W(RZ,JF) with the

use of the rearrangement inequalities and boundedness of the Hardy operators
HE and ’Hf with power weights.

1. INTRODUCTION

Lorentz spaces, which are very useful in the theory of interpolation, have first
been introduced by Lorentz [18]. These spaces are Banach spaces and generaliza-
tions of Lebesgue spaces. The Lorentz space L, 4(R™), 0 < p,q < o0, is known as
the set of all measurable functions f such that

11,
1 fllz,  ny = [It7 73 5 ()|, 0,00) < OO
Here, by f* we denote the nonincreasing rearrangement of f and
@) =if{A>0: {yeR": |f(y)| > A} <t}, te(0,00).

The necessary and sufficient condition for the functional || - ||z, , be a norm is
l1<g<porp=gqg=o0 Ifp=gq=o00, then Lo (R") = Loc(R"). One can
easily observe that L, ,(R") = L,(R") and L, (R") = WL,(R"™). It is obvious
that L, C L, C L,, C WL, for 0 < g <p < g <r < oo. For further details, we
refer the interested reader to [5}18}/19)].
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On Lorentz spaces, the boundedness of the Riesz potential and the boundedness
of its version related to the Laplace-Bessel differential operator

Za axﬁzaf lsksn,

i=k+1

have been studied by many researchers [3,/4,/10-15/21]. The Riesz potential con-
nected with the Laplace-Bessel differential operator (B—Riesz potential) is gener-
ated by generalized shift operator

Tyf C’yk/ / f 33172/1 a17~-~7(xkayk>ak7$//_y//] d’}/(Oé)
Here Cy =7 5F(7’+1 [F(%)] L6, Yi)a, = (22 —2xzyzcosal+yl)%, 1<i<k,

1<k <nand dy(a Hsm% a; day [164[17].

=1
The B—convolution operator is defined as:

(f®g)(z) = - f)T?g() (') dy.
Here, Rf , ={z € R" : 21 > 0,...,2 > 0, 1<k<n}’y (Yisee s Vi)s Y1 >
0, e, >0, ¥ =791+ + 7 Let us set z = (2/,2"), 2’ = (21,...,71) € RE,
and 2" = (Tg41,-..,7n) € RP7F,

The purpose of this paper is to obtain the boundedness of the B—Riesz potential
operator I on B—local Morrey-Lorentz spaces with the use of the rearrangement
inequalities and the Hardy inequality. Local Morrey-Lorentz spaces lef,);’ L(R™)
which have first been introduced by Aykol et al. |2] and are generalizations of
Lorentz spaces. One has M IOC o(R™) = L, ,(R™). They have also proved that the
Riesz potential operator is bounded in these spaces. In this study, we consider the
B—Riesz potential by

i) = [ Tl ) s 0<a<q

The maximal operator has a crucial role in the study of the regularity of some partial
differential equations and in the study of the boundedness of some singular integrals
and on the differentiability properties of functions. For a function f € Lllofy(]RZ )
the B—maximal operator and B—fractional maximal operator are defined by, (see
[7]) respectively,

My f@) = suplB 0 [

o
M f(z) = sup | B4 (0,7)| / TV f(@)|(y) dy, 0<a<Q,
>0 B4 (0,r)
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where B (z,7) = {y € R}, : [z —y| <r}. Let B+(0,7) C R}, be a measurable
set, then

B4 (0,7)], = / (@')Vdz = w(n, k,7)re,
B+(O,T‘)

e (A/TTH)
where w(n, k,y) = o Z1:[1 e
MOf = M, f for a =0 (see [7]). It is well known that the inequality M < C'I¢
holds.

On local Morrey-Lorentz space, the necessary and sufficient conditions for the
boundedness of the Riesz potential operator are given in [13]. On the other hand,
the B— Riesz potential has been investigated in various function spaces by many
mathematicians (see, for example [3|[10H12]). The above results inspire us to investi-
gate the boundedness of the B—Riesz potential defined on B—local Morrey-Lorentz
spaces.

Throughout the paper, C' denotes a positive constant independent of appropriate
parameters and not necessary the same at each occurrence.

, @ =n+|y|. It is easy to observe that

2. PRELIMINARIES

Given any measurable set E with |E|, = / (')"dx and a measurable function
/Ry, — R, the y—rearrangement of f in deb;reasing order is defined as
() =inf{s>0: f.,(s) <t}, Vte(0,00),
where f, ,(s) denotes the y—distribution function of f given by

fan(s) = Hx ERE - [f(x)] > s}‘,y

The average function of fJ* is defined as

sk 1 ¢ *

0 (t):;/{; f’y(s)d57 t>07
and the following inequality holds (see [20]):

(f +9)57 (@) < f57(8) + 957 ()

Now, we give some characteristics of the y—rearrangement of functions:
e if 0 < p < o0, then

J

sup /E (@)l de = / £ (s)ds, (1)

|E|y=t

ey = [Ty

e for any ¢t > 0,
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e the following inequality holds:
o
| @iy < [ pwa o
0
o the following inequality holds (see [5,/20,22]):

(f +9)5(8) < £5(t/2) + 95 (¢/2) - (2)

Definition 1. (18] If 0 < p,q < oo, then we define the Lorentz space Ly 4.~ (R}, )
is the set of all measurable functions f € Ry | such that
1

1_1 .
1£lly,,., = |7 qfv“)\ Ly(0,00)

If 0 < p < o0, q = oo, then meﬂ(Rz’Jr) = WLIW(]RZ_’JF), where WLIW(RZ,JF)
is weak Lebesgue space of all measurable functions f such that

n
k,+

Ifllwe,. @ )= b;ligtl/pf:(t) <oo, 1<p<oo.

Ifp=qg =00 or1l < q < p, then the functional ||f||pq~ is a norm [5,/11,22].
However if p=q = 00, then Loo,co,y(R} ;) = Loo (R} ).

In case 0 < p, ¢ < oo, a functional || - Hj‘:p .., is given by

1_1
11z, ., = 117, , 0,00 = 18777 257 Ly 0,005
p,a,Y Paq,

which is a norm on Lp,m(RZ,+) for1<g<oo,1<p<ooorp=gq=oo.
Ifl<p<oo, 1<q<o0,then

1l < IS

that is, || f|lp,q., and | ]|

Definition 2. [§] Let 1 < p < oo, and 0 < A < Q. The B—Morrey space
Ly a~(R ) is the set of all measurable functions with f € LS (RE ) such that

p
|1*7,q,7 < p—1 Hf”p,qm

N .
g,y ar€ equivalent.

loc
Py
_a
Hf||Lp,A,W(R;;,+) = ERiUPD pr Hf||L,,,W(B+(m,p)) < 00.
zeRY L,

IfA =0, then Ly o~(Ry ) = Ly (R L ); if A > Q or A <0, then Ly ,(RE ) = ©,
where © is the set of all functions equivalent to 0 on Ry, . Also, the weak B—Morrey
space WLy (R} ) is the set of all functions f € WLPS(RE ) with following
norm

_2A
||fHWLp,A,'y(RLL,+) = xeR%?ﬁp pr Hf||WLm(B+(z,p)) < 0.

Definition 3. [6] Let 0 < A < 1 and 0 < p < oo. The local Morrey space
LMy, \ = LM, 5(0,00) is the set of all functions f € Li>°(0,00) such that

_A
£l 2az, 1 (0,00) = SUP P~ # | fll 2, (0,p) < 00
p>0
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Moreover, W LM, yx = WLM, x(0,00) denotes the weak local Morrey space of all
functions f € WL¢(0,00) such that

_2
||f||WLMp‘A(O,oo) = SUIS/) » ||f||WLp(O,p) < o0.
p>

Definition 4. [9] Given a function f € Llffy(RZ’Jr), and a ball By (x,r). By fp, ()
we denote the average of TY f on the ball By,

I3, (2) = | By [ / T (o) (V" dy.

By

The BMO—Bessel space BMO~ (R}, ) is the set of all functions on Lllofy(R};Q
with
e =sup|Boly [ 127 5(e) = o, 'y < o0

Definition 5. Let 0 < p,g < 00 and 0 < X\ < 1. The B—local Morrey-Lorentz

space M;?;)AW(RZ#) 1s set of all measurable functions with the quasinorm

A 11,
1 llagioe = ig%/) [t 79 S ()|, 0.0) < 00

If A > 1 or A <0, then M;)?;,A,»Y(RZ,+) = O, where O is the set of all functions

equivalent to 0 on Ry . Also,

1 1 _ 1
Mp?;,o,'y( Z,+) = LP,Q»“/(RZ,+) and Mp(,);():,)\,'y( Z,+) = Mp(,)g,'y( Z,Jr)’

The weak B—local Morrey-Lorentz space WM;?;’/\W(RZ’Q is the set of all measur-
able functions with the quasinorm

A 1_1
||f||WM11;?;M = i‘;lgﬂ a|[tr 79 f3 () lwi, (0,0 < 00

We need the boundedness of the Hardy operators which will be used in the proof
of our main theorem.

Definition 6. [21] Let ¢ be a measurable function on (0,00) and B € R. The
weighted Hardy operators HS and H? with power weights are defined as

t o
Ho(t) =t’3+”_1/ @dy, Ho(t) =t5+”/ “”fi’f dy.
o Y t Y

In the following theorem, we state that the Hardy operators are bounded in local
Morrey and weak local Morrey spaces.

1—
Theorem 1. [1,21/Let0<)\<1,0<ﬁ<1—)\,1§r<7andf—f:
p

1—=X
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1 A
i. ]fu<—+f, then
r

HHV@HLMg A(0,00) = <C H‘PHLMm(O 00)

ii. Ifv= Tl + é, then
||H </’”WLMS A(0,00) = < Cllell L, 5 (0,00 -

A—1
iii. Ifv> ——, then
T

HH SDHL]\/[b A(0,00) = <C HSDHLMT,A(O,OO) )
iv. Ifv= ¥, then

||,HV90||WLMS A(0,00) = <C ||90||LM7 A(0,00)

3. B—RiESZ POTENTIAL IN B—LOCAL MORREY-LORENTZ SPACE

This section devoted to obtain the boundedness of the B—Riesz potential in
B—local Morrey-Lorentz and weak B—local Morrey-Lorentz space.
For the B—Riesz potential, the following inequality

(L2 FY5(8) < (I2F)5 (1) < C (t%1 / f2(w)dy + / ooyé’élf:(y)dy) 3)

holds, where Cy = C,, 1(Q/a)?w(n, k, 7)(@=*)/? (see [10]).
Theorem 2. Let 0 < A < 1, 0< a< @, 1 <g<o00,1<7r <s < oo

_1 -
A <p<(+g) mdren, ..

) If 75 <p< (%—I— %)_ , then % — % = )\(% — l) + % is necessary and

: 1 feY loc loc
sufficient condition for the boun;\iedne&s of I from M,° \ ~ Lo M A
(o]

(ii) If p = s then 1 — % =5 — 5 U8 necessary and sufficient condition for

the boundedness of IS from le,ofA . to WM;OSCAN

-1
Proof. (i) Sufficiency. Let 15 <p < (% + %) . From lb we have

A 1
12 fllasi gy =50 > [t 200
I f||MlsA (R ,) i‘i%p (Wf)*y() L.(0.p)
N 1
<supp s |t s (IS t
p>0p (LD L.(0,p)
A 1_1 o _q t * o a1 px
< Cysupp™ = ||ta = (L@ /fw(y)dy+/ Yy 5 (y)dy
>0 0 ¢ L. (0,p)
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¢
< Casupp™? |58 [ pay
p>0 0 L4(0,p)
_2 1_1 o Q] px
4+ Cosupp™ = |[ta™ 5 ye f’y(y)dy
p>0 ¢ Ls(0,p)
— 1, + L.
1 1 11
We take v = — — — and ¢(y) = y» " f5(y). Then, we have
p T

@
Q
) 1 1 1 1
From Theorem [} we can write 3 = (1—X) ( — — — ). Then we get — — — =
ros P q

1 1
A ( — ) + %. Therefore, again by Theorem we get
r s

t
a1 i14a .
I, =Cysupp™ s ’tq EaRS) 1/ f’y(y)dy
0

p>0

o[>

t
= Cysupp~ Ht““/ Ki/)dy
p>0 o Y

Ls(0,p)

HE ol

A
=Csupp =
p>18 P Ls(0,p)

=C HHE‘PHLMS,A(O,OO)

PN
< C el 50,000 = Csupp~ 7 [l@llL, 0.p)
p>0

P;Tv/\«’Y(RLL,+).

A, A1y
:CSI;ISP Nt S WL, 0,00 = C I g
P

1 1
We now estimate [o. We take v = — — — — % and p(y) = y%_%f*(y).
p T
Then, we get

1 1 1 «

1
B==—=4+=-—=+_-.
qg s r p Q

Therefore, by using Theorem [I| we obtain

1

el AL
t
oo
t5+”/ w(y)dy
. yu+1

Hf‘pHLs(o,p)

Iy = Cysup Pfg
p>0

Ls(0,p)

= Cysup p_%
p>0

L;(0,p)

= Cysupp™*
p>0
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=C HHEWHLMS,/\(OQO)

_A
< CllollLar, 10,000 = Csupp™ " [l0ll L, 5 (0.0)
p>0

p,'r',A,W(RZ,Jr).

A,
= Csupp™ [[t7 77 ST, 0.0) = C I f |l agee
p>0

Hence, we obtain that the B—Riesz potential /5 bounded from M;OTC Ay tO

Necessity. Suppose that the B—Riesz potential I is bounded from

A\ —1
lef,)fv\ﬁ to M;?SC’AW and 7“—1—% <p< (r + g) . For 7 > 0, we define

fr(x) = f(rz). Then (f;)3(t) = f;‘(tTQ) and

—supp ()
I+ g ., =00~ F 183 (23Ol

7 L) 0.0)

RPN

=supp -
p>0

1

A _Q 1_ *
supp T P ||tP "'fry(t)HLr(O,PTQ)

p>0
_Q e —2i-1
— 7t F Sup(p’TQ) r||te Tf;(t)”Lr(O,p‘rQ)
p>0
—O(l_2A
=796 T)|\f||M;?g7A7W'

Also, (IS f-)(x) = 7= (I8 f)(r9) and (IS f,)%(t) = 7= *(I$ f)5(t79). Then,
we get

_Ag,l_1
||IA3‘JCT||M;?§YAYw :ililép s |lte S(I’?fT)’*y(t”Ls(O:P)

ta (1)L (t79)

_ _2
=7 %supp” =

sup Ls(0,p)
—« _2 o 2 — a p\* s : -2
=resup? ([T i s ran ) o
p>0 0
_a—Q_ex T e T
=T s sup(pTQ) dix SI'yf’y(t)|Ls(O7p)

p>0
1 A
=7 Q>g=7)

125 Fllages -

Since the B—Riesz potential I is bounded from MIIJ"TCA,Y to Méﬁ;kﬁ, we

can write || IS f| ppoc < O f[|ppoc , where C' > 0 is a constant. Then
q,8, X,y P,y

1_2A
||I$f||Méj{gAﬂ = rot9 S)”I'?fTHM{l;”;)\’,Y

< OTOHFQ(%_‘%)

| f7 lagioc
PaTs ALY
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LotQ(A-2

_ atQ(E-1)+QA(E-1

Mloc

o If ]% < %Jr)\(l -+ G- then we have ||I,$“fHJ\4{1;,§)AT7 =0as7—0
for all f € M;)Of)w
o If ]% > % +A(-H+ G- then we have ||Ij‘/‘f||]\/[(1;35,%w =0as7— o0

for all f € Moc

DTNy
. If 1 l =+ /\(% - %) %,thenwehave],‘;‘f(:c) =0forall f € Mlljof>\7
and a. e zeRE ., Which is impossible.
Hence, we obtain % —==A (7 — 7) + & ok

-1
(ii) Sufficiency. Let ax <p< (% + @) . From , we have

A 1 1
I oc n - Bl ta_; Ia * t H
5 Fllwarios |y ) Sup p DO s 00
A 1 1
<supp s ||[ta (LSt H
p>18p (L1)5 ) WL.(0,p)
—2 -1/ a g i * F ey *
< Casupp™ = |[ta™ > (t@ 5 (y)dy + ye  fi(y)dy
p>0 0 t W Ls(0,p)
t
a0 [
p>0 0 W L(0,p)
11 % .
+ Cosupp™© |t / y@ fr(y)dy
p>0 ¢ W L.(0,p)
=Ji + Jo.
A— 14 A1
We take v = 1 + and ¢(y) = y* ™7 f*(y) in the Hardy operator
Then, we get
1 1 1 « A
= - — — — _— 1 —_ —
B 7 s + . + 0
. 1 1
From Theorem |1} we can write § = (1 — A)( — — —]. Then we have
r s
1 a A .
1—-= é — —. Therefore, again by Theorem |1} we get
q s

J1=Cy SUPP7%

it [ e

p>0 W Ls(0,p)
2 "oly)
= Cysupp™ = ||tPv—1L / deH
p>0 o Y W L.(0,p)
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A
_ < ||H?
- Cili%p H) %OHWLS(o,p)

=C ||HEQDHWLMS,A(O,OO)
< CllellLa, 5 (0,00)

_A
= Csupp™ " [|ollL,0.p)
p>0

1+)\—1

_A *
=Csupp "y W)L 0,
p>0

= Clfllagec, xp,)-

A—1 _
We now estimate Jo. We take v =1+ —— — % and ¢(y) = yHArl ()
r
in the Hardy operator. Then, we get
1 1 1 « A
B=-—-+=-4—--1-1=.
qg s r @ r

Therefore, by using Theorem (I} we obtain

11 % e,
ta / ya 1fw(y)dyH
t

Jo = Cysup p_%

p>0 WLs(0,p)
oo
= Casup Pié e / @5}_’3 dy‘
p>0 t Y WLs(0,p)

=, sup p* Hoollw . 0.0
=C H%E(‘DHWLMS,A((LOO)
<C ||<p||LM7‘,/\(O)OO)
= Csupp~ 7 [|¢llz, 5 (0.)
p>0

A=l
YT W00

= C'sup pfé
p>0
= C [ fllagec, @y )
Necessity. Suppose that the B— Riesz potential is I} bounded from lef’f Ay
to W Mloc and p = L Again, for 7 > 0, we define fT(x) = f(Tm)

4,8,y r4+ A\
Then || f7[ 1o = 779 fll Ao and

r/(r+X), N,y r/(r+X), Ny
_2 1_1
IIIﬁfTIIWM;?;M=iggp Ay (L5 5w L. 0.0

_ _2 1_1 *
=T O‘sg%p s ||y S(I»?f)fy(yTQ)”WLs(O,P)
p
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— 77T sup(pr)
p>0

_ e Q(-2)

11 o px
y SI'yf’y(y)”WLS(O,p)

|I»?fHWM;?§YAW~

Since the B—Riesz potential I is bounded from le;”f’Aﬁ to WM;?;’)W, we

have |15 fllwagpoe < C|fl[ppoc , where C'> 0 is a constant. Then we
q,8, A,y P,Ty ALY

get

12
||I$f\|WM;?§YM = 7RG S)HI;YfTHWM;j;M

< OrotQG=3) FA .
PiTs XY
_ atQ(:-2)
T B |f||M;’;/\W

132 -3
— FotQ(g m)TQAG S)Hf”lef?*ﬁ'

o If1 < é +5— %, then we have HI’?fHWM};?;AW =0as 7 — 0 for all

loc
f € Mr/(rJr)\),r,)\,'y'
o If 1> % +5 - %, then we have ”[’?fHWMéf’.?,A,W =0 as 7 — oo for all
f c Mloc

r/(r+X),r,A\,v"
o If 1 +# %Jr g~ A then we have I9f(z) = 0 for all f € MI°¢,  and

s T AY
a.e. z € Ry |, which is impossible.
«a A

Hence, we obtain 1 — % =05 This completes the proof.

O

The following corollary is easily obtained from the inequality M$ < C'IT and
Theorem [2] .
Corollary 1. Let 0 < A < 1, 0 < a < @, 1 < q¢g< 00,1 <r <s < oo,
—1
A
Ax<r<(2+5)
-1
(i) If x <p< (% + %) , then %,é = (% - %) +% is mecessary and suf-
ficient condition for the boundedness of the B—fractional maximal operator
M$ from Mlg?ﬁ;)\ﬁ to Mé?s(i)w‘

(ii) If p = T then 1 — % = % — % s necessary and sufficient condition for

the boundedness of the B—fractional maximal operator M from M];f’;f)\y7
to W Mo¢

q,5,\,7"
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