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1. INTRODUCTION AND PRELIMINARIES

The Banach contraction principle [7] is one of the fundamental foundations of the metrical
fixed theory. Many authors have come up with generalizations, extensions and applications of
this principle. They have studied many aspects of the Banach contraction principle and have
further developed their findings. One of the most popular topics is studying new classes of
spaces and their fundamental properties (see [9, 10, 11, 18, 20, 27]).

Amini-Harandi [6] introduced the concept of metric-like space and gave some fixed point
theorems on complete metric-like space. Later, some authors worked on fixed point theorems
for various new types of contraction conditions on the metric-like space. For more details, we
refer to [1, 5, 16, 21].

We start by recalling some definitions and lemmas about metric-like space.

Definition 1.1 ([6]). Let X be any non-empty set. A function ρ : X × X → [0,∞) is said to be a
metric-like on X if for any a, b, c ∈ X the following conditions are satisfied:

(σ1) ρ(a, b) = 0 ⇒ a = b,
(σ2) ρ(a, b) = ρ(b, a),
(σ3) ρ(a, b) ≤ ρ(a, c) + ρ(c, b).

The pair (X, ρ) is called a metric-like space. Each metric-like ρ on X generates a T0 topology
τp on X which has as a base the family open ρ-balls

{Bρ(a, ε) : a ∈ X, ε > 0},

where
Bρ(a, ε) = {b ∈ X : |ρ(a, b)− ρ(a, a)| < ε}

for all a ∈ X and ε > 0.
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Definition 1.2 ([6]). (i) A sequence {an} in a metric-like space (X, ρ) converges to a point a ∈ X if
and only if ρ(a, a) = limn→∞ ρ(a, an).

(ii) A sequence {an} in a metric-like space (X, ρ) is called a Cauchy sequence if limn,m→∞ ρ(an, am)
exists (and is finite) .

(iii) A metric-like space (X, ρ) is said to be complete if every Cauchy sequence {an} in X converges,
with respect to τp, to a point a ∈ X such that

lim
n→∞

ρ(a, an) = ρ(a, a) = lim
n,m→∞

ρ(an, am).

Lemma 1.1 ([16]). Let (X, ρ) be a metric-like space. Let {an} be a sequence in X such that an → a,
where a ∈ X and ρ(a, a) = 0. Then for all b ∈ X , we have

lim
n→∞

ρ(an, b) = ρ(a, b).

Recently, Gordji et al. [12] extended the literature on metric spaces by introducing the notion
of orthogonality. In [12], they proved the Banach fixed point theorem using the orthogonality
such as:

Theorem 1.1 ([12]). Let (X, ρ,⊥) be an O-complete metric space (not necessarily complete metric
space) and 0 < λ < 1. Let f : X → X be ⊥-continuous, ⊥-contraction (with Lipschitz constant λ) and
⊥-preserving. Then f has a unique fixed point x∗ in X and is a Picard operator, that is, lim fn(x) = x∗

for all x ∈ X.

Also, they show that this theorem is a real extension of Banach’s contraction principle.

Corollary 1.1 ([12]). Let (X, d) be a complete metric space and f : X → X be a mapping such that,
for some λ ∈ (0, 1],

d(f(x), f(y)) ≤ λd(x, y)

for all x, y ∈ X . Then f has a unique fixed point in X .

There are several applications of this new idea of orthogonal sets and also numerous forms
of orthogonality. We refer the reader to ([2, 3, 4, 8, 13, 14, 19, 22, 23, 24, 25]) for more details.

In this paper, we give some recent and new results for some contraction mappings on
O−complete metric-like space and also we give illustrative examples. At the end, we give
an application to show the existence of a solution of a differential equation. In order to do this,
we will first recall some basic definitions and notations of the orthogonality.

Definition 1.3 ([12]). Let X be a non-empty set and ⊥ be a binary relation defined on X . If binary
relation ⊥ fulfills the following criteria:

∃a0(∀b∈ X,b⊥ a0) or (∀b ∈ X, a0 ⊥ b),

then pair (X,⊥) known as an orthogonal set. The element a0 is called an orthogonal element. We denote
this O-set or orthogonal set by (X,⊥).

Definition 1.4 ([12]). Let (X,⊥) be an orthogonal set (O-set). Any two elements a, b ∈ X such that
a ⊥ b, then a, b ∈ X are said to be orthogonally related.

Definition 1.5 ([12]). A sequence {an} is called an orthogonal sequence (briefly O-sequence) if

(∀n ∈ N, an ⊥ an+1) or (∀n ∈ N, an+1 ⊥ an).

Similarly, a Cauchy sequence {an} is said to be a orthogonally Cauchy sequence (briefly Cauchy O-
sequence) if

(∀n ∈ N, an ⊥ an+1) or (∀n ∈ N, an+1 ⊥ an).
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Definition 1.6 ([12]). Let (X,⊥) be an orthogonal set and ρ be a metric on X . Then (X,⊥, ρ) is called
an orthogonal metric space (shortly O-metric space).

Definition 1.7 ([12]). Let (X,⊥, ρ) be an orthogonal metric space. Then X is said to be a O-complete
if every Cauchy O-sequence is converges in X .

Definition 1.8 ([12]). Let (X,⊥, ρ) be an orthogonal metric space. A function f : X → X is said to
be orthogonally continuous ( ⊥-continuous ) at a if for each O-sequence {an} converging to a implies
f(an) → f(a) as n → ∞. Also f is ⊥-continuous on X if f is ⊥-continuous at every a ∈ X .

Definition 1.9 ([12]). Let a pair (X,⊥) be an O-set, where X( ̸= ∅) be a non-empty set and ⊥ be a
binary relation on set X . A mapping f : X → X is said to be ⊥-preserving if f(a) ⊥ f(b) whenever
a ⊥ b and weakly ⊥-preserving if f(a) ⊥ f(b) or f(b) ⊥ f(a) whenever a ⊥ b.

Definition 1.10 ([23]). We say that an O-set is a transitive orthogonal set if ⊥ is transitive.

Definition 1.11 ([23]). Let (X,⊥) be an O−set. A path of length k in ⊥ from a to b is a finite sequence
{a0, a1, ..., ak} ⊂ X such that

a0 = a, ak = b, ai ⊥ ai+1 or ai+1 ⊥ ai

for all i = 0, 1, ..., k − 1 and also λ(a, b,⊥) be denoted as all path of length k in ⊥ from a to b .

Before giving our main result, we want to remind some information about Geraghty con-
traction and also (ℏ, ϕ)-contraction.

Let Λ be the family of all functions η : [0,∞) → [0, 1) that satisfy the condition limn→∞ η(tn) =
1 implies limn→∞ tn = 0.

Furthermore, Ψ denotes the class of functions ϖ : [0,∞) → [0,∞) that satisfy the following
conditions:

• ϖ is nondecreasing,
• ϖ is continuous,
• ϖ(t) = 0 if and ony if t = 0.

In [17], the authors proved the following particular result .

Theorem 1.2. Let (X, ρ) be a complete metric-like space and f : X → X be a mapping. Suppose that
there exists η ∈ Λ such that

ρ(fa, fb) ≤ η((ρ(a, b))ρ(a, b)

for all a, b ∈ X . Then f has a unique fixed point u ∈ X with ρ(u, u) = 0.

Recently, in [1], the authors considered a new type of Geraghty contractions in the class of
metric-like spaces and proved a fixed point theorem for this type of contractive mapping such
that:

Theorem 1.3. Let (X, ρ) be a complete metric-like space and f : X → X be a mapping. Suppose that
there exists η ∈ Λ such that

(1.1) ρ(fa, fb) ≤ η((𭟋(a, b))𭟋(a, b)

for all a, b ∈ X , where
𭟋(a, b) = ρ(a, b) + |ρ(a, fa)− ρ(b, fb)| .

Then f has a unique fixed point u ∈ X with ρ(u, u) = 0.

On the other hand, in [15], Jleli et al. introduced a family H of functions ℏ : [0,+∞[3→
[0,+∞[ satisfying the following conditions:

(H1) max{a, b} ≤ ℏ(a, b, c) for all a, b, c ∈ [0,+∞[;
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(H2) ℏ(0, 0, 0) = 0;
(H3) ℏ is continuous.

Some examples of functions belonging to H are given as follows:
(i) ℏ(a, b, c) = a+ b+ c for all a, b, c ∈ [0,+∞[;

(ii) ℏ(a, b, c) = max{a, b}+ c for all a, b, c ∈ [0,+∞[;
(iii) ℏ(a, b, c) = a+ b+ ab+ c for all a, b, c ∈ [0,+∞[.
Using a function ℏ ∈ H, the authors of [15] introduced the following notion of (ℏ, ϕ)-

contraction as:

Definition 1.12 ([15]). Let (M,ρ) be a metric space, ϕ : M → [0,+∞[ be a given function and ℏ ∈ H.
Then, f : M → M is called a (ℏ, ϕ)-contraction with respect to the metric ρ if and only if

ℏ(ρ(fa, fb), ϕ(fa), ϕ(fb)) ≤ kℏ(ρ(a, b), ϕ(a), ϕ(b)) for all a, b ∈ M,

for some constant k ∈ ]0, 1[.

Now, we set

Zϕ := {a ∈ M : ϕ(a) = 0},
𭟋f := {a ∈ M : fa = a}.

Furthermore, we say that f is a ϕ-Picard operator if and only if the following condition holds:
𭟋f ∩ Zϕ = {ς} and fna → ς , as n → +∞ for each a ∈ M .

Theorem 1.4 ([15]). Let (M,ρ) be a C.M.S, ϕ : M → [0,+∞[ be a given function and ℏ ∈ H.
Suppose that the following conditions hold:
(A1) ϕ is lower semi-continuous (l.s.c.);
(A2) f : M → M is a (ℏ, ϕ)-contraction with respect to the metric ρ.

Then
(i) 𭟋f ⊂ Zϕ;

(ii) f is a ϕ-Picard operator;
(iii) for all a ∈ M and for all n ∈ N, we have

ρ(fna, ς) ≤ kn

1− k
ℏ(ρ(fa, a), ϕ(fa), ϕ(a)),

where {ς} = 𭟋f ∩ Zϕ = 𭟋f .

2. MAIN RESULTS

2.1. A result for orthogonal ϖ𭟋−Geraghty contraction. In this section, we give a definition
of orthogonal ϖ𭟋−Geraghty contraction and we aim to obtain some results on O-complete
metric-like space (X,⊥, ρ).

Definition 2.13. Let (X,⊥, ρ) be an orthogonal metric-like space and f : X → X is a mapping. Then
we say that f is orthogonal ϖ𭟋−Geraghty contraction if there exist ϖ ∈ Ψ and η ∈ Λ such that

(2.2) ϖ(ρ(fa, fb)) ≤ η(ϖ(𭟋(a, b)))ϖ(𭟋(a, b))

for all a, b ∈ X with a ⊥ b, where

𭟋(a, b) = ρ(a, b) + |ρ(a, fa)− ρ(b, fb)| .

Theorem 2.5. Let (X,⊥, ρ) be an O-complete metric-like space, a0 is an orthogonal element and f is a
self mapping on X satisfying the following conditions:

(i) (X,⊥) is a transitive orthogonal set,
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(ii) f is ⊥-preserving,
(iii) f is orthogonal ϖ𭟋−Geraghty contraction,
(iv) f is ⊥-continuous.

Then, f has an unique fixed point in X .

Proof. From the definition of the orthogonality, it follows that a0 ⊥ f(a0) or f(a0) ⊥ a0. Let

a1 := fa0, a2 := fa1 = f2a0, · · · , an := fan−1 = fna0

for all n ∈ N ∪ {0}. Suppose that ρ(an, an+1) = 0 for some n0, so the proof is completed.
Consequently, we assume that

ρ(an, an+1) ̸= 0

for all n. Since f is ⊥ −preserving, we have

an ⊥ an+1 or an+1 ⊥ an.

This implies that {an} is an O-sequence. Since f is orthogonal ϖ𭟋−Geraghty contraction, we
have

ϖ(ρ(an, an+1)) = ϖ(ρ(fan−1, fan))

≤ η(ϖ(𭟋(an−1, an)))ϖ(𭟋(an−1, an)), n ≥ 1,(2.3)

where

𭟋(an−1, an) = ρ(an−1, an) + |ρ(an−1, fan−1)− ρ(an, fan)|
= ρ(an−1, an) + |ρ(an−1, an)− ρ(an, an+1)| .

Take ρn = ρ(an−1, an) and (2.3) becomes

(2.4) ϖ(ρn+1) ≤ η(ϖ(ρn + |ρn − ρn+1|))ϖ((ρn + |ρn − ρn+1|)).

Assume that there exists n > 0 such that ρn ≤ ρn+1. From (2.4), we get

ϖ(ρn+1) ≤ η(ϖ(ρn+1))ϖ(ρn+1) < ϖ(ρn+1)

which is a contradiction. Thus for all n > 0, ρn > ρn+1. Hence, we deduce that the sequence
{ρn} is nonincreasing. Therefore, there exists r ≥ 0 such that

lim
n→∞

ρn = r.

Now, we shall prove that r = 0. Suppose that r > 0. From (2.2), we have

ϖ(ρ(an, an+1)) ≤ η(ϖ(𭟋(an−1, an)))ϖ(𭟋(an−1, an))

which implies
ϖ(ρn+1) ≤ η(ϖ(2ρn − ρn+1))ϖ(2ρn − ρn+1).

Hence
ϖ(ρn+1)

ϖ(2ρn − ρn+1)
≤ η(ϖ(2ρn − ρn+1)) < 1.

This implies that limn→∞ η(ϖ(2ρn − ρn+1)) = 1. Since η ∈ Λ, we have

lim
n→∞

ϖ(2ρn − ρn+1) = 0

which yields

(2.5) r = lim
n→∞

ρ(an, an+1) = 0
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which is a contradiction. So r = 0. Now, we shall prove that {an} is a Cauchy O-sequence. We
will prove that

(2.6) lim
n,m→∞

ρ(an, am) = 0.

We argue by contradiction. Then there exists ε > 0 for which we can find subsequences
{
am(k)

}
and

{
an(k)

}
of {an} with m(k) > n(k) > k such that for every k

(2.7) ρ(am(k), an(k)) ≥ ε.

Moreover corresponding to n(k), we can choose m(k) in such a way that is the smallest integer
with m(k) > n(k) and satisfying (2.7). Then

(2.8) ρ(am(k)−1, an(k)) < ε.

Using (2.7) and (2.8)

ε ≤ ρ(am(k), an(k))

≤ ρ(am(k), am(k)−1) + ρ(am(k)−1, an(k))

< ρ(am(k), am(k)−1) + ε.

By (2.5), we get

(2.9) lim
k→∞

ρ(am(k), an(k)) = ε.

On the other hand, it is easy to see that∣∣ρ(am(k)−1, an(k)−1)− ρ(am(k), an(k))
∣∣ ≤ ∣∣ρ(am(k)−1, am(k)) + ρ(an(k), an(k)−1)

∣∣ .
Again by (2.5) and (2.9)

(2.10) lim
k→∞

ρ(am(k)−1, an(k)−1) = ε.

We go back to (2.2) to have

ϖ(ε) ≤ ϖ(ρ(am(k), an(k)))

= ϖ(ρ(fam(k)−1, fan(k)−1))

≤ η(ϖ(𭟋(am(k)−1, an(k)−1)))ϖ(𭟋(am(k)−1, an(k)−1)),

where

𭟋(am(k)−1, an(k)−1) = ρ(am(k)−1, an(k)−1) +
∣∣ρ(am(k)−1, fam(k)−1)− ρ(an(k)−1, fan(k)−1)

∣∣ .
By (2.5) and (2.10)

(2.11) lim
k→∞

𭟋(am(k)−1, an(k)−1) = ε.

We deduce
lim
k→∞

η
(
ϖ

(
𭟋(am(k)−1, an(k)−1)

))
= 1.

Since η ∈ η, we have
lim
k→∞

𭟋(am(k)−1, an(k)−1) = 0

which is a contradiction with respect to (2.11). Thus {an} is a Cauchy O-sequence in (X, ρ). So
there exists u∗ ∈ X such that

lim
n→∞

ρ(an, u
∗) = ρ(u∗, u∗) = lim

n,m→∞
ρ(an, am).

By (2.6), we write
lim
n→∞

ρ(an, u
∗) = ρ(u∗, u∗) = 0
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because of O-completeness of X. Since f is ⊥ −continuous, we have

fu∗ = f( lim
n→∞

fan) = lim
n→∞

an+1 = u∗

and so u∗ is a fixed point of f.
Now, we can show the uniqueness of the fixed point. We shall prove that such u∗ verifying

ρ(u∗, u∗) = 0 is the unique fixed point of f. We argue by contradiction. Assume that there exists
u∗ ̸= w∗ so ρ(u∗, w∗) > 0 such that

u∗ = fu∗, w∗ = fw∗, ρ(u∗, u∗) = ρ(w∗, w∗) = 0.

Suppose that there exist two distinct fixed point u∗ and w∗. Since λ(a, b,⊥) is non-empty for all
a, b ∈ X, there exists a path {z0, z1, ..., zk} of some finite lenght k in ⊥ from u∗ to w∗ such that

u0 = u∗, uk = w∗, ui ⊥ ui+1 or ui+1 ⊥ ui.

Since (X,⊥) transitive orthogonal set, we get u∗ ⊥ w∗ or w∗ ⊥ u∗. Then, we have

𭟋(u∗, w) =∗ ρ(u∗, w∗) + |ρ(u∗, fz)− ρ(w∗, fw∗)|
= ρ(u∗, w∗) + |ρ(u∗, u∗)− ρ(w∗, w∗)|
= ρ(u∗, w∗)

and using this equality in (2.2), we get

ϖ(ρ(u∗, w∗)) = ϖ(ρ(fu∗, fw∗))

≤ η(ϖ(𭟋(u∗, w∗)))ϖ(𭟋(u∗, w∗))

= η(ϖ(ρ(u∗, w∗)))ϖ(ρ(u∗, w∗))

< ϖ(ρ(u∗, w∗))

which is a contradiction. Thus there exists a unique u∗ ∈ X such that u∗ = fu∗ with ρ(u∗, u∗) =
0. □

Example 2.1. Let X = [0, 1] and ρ(a, b) = a+ b. Then (X, ρ) is O−complete metric-like space. Define
a relation ⊥ on X by

a ⊥ b ⇐⇒ ab ∈ {a, b}.
Define f : X → X by

fx =

{
0, x = 1
x
2 x ̸= 1

.

Then we can see that f is ⊥-preserving and also ⊥-continuous. Take ϖ(t) = t
2 and η(α) = 1

2 , then it is
clear that f is a orthogonal ϖ𭟋−Geraghty contraction and f has a fixed point u = 0 with σ(u, u) = 0.

In Theorem 2.5, if we get ϖ(t) = t, then we obtain the following corollary.

Corollary 2.2. Let (X,⊥, ρ) be an O-complete metric-like space with an orthogonal elements a0 and f
be a self mapping on X satisfying the following conditions:

(i) (X,⊥) is a transitive orthogonal set,
(ii) f is ⊥-preserving,
(iii) f is orthogonal Geraghty contraction such that

ϖρ(fa, fb) ≤ η((𭟋(a, b)))𭟋(a, b)

for all a, b ∈ X with a ⊥ b, where

𭟋(a, b) = ρ(a, b) + |ρ(a, fa)− ρ(b, fb)| ,
(iv) f is ⊥-continuous.
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Then, f has a fixed point in X .

2.2. A result for orthogonal (ℏ, ϕ)-contraction. Now, we give a definition of (ℏ, ϕ)-contraction
on orthogonal metric-like space and prove a fixed point theorem for this type contraction.

Definition 2.14. Let (X, ρ) be a orthogonal metric-like space and f : X → X be a mapping. f is called
a orthogonal (ℏ, ϕ)-contraction if there exist ℏ ∈ H and ϕ : M → [0,+∞[ s.t.

(2.12) ℏ(ρ(fa, fb), ϕ(fa), ϕ(fb))) ≤ F (ℏ(ρ(a, b), ϕ(a), ϕ(b)))
for all a, b ∈ M with a ⊥ b.

Lemma 2.2. Let (X, ρ) be a orthogonal metric-like space and f : X → X be a (ℏ, ϕ)-contraction. If
{an} is a sequence of Picard starting at a0 ∈ X , then

lim
n→+∞

ℏ(ρ(an−1, an), ϕ(an−1), ϕ(an)) = 0,

and hence
lim

n→+∞
ρ(an−1, an) = 0 and lim

n→+∞
ϕ(an) = 0.

Proof. By replacing the contradiction in [26, (3.2)] with contradiction (2.12) and following the
proof of [26, Lemma 3.1], we immediately have the desired result. □

Theorem 2.6. Let (X,⊥, ρ) be an O-complete metric-like space and a0 is an orthogonal element of X
and f be a self-mapping on X such that:
i) For all a, b ∈ X with a ⊥ b

(2.13) ℏ (ρ (fa, fb) , ϕ (fa) , ϕ (fb)) ≤ kℏ (ρ (a, b) , ϕ (a) , ϕ (b))

for some k ∈ (0, 1), ℏ ∈ H and ϕ : X → [0,∞) is lower-semicontinuous function,
ii) f is ⊥-preserving,
iii) (X,⊥) is transitive orthogonal set.
Then f has a unique fixed point.

Proof. First, we shall prove the uniqueness. Suppose that a∗, b∗ are two fixed point of f such
that a∗ ̸= b∗. Since λ (a, b,⊥) is non-empty for all a, b ∈ X , there exists a path {z0, z1, · · · , zk} of
some finite lenght k in ⊥ from a to b such that

z0 = a∗, zk = b∗, zi+1 ⊥ zi for all i = 0, 1, 2, · · · , k − 1.

Since (X,⊥) transitive orthogonal set, we get a∗ ⊥ b∗ or b∗ ⊥ a∗. From i), we have

ℏ (ρ (a∗, b∗) , ϕ (a∗) , ϕ (b∗)) = ℏ (ρ (fa∗, fb∗) , ϕ (fa∗) , ϕ (fb∗))

≤ kℏ (ρ (a∗, b∗) , ϕ (a∗) , ϕ (b∗))

< ℏ (ρ (a∗, b∗) , ϕ (a∗) , ϕ (b∗))

so, this is a contradiction. Then f has a unique fixed point.
Now, assume that ς ∈ X is a fixed point of f . Applying (2.13) with a = b = ς , a ⊥ b, we have

ℏ (0, ϕ (ς) , ϕ (ς)) ≤ kℏ (0, ϕ (ς) , ϕ (ς)) ,

which implies (since k ∈ (0, 1)) that

(2.14) ℏ (0, ϕ (ς) , ϕ (ς)) = 0.

Moreover, from (H1), we have

(2.15) ϕ (ς) ≤ ℏ (0, ϕ (ς) , ϕ (ς)) .

Using (2.14) and (2.15), we obtain ϕ (ς) = 0.
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Now ii) from the definition of orthogonality, it follows that

a0 ⊥ fa0 or fa0 ⊥ a0.

Let
a1 = fa0, a2 = fa1 = f2a0, · · · , an = fan−1 = fna0

for all n ∈ N ∪ {0}. If an∗ = an∗+1 for some n∗ ∈ N ∪ {0}, then

z = an∗ = an∗+1 = fan∗ = fz

and z is a fixed point of f such that ϕ (z) = 0. In fact by Lemma 2.2,

ℏ (ρ (an∗−1, an∗) , ϕ (an∗−1) , ϕ (an∗)) = 0

and by the property (H1), of the function ℏ, we have ϕ (z) = 0. So, we assume that an ̸= an+1

for all n ∈ N ∪ {0}. Thus, we have

an ⊥ an+1 or an+1 ⊥ an.

This implies that {an} is a O-sequence. Since f is an orthogonal (ℏ, ϕ)-contraction, we have

ℏ (ρ (an, an+1) , ϕ (an) , ϕ (an+1))

=ℏ (ρ (fan−1, fan) , ϕ (fan−1) , ϕ (fan))

≤kℏ (ρ (an−1, an) , ϕ (an−1) , ϕ (an))

≤knℏ (ρ (a0, a1) , ϕ (a0) , ϕ (a1))

=knℏ (ρ (a0, fa0) , ϕ (a0) , ϕ (fa0)) , n ∈ N ∪ {0}
which implies by property (H1) that for all n ∈ N ∪ {0}

max {ρ (an, an+1) , ϕ (an)} ≤ knℏ (ρ (a0, fa0) , ϕ (a0) , ϕ (fa0)) .

Then, we obtain

ρ (an, an+1) ≤ knℏ (ρ (a0, fa0) , ϕ (a0) , ϕ (fa0)) , n ∈ N ∪ {0}
which implies that {an} is a Cauchy O-sequence. Since X is O-complete then, there exists
a∗ ∈ X such that an → a∗ as n → ∞.

Since f is orthogonal (ℏ, ϕ)-contraction, taking into account that ϕ is lower-semicontinuous
function, we have

0 ≤ ϕ (a∗) ≤ lim inf
n→∞

ϕ (an) = 0,

that is, ϕ (a∗) = 0. Now, show that a∗ is a fixed point f .
If there exists a subsequence {ank

} of {an} such that ank
= a∗ or fank

= fa∗ for all k ∈ N,
then a∗ is a fixed point. Otherwise, we can assume that an ̸= a∗ and fan ̸= fa∗ for all n ∈ N.
So, using f is an (ℏ, ϕ)-contraction, we deduce that for all n ∈ N

ℏ (ρ (fan, fa∗) , ϕ (fan) , ϕ (fa∗)) ≤ kℏ (ρ (an, a∗) , ϕ (an) , ϕ (a∗))

< ℏ (ρ (an, a∗) , ϕ (an) , ϕ (a∗)) ,

and so,

ρ (a∗, fa∗) ≤ ρ (a∗, an+1) + ρ (fan, fa
∗)

≤ ρ (a∗, an+1) + ℏ (ρ (fan, fa∗) , ϕ (fan) , ϕ (fa∗))

< ρ (a∗, an+1) + ℏ (ρ (an, a∗) , ϕ (an) , ϕ (a∗)) for all n ∈ N.

Finally, letting n → ∞ in the above calculations and using that ℏ is continuous in (0, 0, 0), we
deduce that

ρ (a∗, fa∗) ≤ ℏ (0, 0, 0)
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that is, a∗ = fa∗. □

Remark 2.1. In the Theorem2.6, if we assume that f is ⊥-continuous, we have

fµ∗ = f
(
lim
n→∞

µn

)
= lim

n→∞
µn+1 = µ∗

and µ∗ is a fixed point of f .

2.3. A result for rational F−contraction. In this part, we modify definition of rational type
F−contraction using orthogonality and then give some results for this type contraction on
O−complete metric-like space. But firstly, we want to give some information about F−contraction.

Let F be the set of all functions F : (0,∞) → R satisfying the following conditions:

(F1) F is strictly increasing, i.e., for all α, β ∈ (0,∞) such that α < β, F (α) < F (β),
(F2) for each sequence {an} of positive numbers,

lim
n→∞

an = 0 if and only if lim
n→∞

F (an) = −∞,

(F3) there exists k ∈ (0, 1) such that limα→0+ αkF (α) = 0.

Definition 2.15 ([28]). Let (X, ρ) be a metric space and f : X → X be a mapping. Given F ∈ F , f is
called as F -contraction if there exists τ > 0 such that

a, b ∈ M, ρ(fa, fb) > 0 ⇒ τ + F (ρ(fa, fb)) ≤ F (ρ(a, b)).

Definition 2.16. Let (X,⊥, ρ) be an orthogonal metric-like space. We say that f : X → X is an
orthogonal rational type F−contraction if there are F ∈ F and τ > 0 such that the following condition
holds:

(2.16) ∀a, b ∈ X with a ⊥ b; [ρ(fa, fb) > 0 ⇒ τ + F (ρ(fa, fb)) ≤ F (M(a, b))] ,

where

M(a, b) = max


ρ(a, b), ρ(a, fa), ρ(b, fb),

ρ(a,fa)ρ(b,fb)
1+ρ(a,b) , ρ(a,fa)ρ(b,fb)

1+ρ(fa,fb)

 .

Theorem 2.7. Let (X,⊥, ρ) be an O−complete orthogonal metric-like space, a0 is an orthogonal ele-
ment of X and f be a ⊥ −preserving and ⊥ −continuous mapping with satisfying (2.16). Also we
assume that (X,⊥) is a transitive orthogonal set, then, f has a unique fixed point in X .

Proof. Using the definition of the orthogonality, we have a0 ⊥ f(a0) or f(a0) ⊥ a0. Let

a1 := fa0, a2 := fa1 = f2a0, · · · , an := fan−1 = fna0

for all n ∈ N ∪ {0}. Suppose that ρ(an, an+1) = 0 for some n0, so the proof is completed.
Consequently, we assume that

ρ(an, an+1) ̸= 0

for all n. Thus, we get ρ(an, an+1) > 0 for all n ∈ N ∪ {0}. Then, we obtain

an ⊥ an+1 or an+1 ⊥ an
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from ⊥ −preserving of f and then we say that {an} is an O−sequence. From (2.16), for all
n ∈ N, we have

F (ρ(an, an+1))

=F (ρ(fan−1, fan))

≤F (M(an−1, an))− τ

=F

max


ρ(an−1, an), ρ(an−1, fan−1), ρ(an, fan),

ρ(an−1,fan−1)ρ(an,fan)
1+ρ(an−1,an)

, ρ(an−1,fan−1)ρ(an,fan)
1+ρ(fan−1,fan)


− τ

≤F (ρ(an−1, an))− τ.(2.17)

Let αn := ρ(an, an+1) for all n ∈ N and from (2.17), we have

(2.18) F (αn) ≤ F (αn−1)− τ ≤ F (αn−2)− 2τ ≤ · · · ≤ F (α0)− nτ.

From (2.18), we get limn→∞ F (αn) = −∞. Thus, from (F2), we have

(2.19) lim
n→∞

αn = 0.

By the property (F3), there exists k ∈ (0, 1) such that

(2.20) lim
n→∞

αk
nF (αn) = 0.

By (2.18), we get

(2.21) αk
nF (αn)− αk

nF (α0) ≤ −αk
nnτ ≤ 0

for all n ∈ N. Letting n → ∞ in (2.21), we get

(2.22) lim
n→∞

nαk
n = 0.

From (2.22), there exits n1 ∈ N such that nαk
n ≤ 1 for all n ≥ n1. So we have

(2.23) αn ≤ 1

n1/k

for all n ≥ n1. In order to show that {an} is a Cauchy O−sequence, consider m,n ∈ N such
that m > n ≥ n1. Using the triangular inequality for the metric and from (2.23), we have

ρ(an, am) ≤ ρ(an, an+1) + ρ(an+1, an+2) + · · ·+ ρ(am−1, am)

= an + an+1 + · · ·+ am−1

=

m−1∑
i=n

ai

≤
m−1∑
i=n

1

i1/k
.

Hence {an} is a Cauchy O−sequence in M. Because of the O−completeness of X , we have
a∗ ∈ M such that an → a∗ as n → ∞. Using ⊥ − continuous of f, we have

fa∗ = f( lim
n→∞

an) = lim
n→∞

an+1 = a∗

and so a∗ is a fixed point of f.
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Now, we can show the uniqueness of the fixed point. We shall prove that such a∗ verifying
ρ(a∗, a∗) = 0 is the unique fixed point of f. We argue by contradiction. Assume that there exists
a∗ ̸= w∗ so ρ(a∗, w∗) > 0 such that

a∗ = fa∗, w∗ = fw∗, ρ(a∗, a∗) = ρ(w∗, w∗) = 0.

Suppose that there exist two distinct fixed point a∗ and w∗. Since λ(a, b,⊥) is non-empty for all
a, b ∈ X, there exists a path {z0, z1, ..., zk} of some finite lenght k in ⊥ from a∗ to w∗ such that

u0 = a∗, uk = w∗, ui ⊥ ui+1 or ui+1 ⊥ ui.

Since (X,⊥) transitive orthogonal set, we get u∗ ⊥ w∗ or w∗ ⊥ u∗. Then, we get

τ + F (ρ(a∗, w∗))

= τ + F (ρ(fa∗, fw∗))

≤ F (M(a∗, w∗))

= F

max


ρ(a∗, w∗), ρ(a∗, fa∗), ρ(w∗, fw∗),

ρ(a∗,fa∗)ρ(w∗,fw∗)
1+ρ(a∗,w∗) , ρ(a∗,fa∗)ρ(w∗,fw∗)

1+ρ(fa∗,fw∗)




= F (C(a∗, w∗))

which is a contradiction. Thus there exists a unique a∗ ∈ X such that a∗ = fa∗ with ρ(a∗, a∗) =
0. □

Corollary 2.3. Let (X,⊥, ρ) be an O−complete metric-like space with an orthogonal elements a0 and
f be a ⊥ −preserving and ⊥ −continuous self mapping on M such that

∀a, b ∈ X with a ⊥ b; [ρ(fa, fb) > 0 ⇒ τ + F (ρ(fa, fb)) ≤ F (ρ(a, b))] .

Then, T has a unique fixed point in M .

3. APPLICATIONS

Recall that, for any 1 ≤ p < ∞, the space Łp (X,F, µ) (or Łp (X)) consists of all complex-
valued measurable functions κ on the underlying space X satisfying∫

M

|κ (℘)|p dµ (℘) ,

where F is the σ-algebra of measurable sets and µ is the measure. When p = 1, the space
Łp (X) consists of all integrable functions κ on X and we define the Ł1-norm of κ by

∥κ∥1 =

∫
M

|κ (℘)| dµ (℘) .

In the section, using Theorem 2.7, we show the existence of a solution of the following dif-
ferential equation:

(3.24)
{

u
′
(t) = f (t, u (t)) , a.e. t ∈ I := [0, T ]

u (0) = a, a ≥ 1,

where f : I × R → R is an integrable function satisfying the following conditions:
(i) f (s, η) ≥ 0 for all η ≥ 0 and s ∈ I;
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(ii) for each ℘, γ ∈Ł1 (I) with ℘ (s) γ (s) ≥ ℘ (s) or ℘ (s) γ (s) ≥ γ (s) for all s ∈ I , there exist
κ ∈Ł1 (I) and τ > 0 such that

(3.25) |f (s, ℘ (s))− f (s, γ (s))| ≤ κ (s)(
1 + τ

√
κ (s)

)2 |℘ (s)− γ (s)|

and

|℘ (s)− γ (s)| ≤ κ (s) eA(s)

for all s ∈ I , where A (s) :=
s∫
0

|κ (w)| dw.

Theorem 3.8. Consider the differential equation (3.24). If (i) and (ii) are satisfied, then the differential
equation (3.24) has a unique positive solution.

Proof. Let X = {u ∈ C (I,R) : u (t) > 0 for all t ∈ I} . Define the orthogonality relation ⊥ on X
by

℘ ⊥ γ ⇐⇒ ℘ (s) γ (s) ≥ ℘ (s) or ℘ (s) γ (s) ≥ γ (s) for all t ∈ I.

Since A (t) =
t∫
0

|κ (s)| ds, we have A
′
(t) = |κ (t)| for almost everywhere t ∈ I.

Define a mapping d (℘, γ) = ∥℘− γ∥A = sup
t∈I

e−A(t) |℘ (s)− γ (s)| for all ℘, γ ∈ X. Thus,

(X, d) is a metric-like space and also a complete metric-like space. Define a mapping ⊀ : X →
X by

(⊀℘) (t) = a+

t∫
0

f (s, ℘ (s)) ds.

Then, we see that ⊀ is ⊥-continuous.
Now, we show that ⊀ is ⊥- preserving. For each ℘, γ ∈ X with ℘ ⊥ γ and t ∈ I , we have

(⊀℘) (t) = a+

t∫
0

f (s, ℘ (s)) ds ≥ 1.

It follows that [(⊀℘) (t)] [(⊀γ) (t)] ≥ (⊀γ) (t) and so (⊀℘) (t) ⊥ (⊀γ) (t) . Then ⊀ is ⊥-preserving.
Now, we can say that ⊀ satisfies Corollary 2.3 with F (α) = −1√

α
. Hence the differential equa-

tion (3.24) has a unique positive solution. □
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