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ABSTRACT. In this article, we consider the definition of the Fibonacci poly-
nomial sequence with the second-order linear recurrence relation, where co-
efficients and initial conditions depend on the variable ¢. And then, we in-
troduce the functional binomial matrix depending on the coefficients of the
second-order linear recurrence relation. In the following, we study the spectral
properties of the functional binomial matrix using the Fibonacci polynomial
sequence and we obtain a diagonal decomposition for it using the Vandermunde
matrix. Finally, by applying some linear algebra tools we obtain a number of
combinatorial identities involving the Fibonacci polynomial sequence.

1. INTRODUCTION

The Fibonacci sequence and the Lucas sequence are among the most well-known
second-order linear recurrence sequences that are of particular importance in num-
ber theory and combinatorics (see |17]):

F, = n—1+Fn—27 FO:()a Flzla (1)
L,=L, 14+ L,_o, Lo=2, L;=1. (2)
Usually, second-order linear recurrence relations are generalized with two ideas, first

by preserving the recurrence relation and second by preserving the initial conditions.
The most prominent examples of Fibonacci-Like sequences are given as follows:

e The Jacobsthal sequence [11] is defined by the recurrence relation
Jn=Jn1+Jn 2 (7122), Jo=1, J1i=1 (3)
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e The Jacobsthal-Lucas sequence |11] is defined by the recurrence relation

Jn = Jn-1+2jn—2 (n>2), Jo=2, jn=1 (4)
e Singh et al. [26] defined Fibonacci-Like sequence
Sp =85,-1+ Sh—2 (Tl > 2), So=2, S;=2 (5)

e Horadam [11], Kalman [14], Stanimirovié¢ [27] and Gupta [10] generalized
the Fibonacci sequence by considering a new initial condition and a new
recurrence relation:

Fn = AFn_l + BFn_Q (T'L Z 2), Fo = a, Fl = b, (6)
where A, B, a and b are positive integers.

A natural way to generalize the Fibonacci sequence is to use the Fibonacci poly-
nomials. For over a century, both Fibonacci and Lucas polynomials have appeared
in the literature in the study of several subjects such as algebra, geometry, com-
binatorics, approximation theory, statistics, and number theory [23]. Fibonacci
polynomials were studied in 1883 by Catalan and Jacobsthal [8,|13]. Many works
dealt with different properties of these polynomials and their applications. Fi-
bonacci polynomials appear in different frameworks. Fibonacci polynomials are
special cases of Chebyshev polynomials and have been studied on a more advanced
level by many mathematicians. Large classes of Fibonacci-Like polynomials can
be defined with the help of recurrence relations and the properties of the resulting
Fibonacci numbers can be studied [17].

The most prominent examples of Fibonacci polynomials sequences are given as
follows:

e The polynomials F,,(t) studied by Catalan [8] are defined by the recurrence

relation:
F,(t) =tF,_1(t) + F_2(t) (n>2), Fy(t)=1, Fi(t) =t. (7)
e The Fibonacci polynomials studied by Jacobsthal [13] were defined by
In(t) = Jne1(t) + tJn—a(t) (n>2), Jo(t) =1, Ji(t)=1. (8)

e The Pell polynomials [12] are defined by
P,(t) =2tP,_1(t) + Po—2(t) (n>2), Py(t) =0, Pi(t)=1. (9)

e The Lucas polynomials [5] are defined by
Ln(t) =tLp_1(t) + Lp—o(t) (n>2), Lo(t) =2, Li(t)=t. (10)
Many authors have studied Fibonacci polynomials with different ideas [4l19[21L[22]
26]. But recently Kaygisiz and Sahin [15] have presented new generalizations of Lu-
cas numbers with matrix representation using generalized Lucas polynomials. Also,
Lee and Asci [18] have defined a new generalization of Fibonacci polynomial called

(A, B)-Fibonacci polynomial with the help of Pascal matrix. They obtain combina-
torial identities and, using Riordan’s method, obtain Pascal matrix factorizations
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including (A, B)-Fibonacci polynomials. In this paper, we present generalization
of the Fibonacci and Lucas polynomials by changing the initial terms and the re-
currence relation.

In [7], Carlits (for @ = b = 1) and in [1], Akkuse studied the (n + 1) x (n 4+ 1)
matrix B, = [a”j*"b”*j (nij)]ogi,jﬁn’ and derived many interesting results on
spectral and powers of these matrices. In this paper, introducing a generalized
functional matrix By, [z(t),y(t)] which call it the generalized functional binomial
matrix of two variables z(t) and y(¢) (both variables are dependent on t), we find
the eigenvalues, eigenvectors and characteristic polynomial of it. We also obtain a
decomposition for the matrix B, [z(t),y(t)] and some identities for the polynomials
Fibonacci sequence.

Definition 1. The functional binomial matriz of two variables of order (n+ 1) x
(n+1) is defined by

Bale(t)u(0] = 20 )} (11)

n—j

Example 1. The functional binomial matriz of two variables of order 4 x 4 is as
follows

0 0 0 !
0 0 y(t) z(t)
Bs[z(t),y(t)] = 0 y(t)? 2z(t)y(t) x(t)?

y()?® By®)’x(t) 3y(z(t)? «(t)®

In the following lemma, we can easily obtain a decomposition for the functional
binomial matrix of two variables, considering B, [z(¢), 1] = B, [z(t)].

Lemma 1.
By [2(t), y(t)] = Bula(t)]diag (y ()", - y(t), 1).

For finding B [z(t),y(t)], it is enough to find B, [z(t)]. Now, consider the
matrix I = [0; n—jlo<i j<n, Where §; ,_; is the Kronecker delta. It is easy to see

that B,[z(t)] = Pnlx(t)]|Int1, where P,lx(t)] = [(;)x(t)i_j]ogi,jgn is the Pascal

matrix with one variable, has the following properties (see [2}3,6,/16]):

(1) Pulz(®)]Paly(t)] = Pnlz(t) + y(t)],

(2) Pulz(t)]Pa[~2(t)] = Pn[0] = Int1 namely P,z (t)] = Pol—(t)]-
Therefore

— T n—1i n—i—j
B (0] = Pul-ato] = | (") catoyr|
J 0<i,j<n

According to above topics, we present the inverse of the functional binomial matrix

of two variables as follows B; ! [(t), y(t)] = [(—x(t))"’i’j(y(t))i’” (”;Z)}K .
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Example 2.
0 0 0 !
- B 0 0 y(t) *x(t)
By [x(t), y(t)] = 0 y(t)? —2x(t)y(t) x(t)?

y()*  =3y®)x(t) 3By)a(t)® —a(t)®

2. THE GENERALIZED FIBONACCI POLYNOMIAL AND THE FUNCTIONAL BINOMIAL
MATRIX

According to relations —, a natural and general definition @ can be pre-
sented, where coefficients and initial conditions are positive integers. Now, with
the same idea and according to the recurrence relations (8)-(10)), the following gen-
eral definition can be presented, where the coefficients of the recursive and initial
relation are considered as polynomials with integer coefficients.

Definition 2. Let A(t), B(t),a(t) and b(t) be polynomials with integer coefficients.

The generalized Fibonacci polynomials { F,, (a(t),b(t); A(t), B(t))}n>0 (we shall of-

ten drop the argument (a(t),b(t); A(t), B(t)) and simply write {Fn(t)}n>o are de-

fined by the recurrence relation -

o (t) = A@)Foa(t) + B(t) Fo2(t) (02> 2), (12)

Fo(t) = a(t),  Fi(t) = b(t). (13)

For easy notation, we shall sometimes write A, B,a,b for A(t), B(t),a(t) and
b(t). We display some special cases of the sequence {Fn (t)}n>0, in Table 1.

TABLE 1. Some special cases of {F,(t)}

n>0
Polynomial Type F,(a,b; A, B) A(t) B(t) | alt) b(t)
generalized Fibonacci F,(t) t 1 1 t
generalized Lucas L, (1) t 1 2 t
generalized Pell P,(t) 2t 1 0 1
Jacobsthal In(t) 1 t 1 1
1st kind Chebyshev T,(t) 2t -1 1 t
2nd kind Chebyshev U, (t) 2t -1 1 2t
3th kind Chebyshev V(%) 2t -1 1 2t -1
4th kind Chebyshev W (t) 2t -1 1 2t+1
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Theorem 1. The non-degenerated second-order recurrent sequence F,(t), defined
n , satisfies the following generalization of the Binet formula

pMo=<Z:f>M+<:i;>w (n>0), (14)
where a and B are the roots of the characteristic equation N _AN—B=0.
Corollary 1. For a =0 and b # 0, we have
b(a™ — B")
a—p

Fa(t) = (n>0), (15)

and for a #0 and b =0, we have

n— n—1
Ry = I ), (16)
and also for b = ka where k is a non-zero fixred number, we have
a[a" - 8" — kaﬁ(a”fl — 5"_1)]
a—p
Corollary 2. Forn > 1 and k > 0, we have
Frni)(t) = AeFin(t) — (=B)F Fiyn_1)(t),
where Ay, satisfy Axy1 = AAg + BAk—_1 with the boundary conditions Ay = 2 and
A = A.
Proof. By the Binet formula and since Ay, = o 4+ ¥ and a8 = —B, we have

AFin(t) = (=B)" Fyn-1)(t) =
() (23)

(e + (220 o]

F,(t) =

(n > 0). (17)

O

The following theorem is the main result of this paper which gives the relation
of the characteristic polynomial of the generalized binomial matrix of two variables
B, [A, B] with the generalized Fibonacci sequence {Fn(t)}n>0.

Theorem 2. If (Fg(t)"_i(t)FeiH (t)) be a column vector of (n+1)-dimension,
0<i<n

then

BulA, B (Fu(t)" " Fip (1)) FE (0 Ffa(0)) (18)

0<i<n ( 0<i<n
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Proof. Let B,[A, B] (F;_i(t)Fg+1(t))O<'< = [a;], we have

n

i i+k—n pn— n—
aiZ( k)AJrk B E TR FE (1)

n—
k=0

= 30 () BRO) T @R
k=n—i

which substituting r = k — n + ¢, we obtain

9

w=ri 0 (1) (Brw) " (arnm)

r=0

= F&_f(t) (BFe(t) + AFe+1(t))i

= F/0 (D Fls(t).
0
Example 3.
0 0 0 1 F3(t)
2
Bg[A,B](F;*i(t)FZH(t))KKS: g ; QjB jz Z((;);l;—i-l((;)
- - l+1
B3 3B%*A 3BA%* A3 F} (1)
Fa)
| FRa () Fa(t)
| B (O F25(1)
Fjo(t)

Corollary 3.
R OFa0 = X (5 ) (1) ([ A S e g,

. n—1i/\n—is n—1iyp
21,0500

Proof. By induction on ¢ and using , we have
BL1A, B] (a" ) FiS (0 F (1))

0<i<n ( 0<i<n

Now, if we consider the i-th rows, we get

FyL () Fyo(t) = (sz [4, Bl (an_sbs)::o>i = Z iy o @iy 5,07 D
11,50
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_ 7 . 11 . . 7’@*1. Ai+i47nl+2 Ei;i i'r-Bne*Z£:1 i,,.anfizbiz'
Z n—ii ) \n—iy n—ig

11,0

U
The matrix [F;L_i(t)F;H(t)]OSMSn is invertible.

Proof. If we divide the j-th column by F7",; (), we obtain the Vandermonde matrix

£\ Ghich h determi 0
Froa (D which has nonzero determinant.

Theorem 3. For the sequence {Fn(t)}n>0 and k > 2, we have

n—r

(2F)(t) + BF—1(t)) (2 Fiy1(t) + BFy(t))

— Z r n=ry (T TR Alk=1)n—ro—ri1—2 b o Te—TE1
7o T1 Tk

T0,T1 3Tk
% BZL?:O e gropr—rotr (Ab + Ba)”—rl—rxn—rk. (19)
Proof. Using the binomial expansion, we have
(zFi(t) + BEy(t)) (zFa(t) + BE (1))

=3 (0)( ) oy,
To 1

70,71

For all integers k > 2, we prove equality by induction. For k = 2, in ,
we replace © by A + Bz~! and multiply the result by z”, and the conclusion is
obtained. Assuming that holds for the value k, we replace by A+ Bx~! and
multiply the result by ™. The left side of the formula is as follows

(AFy(t)x + BF_1(t)x + BFy(t)) (AFg1(t)z + BFy(t)x + BF41(t)"

= (Fk+1(t)$ + BFk(t))T(Fk+2(t>x + BFk+1(t))n_T7
the right side of the formula is as follows

> ()C) 00
A r r r
T0,T15 " s Tk+1 0 1 k k1

k k+1 — —
x Akn—ro—rl—QZ[:2 r[—rk+1BZ£:0 TlaTObT—TO'H’l (Ab—|— Ba)n ry Tl‘n_rk+1~

This evidently completes the proof of . (I
Corollary 4. For k > 2, we have
(.’I?Fk<t) -‘rBFk,l(t))r(l‘FkJrl(t) —i—BFk(t))n_r (21)

_ Z <7’L — 7") o (n - Tk—1> A(k+1)n—2 25;11 TZ—TBZ?:l r[xn—rk7
T1 r

k
1, Tk
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where Fy(t) =0 and Fy(t) = A.

Lemma 2. For all k > 1, we have

Fk(7z+1) (t)
tr (B¥[A, B]) = 2 22
(8514.B) = =5 22
where Fy(t) =0 and Fy(t) = A.
Proof. We multiply by 2" and sum over r. This gives
> @ (xF(t) + BFy_1(t))" (2Fega(t) + BF(t)" " (23)
r=0
= ¥ (” - 7“) . (” B Tk—l)A(k+1)n—2 SUTl re=r B ioy e gty
71 Tk

T5T1, 5Tk

The coefficient of ™ on the right of is tr (BE[A, B]) and the coefficient of 2"
on the left of is

S (D)) ERao) ) BT (R 0)”

r+st+u=n
r n—r r—s s n—r—s
- X v ()" rrorrong o -d
r+s<n
Then
S =Y (rsorross 3 (")) Eab)
n=0 r,s=0 $ n=r-+s $
o0 r 1
-y B (S> FI3 (0 F2 (0" (1 = Foas ()~
7r,5=0
S B R - Fenz) Y (T> (Feos(t)2)™
s=0 r>0 8
=N BFE ) (1 - Fia(H)z) " (1= Fa(bz) "
s=0
B 1 y 1
N (1 — Fk+1(t)l') (1 — Bkal(t)(E) 1— BFI?(t)IQ

(1-Fisr(0)2) (1-BFe_1 ()2)
1

(1 = Fey1(t)z) (1 — BFy—1(t)z)—BF2(t)a?’
Here by the Binet formula , we have

oo
1
E cﬁx” =
n=0

1 (ak + M)z + (af)ka?




SPECTRAL PROPERTIES OF A FUNCTIONAL BINOMIAL MATRIX 757
1
(1-akz)(1- ka)

- 1 Oék Bk
ok — gk 1*Olk$_1—ﬁkx .

k1) _ gh(n+l) _ Frr)(t)

Cn Oék o Bk Fk (t)

It follows that

Theorem 4. The eigenvalues of By[A, B] are

a™ an—lﬁ aﬁnfl Bn
and the characteristic polynomial of B,[A, B] is

n

Xn(T) = H(T — o/ﬁ”ﬂ).

=0

Proof. Let x,, (1) = det (TIn+1 — B,[A, BD and Ag, A1, -, A, denote the eigen-
values of B,[A, B]. Then by Lemma 2]

Xn 1(7)_ . 1 k- Kk
L_;T_AZ Z IZ)\

Xn+1(7—) 0 k=0
=Sl (BL[A, B)= Y p ot TR

k(n+1) _ 5k(n+1) o0

k-1« —k—1 k n(n—j)k
T k— gk ZT Zo‘j gl

« =0 7=0

M

ES
Il
=3

I
NE

T— "I

<.
Il
=)

It follows that N
XnJrl H ajﬂn J

Theorem 5. For a =0 and b # 0, we have
n+1

ety ee—1 [m+1 ntl—
Noa() = () T e
£=0 Fn(t)
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n+1

where [ ’ is defined as

]F,L(t)
1, {=0,n+1;

{n + 1} B
REA0 R A 0<f<ntl

Proof. We use the following identity (see [20])

- fasy ey n+1
[I0-on=> 0" 7]
§=0 £=0 q

where ["Zl]q is the g-binomial coefficient (Gaussian binomial), and is defined by

[m] _(=gmA—gmh- (A —gm)

rl, (I-g)(1—¢*) - (1—q") ’

where m and r are non-negative integers. If r > m, this evaluates to 0 and for
r =0, m, the value is 1.

Replacing ¢ in the above equation by g and using the Binet formula , we have

{” + 1} _ oty {” + 1] .
t 1, t e
Therefore
n n+1
[t - asrm) = S pfass gl 1] o
§=0 (=0 t Fn(t)
Substituting 7 by a™7~! and using a3 = —B, we get
n . ntl e+ _ee—1 (n+1
[Ir-ams) = > (-0 s 5 s [" Y] e
j=0 =0 Fn(t)
which is the desired result. O

Example 4. The characteristic polynomials of x,,,1(T) forn =0,1,2 are
xi(r)=7-1
Xo(T) =7 — AT — B
X3(1) = 7% — (B + A*)7? — (A*B + B*)T + B,

3. DIAGONALIZATION OF THE FUNCTIONAL BINOMIAL MATRIX

The results of this section are for a specific case of the recurrence relation
with (L3)) for a(t) = 0, b(t) = 1 and coefficients A(t) and B(t) which are arbitrary
functions of ¢.

Let n > 1 and C,[A, B] be the companion matrix of the characteristic polynomial
X»(7T), where
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Cn[Aa B] = (Ci,j<A7B))7
Ci,i—i—l(AaB):la t=0,1,---,n

Cn,nfj(AaB) = _(_1) 2 Bz [;Ljr_ll] Fo(t)’

¢i;(A,B)=0, otherwise.
Rn[A7B] = (Ti,j(A7B)) and Mn[A,B] = (mm-(A, B)),
{ TO,j(Av B) = TLJ'(A, B) = 5n,j7

rig(AB) = () (BE ()" (F(1), =2 .n, j=01n,
mO,j(Av B) = 5n,j7
mij(A,B) = () (BE®)" 7 (Fia ), i=1, ., j=01n.

Lemma 3. For every positive integer k, we have
) n — . '
(BZ[A,B]) = (]> (BE.®)" (Fera (), j=0,1,---,n.
nj

Proof. Let n be a fixed natural number. We will prove the assertion by induction
on k. The above equality is valid for £ = 0. Now assume the results is valid for
k > 0. Then, since BE+1[A, B] = BE[A, B]B,[A, B], we have

k k
(BYH' A B]),, = > _(Bi[A, B)),,(Ba[A, B]),,

i=0

_Z< ) BF(t))"” Z4(F;g+1(t))i( ‘ .)Ai-i-j—an—j

n—7>

= (BFenlt JZ ( ) ( ’ )(AFkH(t))i"“ (BF.(t))"™"

1+)—n

()
()
()

BFk+1(t))nij Z (731) (AFkH(t))m(BFk(t))jim

m=0

n

(
(BFia ()" (AFia () + BR.(0)’
( )

1) B " (Fyya()).
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Theorem 6. Let Fy(t) =0 and Fy(t) = 1. Then
n+1

ZFD%B@ [” Jl; 1] (Faera ()" (Fucesa()’ =0,

=0 Fn(t)

Proof. The characteristic polynomials of B,[A, B] is

ni:l(il)e(z;l) i {n—é— 1} =l _ )
=0 Fo(t)
Now by the Cayley-Hamilton Theorem [24], we get
n+1
- 1
S0 " s —o, (24)
k=0 Fn(t)

where 0 denotes the (n+1) x (n+ 1) zero matrix. So by Lemma [3|and substituting
this result into , we obtain

! ety _ee—1 [n 41
ZFU?B2{4] (W%Mﬂ);a
/=0 Fn(t) ™
Therefore
ntl e+ _ee—) [n 41 j
§:¢4)232[€ ] (Face1 ()" (Fucera (1) =0
1—0 Fp(t)

Theorem 7. Let a(t) =0 and b(t) = 1. For all n, we have
M,]A, Bl = C,[A, BIR,[A, Bl = R,[A, B]B,|A, B,
and so

B,.[A, B] = R, '[A, BIC,[A, BIR.[A, B].

Proof. At first, we prove M, [A, B] = C,[A, B|R,[A, B]. In fact, multiplying the
first n rows of C,[A, B] by R,[A4, B], clearly we get the first n rows of M,[A, B].
For the last row, for each 0 < j < n, we have

(ColA, BIR,[A, B]) =

nj
= Z(CW[A, B])n’nik(Rn[A,B])nikﬁj
k=0
B i _(_1) (k+1)2(k+2) Bk(k;rl) [n + 1] <n) (BF (t)>n—j (F (t))j
Z k + 1 ) ] n—k—1 n—=k

n+1
n e et eee-n) (n+1 n—j j
O e i I D D)
J =1 Fa(t)
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— <;‘> B <(Fn(t))n_j (Fn+1(t))j

n+1

+> —(~)*F BT [nz_ 1} . )(anz(t))n_j (Fne+1(t)>j>

£=0

n » ,
- <j>(BFn(t))n T (Fn ()
which is clearly true by Theorem [6] This proves,
M,]A, Bl = C,|A, BIR,[A, B].
Since for each 7, j with 0 < ¢ < j < n, we have

n

(Rn[Aa B}Bn[Aa B])” - Z(Rn[Aa B])lk (Bn[Aa B])kj

ES
S
=3

1

(

=0

n

BF,(t))"” JZ() BF, (1)) (AF,(1))""

)" (BF_1(t) + AF(1))’

-0);
)
(5)or
Jor

n j
= ( z+1(t)>J
( ” )ij’
we get M, [A, B] = R,[A, B|B, [A, B). 0
Example 5.
0 0 0 1
B3 3B%A 3BA? A3
MS[As B] = P - .
A3B3 3B2A%(B + A?) 3BA(B + A?%)? (B + A%)3

B3(B 4+ A?)® 3B?A(B 4+ A?)?2(2B + A%) 3BA?(B 4+ A?)(2B 4+ A?)?  A3(2B + A?%)3

0 1 0 0
0 1 0
Gsl4, Bl = 0 0 1 ’
—B® —-B3A(2B+ A?) B(B+ A*)(2B+ A%) (2B+ A%)A
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1 0 0 0
0 0 1
R3[A, B] = ;
B3 3B%A 3BA? A3
A3B® 3B2A2(B+ A%) 3BA(B+ A%)? (B + A%)3
and so
M;s[A, B] = C3]A, B]Rs[A, B].
Also,
1 0 0 0
0 0 0 1
Rald B = B? 3824 3BA? A3 ’
A3B3 3B2A2(B+ A%) 3BA(B+ A%)? (B + A%)3
0 0 0 1
BB = |0 o oapa a|

B3 3B%2A 3BA? A3
and therefore M3[A, Bl = Rs|A, B]Bs[A, B].
Let V,, be the Vandermonde matrix which is defined by

1 1 1 1
a™ anflﬁ . aﬁn_l 571
v, = a2n (an—15)2 . (aﬁn_l)2 52n

an2 (Oénflﬁ)n . (aﬁn_l)" /an
By the relation between the component matrix and the Vandermonde matrix, we
can obtain Theorems [§ and [0} For this purpose, we need the following lemma.

Lemma 4 ( [24], P. 4). If M be the following matriz

0 m 0 - 0

0 0 mg --- 0
M= 7

0 0 0 My—1

b1 P2 Pz - DPn
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then its eigenvalues are the roots of p1 + paX + -+ + pu A" 1 = A" and v; =

_I\T . .
(a, a\,,a\%, - a\® 1) is an eigenvector for the root A.

Theorem 8. Let a(t) = 0 and b(t) = 1. Eigenvectors of the matriz C,[A, B] are
Vn, and also eigenvectors of the matriz B,[A, B] are E,[A, B] = R, }[A, B|V,.

Proof. According to Lemma [4] columns of V), are eigenvectors of C,,[A, BJ. O
Theorem 9. For a(t) =0 and b(t) = 1, we have

(R;l[A,B]Vn>7an[A, B (R;l[A, B]Vn) — diag(a™, o™ 1B, - 0", B).
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