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ARTICLE INFO ABSTRACT
Keywords: The influence of oriented magnetic field on the incompressible and electrically
MHD Flow conducting flow is investigated in a square cavity with a moving top wall and a no-

Inclination Angle
Constricted Cavity
Radial Basis Function (RBF)

slip constricted bottom wall. Radial basis function (RBF) approximation is employed
to velocity-stream function-vorticity formulation of MHD equations. Numerical
results are shown in terms of streamlines for different values of Hartmann number

M, orientation angle of magnetic field 6 and the height of the constricted bottom wall
hc with a fixed Reynolds number. It is obtained that the number of vortices arises as
either h; or M increases. However, the increase in 0 leads to decrease the number of
vortices. Formation of vortices depends on not only the strength and the orientation
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of the magnetic field but also the constriction of the bottom wall.

1. Introduction

Flow behaviour in a wavy enclosure has been
many industrial applications such as electronic
packages, micro-electronic devices, crystal
growth, etc. Saidi, Legay-Desesquelles, Prunet-
Foch [1] obtained numerical results of the natural
convection flow in a sinusoidal cavity by using
finite difference method (FDM). They also
presented the experimental results of this
problem which are good agreement with the
numerical ones. Das, Mahmud [2] applied finite
volume method (FVM) to solve the Navier-
Stokes (N-S) equations coupled with the energy
equations. Average Nusselt number and
streamlines are depicted for different values of
Grashof number and amplitude-wavelength
ratios. Layek, Midya [3] studied the impacts of
both constriction height and Reynolds number on
the incompressible flow in a constricted channel.
They implemented the FDM to primitive form of

N-S equations. The influence of wavy top and
bottom walls on heat transfer of nanofluids
reported in [4]. They showed that including
nanoparticle into fluid causes the heat transfer to
increase. Mekroussi, Nehari, Bouzit, Chemloul
[5] focused on the mixed convection flow in an
inclined lid-driven cavity with wavy bottom wall.
They indicated that the local Nusselt number
attains maximum value at the undulation number
is 6 and inclination angle 120°. Natural
convection of nanofluids in an inclined cavity
with wavy side walls is studied by Ogiit, Akyol,
Aric1 [6]. It is found that local Nusselt number
decreases with an increase in the inclination
angle of the cavity. Azizul, Alsabery, Hashim,
Chamkha [7] considered the mixed convection
flow in cavity with a wavy bottom wall and
moving side walls. Numerical results are
depicted for Reynolds, Richardson, Prandtl
numbers and the oscillations of the walls by
applying finite element method (FEM).
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Pirmohammadi, Ghassemi [8] included the
magnetic field impact on the heat transfer in a
tilted cavity. They solved magnetohydrodynamic
(MHD) convection equations for different values
of Hartmann and Rayleigh numbers and the
inclination angle of the cavity. Oztop, Sakhrieh,
Abu-Nada, Al-Salem [9] analyzed the heat
transfer of nanofluid in a lid-driven cavity with a
hot wavy bottom wall imposed to the horizontal
magnetic field. They reported that Hartmann
number controls the heat transfer. MHD
convection flow in a constricted cavity is studied
in [10]. They indicate the contour plots of flow,
pressure and temperature for varying the length
of the cavity, constriction ratio, Hartmann and
Grashof numbers. Khalil, Azzawi, Al-damook
[11] performed the MHD free convection in a
trapezoidal wavy cavity for various Rayleigh and
Hartmann numbers and the number of waves. It
is investigated that Rayleigh number increases
the heat transfer. Saha, Islam, Yeasmin, Parveen
[12] utilized FEM to MHD natural convection
flow of nanofluids in an enclosure with wavy top
wall exposed to horizontal magnetic field. They
obtained that heat transfer is effected by the
shape of the nanoparticles.

The impact of magnetic field with an orientation
angle on MHD duct flow is analyzed by Aydin,
Selvitopi [13]. They implemented the FEM-
BEM coupled approach to MHD equations with
unbounded extarnal domain. Inclination angle of
the magnetic filed is considered for MHD mixed
convection in parallel plates by Kaladhar, Reddy,
Srinivasacharya [14]. Computations carried out
for Soret and Hall parameters, Hartmann
numbers and inclination angle. They depicted
that an increase in the angle decreases the profiles
of concentration. Wasif, Mishal, Haque, Haque,
Rahman [15] investigated the heat transfer in
different cavity shapes subjected to oriented
magnetic field.

The effect of the angle of magnetic field on the
Nusselt number depends on the aspect ratio of the
cavity. Hussain, Oztop [16] focused on the
rotation of the magnetic field on power law fluid
in a curvilinear cavity with a moving top wall.
Influences of various physical parameters on
isolines, streamlines and isoconcentration are
depicted utilizing FEM. Glirbiiz-Caldag, Celik
[17] studied the effect of the inclination angle of

magnetic field on Stokes flow in a lid-driven
cavity. They showed that the magnitude of the
stream function depends on the type of the
inclination angle. Selvitopi [18] applied Galerkin
FEM to MHD duct flow equations. Impact of the
time-varied obliqgue magnetic field on flow is
anlayzed. In [19] flow behaviour in a T-Junction
is considered under the effect of magnetic field
with an angle. Numerical results are obtained in
terms of velocity and induced magnetic field by
using the stabilized FEM.

To the best of the authors' knowledge the impact
of the oriented magnetic field on the flow in a lid-
driven cavity with constricted bottom cavity has
not been studied yet. We adopt RBF
approximation to MHD equations in terms of
velocity, stream function and vorticity. The
contour plots of stream function are depicted for
various values of Hartmann number, orientation
of magnetic field and the constriction height of
the cavity with a fixed Reynolds number. It is
deduced that the constriction causes the
formation of new eddies (vortices) with different
directions. On the contrary, the augmentation of
inclination angle diminishes the number of
vortices.

2. Mathematical Formulation

The two-dimensional steady flow of a viscous,
incompressible and electrically conducting fluid
is considered in a square lid-driven cavity whose
bottom wall is constricted using the function g,
such that

9y(0) =Sho(1+cos(2m(x—HN0<x <1 (1)

where A4, is the constriction height shown in
Figure 1. The uniform inclined magnetic field is
exposed to the cavity. This problem is modelled
by MHD equations which are obtained from the
Navier-Stokes equations of fluid dynamics and
Maxwell's equations of electromagnetics through
Ohm's law. The non-dimensional form of MHD
equations is obtained from the transformations
such as

(x,y) = (xLyD), (wv) - (U,vU), (2)

p = pvpU/L (3)
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In these transformations [,U,p and v are
characteristic length, characteristic velocity,
density and kinematic viscosity of the fluid,

respectively. The non-dimensional MHD
equations [20-21] are
V-u=0 4)

V2u=Re(u-V)u+Vp—-M*(uxH)xH (5

where H is the magnetic field. Non-dimensional
parameters are the Reynolds number and the
Hartmann number given as

Re =1U/v, M = luHy/a/pv, (6)

respectively. In these parameters, u, H, and c are
magnetic permeability, magnetic field intensity
and electric conductivity, respectively.

To eliminate pressure terms in the equation (5)
MHD equations can be transformed into the

stream function-vorticity formulation by using
the definition of stream function

U=1y, v=—1, (7)
and the vorticity

W=V — Uy (8)
Thus, the steady and two-dimensional MHD flow

equations in terms of velocity components,
stream function and vorticity are

VY = —w C))
VZw = Re (ug—c;+ v(;—c;) + M? (—Z—;sinZO +
v _aw) LI

(ay ax) sin fcosO + 5 COS 9) (10)

where 0 is the inclination angle of the magnetic
field.

The boundary conditions are

u=0, v=0, ¥ =0 onthe left wall

(x=0,0 <y < 1), (11)

u=0, v=0, ¥ =0 on the right wall

x=1,0<y<1), (12)
u=0, v=0, ¥ =0 on the bottom wall
(y=g,(0),0<x<1), (13)
u=1, v=0, ¥ = 0on the top wall
y=1,0<x < 1. (14)

The unknown vorticity boundary conditions are
obtained from the stream function equation by
using the discretization matrix G given in the
next section.

(0.1) (1)

8h

H
/ (0,0) he

(1,0)

Figure 1. Lid-driven cavity with constricted bottom
wall.

3. Numerical Technique

The radial basis function (RBF) approximation
method is employed to solve MHD equations (9)-
(10). In RBF technique [22], the inhomogeneity
term b, of Poisson equation (V2 = b,), which
is the term except for the Laplacian, is
approximated by the RBFs {f;} as

bi(x,y) =EL i fir), (x,y) €N (15)
and the approximate solution i is written
w(x,y) = Xi& Bi hi(r) (16)

where {h;} is obtained from the differential
equation

V2hi(r) = fi(r) 1n)

and r = \/(x —x)*+ (- y)>
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The approximate solution  is forced to satisfy
boundary condition

B.ii = b,, (18)
we get
IiV=T1 iBChi(r) = bZ(xi Y)' (X', y) € 9. (19)

Discretizing the boundary o0Q with NB points
and the domain Q with ND points gives

M7, B; Behi(17) = ba(x1,;), 1 <j < NB (20)

M Bi f:(r) = by (x, i),
1+ NB <k <NT = NB+ ND. (21)
The unknown coefficients {f;} are obtained from
the system

CB =B (22)

which is the combination of equation (20) and
(21) where

Bchy(ry) Bchy(1y) Bohyr (1)
C = Bchi(ryg)  Boha(ng) Behyr (Tyg)

B f1(7’1\{3+1) fz(rI\{B+1) fNT(r.NB+1)

l f1(7;NT) fz(";NT) fNT(‘TNT) JNTxNT
bz(x.h)ﬁ)
[ bz(xzvz; YnB) ] A
B = ’ :

'BNTNTxl

B bl(xNB+}'3’NB+1)
bl(xNT.'ryNT) NTx1
The numerical solution
it = A[C™1B] (23)

is acquired from equation (16) by substituting
the coefficients {5;} obtained in the above
system (22).

The space derivatives of unknowns are obtained
by the discretized matrix

6 (G;=1+r)as

P, = G,G™'P, P, =G,G™'P
where P denotes u, v,y and w.

(24)

In [23], different RBFs such as quadratic
polynomial f(ry=1+r+r? and
multiquadratics f(r) = Vr? + ¢? with the pre-
defined shape parameter ¢ are used to find
solution of MHD Stokes flow in a lid-driven
cavity problem. It is deduced that the similar
results are obtained, and the linear RBF takes less
computational time. In our computation, the
iteration takes 210.347s CPU time and 709
iteration step with f(r) =1+r whereas
211.476stime and 710 stepwith f(r) =1+ 1 +
r? for h, = 0.25, M =0 and 6 = 0". For that
reason, the polynomial RBF f(r) =1+ r and

the corresponding h function h(r) = %2+ ; are
chosen to find numerical solutions of coupled
MHD equations (9)-(10) iteratively.

Iterative procedure is given as:

e Discretized form of the stream function
equation (9)

Yt = AC'B (25)

is solved by using an initial estimate for
the vorticity w®. The right-hand side
matrix B is obtained by taking

b,(x,y) =0 and
bi(x,y) = —w'. (26)

e Velocity components are obtained from

the equation (7) with new stream function
value such as

ul+1 — GyG_ll/)l+1,

Ul+1 — —GxG_lllJHl. (27)

e The unknown boundary values of
vorticity are obtained from the definition
of the vorticity (8)
wpt! = GGt — G, (28)
e We solve the vorticity equation (10)

w1l = AC1B (29)
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where B is obtained by taking
by (x,y) = wpe! (30)
And

b, (x,y) = Re(ul GGt + v 6,67 w
—M?sin*6G, G~ tul*?
+M?sin 0 cos 6 (G,G~1v'*t —
—GxG_luH'l)
+ M? cos? 6G,G1v!t? (31)
uy and v, are diagonal matrices of u and
v respectively.

e The iteration continues until the
preassigned tolerance (&) is reached
between two successive iterations such

that

[ttt —1pl|,, [Jott-w!|,
_— K =L 32
1723 § 1], f( )

where ¢ is taken 10°° and [ is iteration level.
This iteration is coded with Matlab version
R20022a and results are visualized with Tecplot
360EX.

4. Numerical Results

The present iterative RBF approximation is
adapted to the steady MHD equations (9)-(10) for
various values of Hartmann number (0 < M <
50), inclination angle of the magnetic field (0° <
6 <907 and the constriction height &, =
0.25,0.5 to analyze the effects of the strength,
direction of the magnetic field and the
constriction of the cavity on the flow,
respectively. Boundary of the cavity is
discretized by taking NB = 160 points. x and y
coordinates of the points [4] are obtained by

Xipr =% +Axand yi g = y; + Ay (33)
where

_ 1 _1-gp(x)
Ax = NE/A and Ay = TR (34)

The discretization of the domain is depicted in
Figure 2. The numerical results are presented in
terms of counter plots of stream function in
Figures 3-8.

We validate our proposed technique by taking
M =0,h. =0,Re =100. In this case, our
governing equations convert to Navier-Stokes
equations in a non-constricted lid-driven cavity
SO We can compare our results with the solutions
obtained by Ghia, Ghia, Shin [24]. In Figures 3-
4, it is seen that both the streamlines and the
velocity profiles are in well agreement with the
results in [24].
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Figure 2. Discretization of the cavity.
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Figure 3. Validation case for M = 0.
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Figure 4. Centerline velocities for M = 0 and Re =
100.

Also, streamlines are plotted for 4, = 0.2, M =
50 with Re =100 and Re =200 as shown in
Figure 5. It can be observed that flow patterns
are the same. The difference between them is that
the position of main vortex as in the Navier-
Stokes equations for a single lid driven cavity.
More information also can be found in [25].
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Besides, our aim is to investigate impact of
strength of inclined magnetic field on the
streamlines in the cavity with wavy bottom.
Thus, we fixed Reynolds number at 100 in our
calculations.

1 1

=)

Figure 5. Flow patterns for h, = 0.2, M = 50 with
(@) Re =100, (b) Re = 200.

After the validation, computations are carried out
for different values of h in the absence of

magnetic field (M = 0) to investigate the impact
of constriction on the stream function profiles in
Figure 6. For small values of #. main vortex of
the fluid is located near the top wall due the effect
of moving lid and secondary vortices with an
opposite direction are formed at the left and right
of the constricted area. As 4. increases to 0.5, the
main vortex of the flow shifts through the right
part of the cavity. On the other hand, secondary
vortices move upward and the formation of new
vortex with small value is seen at the left bottom
corner.

h,=0.5

R {

osf-| | |
06 | =
04

02 ("

0 gty gy A iy 2} T I .
04 06 08 1 04 06 08 1

Figure 6. Effect of the constriction of the cavity on
streamlines for a fixed M = 0.

Figure 7 demonstrates the effects of both strength
and the direction of the magnetic field on the
streamline profiles for fixed 4. = 0.25. When
6 = 0°which means that magnetic field is
applied in the x —direction, secondary vortices
occur at the left and right corners due to the
constriction. As Hartmann number increases, the

secondary vortices in the corners move up and
bifurcate into main vortex with each other under
the first one. The third vortices circulating
opposite direction are formed at the bottom
corners.

When the inclination angle of the magnetic field
is included, flow behaviour is changed. For 6 =
45° the symmetry of the flow is deformed. The
right secondary vortex is larger than the left one
due to the direction of the magnetic field. As M
increases, new vortices develop at the right
corner. On the contrary, the vorticity at the left
corner vanishes. As 8 reaches to 90°, flow attains
symmetric behaviour. For small Hartmann
number secondary vortices occur at the bottom
corners due the constriction. However, these
vortices diminish with an increase in the strength
of the magnetic field. Fluid flows in all part of
the cavity showing the impact of the moving lid.
The augmented in Mcauses to form a boundary
layer regardless of the direction of the magnetic
field.

0=0" |\

0=45"

6=90" ru,“l

S>> <) b~

[ B S T

FigGre“ 7. Streamlines for a fixed“h: = 0.25.

In Figure 8 the influences of both M and 6 on
streamlines are analyzed for different values of
h. = 0.25,0.5. Inthe case of 8 = 0°, for M = 10
the effect of 4, on the main vortex and the other
vortices are the same as in the case of M =0
(Figure 6) which shows that the electromagnetic
effect on the flow is small. Flow behaviours
obtained for fixed M = 50 show that increase in
h. retards the main effect of Hartmann number
on the single secondary vortex formation. It is
deduced that the higher constriction ratio
requires the higher Hartmann number to form a
single secondary vortex. When the inclination
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angle increases to 45°, for small values of M flow
behaviours are the same as in the case of 8 = 0°.
However, with a further increase in M vortices at
the left corner due to the constriction diminish.
Thus, the direction of the magnetic field controls
the development of the new vortices due the
constriction.

Table 1. Maximum value of |].

hc=0.25 M=0 M=10 M=30  M=50
©=0° 009369 0.07358 0.04610 0.03568
0= 45° 0.06817 0.02945 0.01456
0= 90° 0.06134 0.01980 0.00703
hc=0.5

©=0° 0.07783 0.06899 0.04727 0.03682
O= 45° 0.06162 0.03061 0.01758
0= 90° 0.05596 0.02146 0.01045

Table 1 indicates the effects of physical

parameters on the maximum value of |y|. In the
absence of magnetic field the increase in the
constriction decreases | |,,qx- The same effect is
observed for small Hartmann number M = 10.
However, with a further increase in M as the
the cavity

constriction of increases, the

maximum value of || increases regardless of the
direction of the magnetic field. On the other
hand, for a fixed 4, |W¥|mq. decreases due to the
augmentation of M.

5. Conclusion

The behaviour of the flow in a lid-driven cavity
with a constricted bottom wall under an applied
magnetic field with an inclination angle is
analyzed for the first time. The governing MHD
equations are solved by using RBF
approximation for different values of Hartmann
number, inclination angle and the constriction of
the cavity. It is deduced that the rotation of the
magnetic field plays an important role on the
formation of the new vortices due to the
constriction. As the inclination angle increases
the number of new vortices because of the
constriction diminishes. An increase in the
Hartmann number decreases the maximum value
of || regardless of the direction. The flow
structure is controlled by the strength of the
magnetic field, direction of the magnetic field
and the constriction of the cavity.

M=10 M=30  M=50

0=0°"
Figure 8. Effects of Mand 6 on streamlines for 4, = 0.25,0.5.
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