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In this paper, we introduce the definition of a new class of generalized nonexpansive
mappings in hyperbolic space. Additionally, we construct the rewritten version of
the Mann iteration process in hyperbolic space. Then, using the iterative procedure
we established, we prove convergence theorems for a — b—generalized nonexpansive
mappings in a uniformly convex hyperbolic space. Lastly, we offer a numerical
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1. Introduction

In order to solve practical issues in mathematics, physics,
engineering, and game theory, fixed point theory is a
useful area of study. Analytical solutions of fixed point
problems are challenging, requiring iterative solutions.
Although academics create a variety of strategies, the
development on effective algorithms is still underway.

In the field of nonlinear analysis, the fixed point theory is
crucial. The Picard iteration, as defined by %41 = Y,
Vn € N., is one of the well-known iterative procedures.
To approximate to fixed points of contraction mappings,
this iteration approach has been utilized. When using
nonexpansive mappings rather than contraction mappings,
the Picard iterative method is unable to approach fixed
points. Numerous writers have investigated new iteration
processes and mapping classes in this context for the
purpose of approximating fixed points.

For the class of nonexpansive self-mappings on a closed
and bounded subset of a uniformly convex Banach space,
Browder [6] demonstrated the existence of a fixed point.
After Browder’s result, researchers have developed itera-
tive procedures to approximate fixed points in nonexpan-

sive and nonlinear mappings, with research focusing on
faster and more efficient techniques. Studies have been
conducted in uniformly convex Banach spaces and CAT(0)
spaces.(see [[1], [7], [20], [22], [23] and the references
therein)

Suzuki [[19] established a new class of nonexpansive map-
pings and demonstrated several fixed point theorems for
them. Many researchers have contributed to the literature
by generalizing Suzuki’s generalized non-expansive map-
ping (see [3], [4], [[L6]]). More recently, Adeyemi et al. [2]
introduced the generalized nonexpansive mappings and
in uniformly convex hyperbolic space, they demonstrated
approaching the fixed point of these mappings.

Along with the nonlinear mappings, the significance that
the spaces play in the study of fixed point theory is also
quite important, including Hilbert and Banach spaces.
Banach spaces have convex structures, making it easy
to exist fixed points. Metric spaces lack this structure,
making it necessary to introduce convex structures into
them. By examining the fixed points for nonexpansive
mappings in convex metric spaces, Takahashi [21] was
the pioneer in developing the idea of convex metric space.
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Since then, many convex structures have been introduced
onto metric spaces in a number of different attempts. As
a result of these studies, many fixed point theorems have
been obtained by applying well-known fixed point itera-
tion processes to hyperbolic spaces (see [9], [L1O], [[13],
[[L7]). Hyperbolic spaces have a convex structure, with
the convex structure introduced by Kohlenbach [13]] being
more general.

In this work, we introduce a new class of generalized
nonexpansive mappings in hyperbolic space. Also, we
constitute the form in hyperbolic space of the well known
Mann iteration process. Then, we prove strong and A-
convergence results for these mappings in a uniformly
convex hyperbolic space using our introduced iterative
process.

2. PRELIMINARIES

Firstly, Takahashi [21]] proposed the idea of convex metric
space in 1970 as follows:

A mapping W : Sx&x[0, 1] — Sisaconvex structure
in G if

h(q’ W(%’ﬂvé)) < (1 - 6)h(q’%) +6h(q’ /J),

for all x,calu,cal frakge S and 8 € [0, 1]. A metric
space (S, ) together with a convex structure W defined
on it is called a convex metric space. A subset M of a
convex metric space S is convex if calW (x,calu,8) € M
for all »,calue M and 8 € [0, 1].

Afterwards, this idea was greatly expanded upon by numer-
ous authors. In Kohlenbach’s hyperbolic space [[13]], one
of these convex structures is present. There are various
interpretations of hyperbolic space in the literature.

A hyperbolic space (S, i, W) (see [[13]]) is a metric space
(S, 1) together with a mapping W : SxSx[0,1] — &
satisfying

(W1) %(z, W(x,calu,d)) < (1 —08)h(z,») + 8h(z,calu),

(W2) n(W(x,calu,d1), W(x,calu,5,)) = |01 — 82| (x,calu),

(W3) W(x,calu,0) = W(calu,x, (1 -19)),

(W4) #(W(x,z,8), W(calu,W,3)) < (1 -
0)7i(x,calu)+0n(z, W),

for all »,calu,z,We G and 8,0, 8, € [0, 1].

A hyperbolic space (S,7,W) is said to be uni-
formly convex [18]] if for all calfrakq,x,calue &,
r > 0 and ¢ € (0,2], there exists a 6 € (0,1]
such that h(z,W(%,u,%) ,q) < (1 — 8)r whenever
h(x,calfrakq) < r,fi(calu,cal frakq)< r and fi(x,caly)>
er.

A mapping 7 : (0, c0) X (0,2] — (0, 1] providing such
6 = n(r,e) for given r > 0 and & € (0,2] is called
modulus of uniform convexity. We call 7 monotone if it
decreases with r (for a fixed &).

We now compile some fundamental definitions of asymp-
totic centers and radiuses.

Let S be a hyperbolic space and {x,} be a bounded
sequence in &. For x € S, define a continuous functional
r(.{xn}) : @ — [0, 00) by

r(x,{%,}) = lim sup7i(x, x,).

The asymptotic radius r({x,}) of {x,} is given by
r({#,}) =inf {r(sx, {x,}) : » € X}.

The asymptotic radius r 5 ({%,}) of {x,} with respect to
a subset M of & is given by

ram({#n}) = inf {r(sx, {x,}) : x € M}.
The asymptotic center A({x,}) of {x,} is the set
A({xn}) ={x € X :r(t, {xn}) = r({sn})} .

The asymptotic center A p(({x, }) of {x, } with respect to
a subset M of & is the set

A({xn}) ={x € X 11 (%, {xa}) = rm({xa})}.

Lim [15]] proceeded by thinking about how A-convergence
was defined in a metric space in 1976, and Dhompongsa
and Panyanak [8]] have studied its analogue in CAT(0)
spaces. Khan et al. resumed their examination of A-
convergence in the overall structure of hyperbolic spaces
in [[11].

Now, we recall the notion of A-convergent.

[12]A sequence {x,} in S is said to be A-convergent to
x € G, if, for every subsequence {f,} of {x,}, » is the
unique asymptotic center of {f,,} . In this case, x is called
as A-limit of {x,,} and we write A — lim,,__,o %, = % .
The generalized nonexpansive mapping in uniformly con-
vex hyperbolic space was first developed in 2021 by
Adeyemi et al. [2] as follows: Let M be a nonempty sub-
set of a hyperbolic space S. A mapping Y : M — M
is called generalized nonexpansive mapping if there ex-
ist @,B,y € [0,1), with y + 8 < 1 such that for all
wcalp € M,

(1 —a)ha(Yo, %) < h(a, p)
= h(Yx, Yu) <
B, o) + yh(e, Ypo) + [1 = (y + B)] (o, ).

We will require the following outcomes for the follow-up:

[14]Let (S, i, W) be a complete uniformly convex hyper-
bolic space with monotone modulus of uniform convexity
n. Then every bounded sequence {x,} in S has a unique
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asymptotic center with respect to any nonempty closed
convex subset M of &.

[11]Let (S, 7z, W) be a uniformly convex hyperbolic space
with monotone modulus of uniform convexity n. Let
% € & and {a,} be a sequence in [a,b] for some
a,b € (0,1). If {x,} and {u,} are sequences in S
such that

lim sup#i(x,,%) <r, lim sup#i(u,,x) <r,
n—oo n—oo

lim AW (s, i, @n), %) = 1
n—oo
for some r > 0, then

lim #A(xy, uy) = 0.
n—00

3. MAIN RESULTS

In the context of uniformly convex hyperbolic space, we
develop a new class of generalized nonexpansive mapping
and establish the version in hyperbolic space of the Mann
iteration process. Also, we give A-convergence and strong
convergence results for these mappings we introduced in
uniformly convex hyperbolic space using the new form of
the Mann iteration process.

Let M be a nonempty subset of a hyperbolic pace S.
A mapping Y : M — M is called a — b—generalized
nonexpansive mapping if there exist a,b € [0, %) and
a € [0, 1) with 2a + 2b < 1 such that for all »,calue M,

(1 —a)i(Ya, %) < h(sx, u)

= (Y, Yu) < a[fA(u, Y) +h(x, Yu)]
+b [1i(e, Yoo) + B, Yu)] + [1 — (2a +2b)] h(x, ).

The Mann iteration process has been extensively studied
for approximating fixed points of nonexpansive mappings.
With Y being a self-mapping on a subset of a Banach
space, the Mann iteration process is defined as follows:

{ VARS M 0)

el = (1 —an)nn + @y Yy, n > 1,

where {a,,} is real sequences in [0, 1].

A conversion of the Mann iteration process (0) from Ba-
nach space to hyperbolic space is seen in the iteration
process that follows:

n € M, (L
W (sn, Yotn, y), n > 1.

Ap+l =

Assume that M is a nonempty subset of a metric space
(S, 7). Then Y, a self-mapping on M, is nonexpansive if
R(Yx, Ycalu)< h(x,calu) forallx,calue M. From this

point forward, the term F will refer to the collection of all
common fixed points for nonexpansive mappings on M.

Within this part, for nonexpansive mappings in uniformly
convex hyperbolic spaces, we demonstrate a few conver-
gence theorems.

We start by outlining the crucial lemmas below.

Let M be a nonempty, closed and convex subset of a
hyperbolic space S and Y be an a — b—generalized non-
expansive self mappings on M with F' # 0. Then for the
sequence {x,} defined in , we have lim,,__, (5, @)
exists for each w € F.

Proof Forany w € F, it follows from (T that
h(xnsr, @) = B(W (xn, Yotn, an), @)
< (1= an)h(Gen, w) + a,i(Xx,, @)

< (1= an)h(en, @)
+apa [i(@, Yu,) + h(x,, Yo )]
+anb [h(%y, Yu,) + i(w, Yo)]
+ay, [1 = (2a +2b)] hi(xp, @)
< [1-an(a+b)] i(x,, @)
+ay,(a + b)h(w, Yx,).
and
Ww, Yx,) = h(Yw, Yx,)
< alh(x,, Yw) + h(w, Yx,)]
+b [I(w, Y@) + (%, Yuy)]
+[1 = (2a+2b)] i(w,»,)
= [1 - (a+b)] i(w, Yuy,)
<[1=(a+b)]h(w,x,)
= li(w, Yx,) < h(w,x,)
Writing (3) in (3), we have
h(xns1, @) < [1 = an(a+b)] 1, @)
+an(a+ b)h(w,x,)
= h(xp, @).
Hence lim,,__,, %i(x,, @) exists for each @ € F. O

Let us consider a subset M of a uniformly convex hy-
perbolic space © with monotone modulus of uniform
convexity r7 . Let the set M be a nonempty, closed and
convex and Y be an a — b—generalized nonexpansive self
mappings on M with F # (. Assume that the sequence
{»,} is defined by (I). Then

lim 7(x%y,, Yx,) =0.
n—00
Proof Let @ € F. By Lemma [3 it follows that
lim,, 00 7i(2,,, @) exists. We may assume that

lim #A(x,, @) =r.

n—oo
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(i) Letr = 0. By (3), we have
A, Yoty) < (s, @) +h(w, Ya,) < 2R(3,, @).

Taking limit for n — oo, we obtain

limy,—— 0 (2, Y2,) = 0.
(ii) Let r > 0. By (3)), we get

lim supi(Yx,,w) < lim suph(x,, @w)=r
n—o0 n——oo

and since

thus, from Lemma 2] we conclude that
lim 7A(xy,, Yx,) =0.

O

We now demonstrate the result about the A-convergence
of the iteration process specified by (I) in a uniformly
convex hyperbolic space.

Let M, S, Y and {x,} be the same as in Lemma[3} Then
the sequence {x,} A-converges to a point in F.

Proof From proof of Lemma [3] it is easily seen that
the sequence {x,} is bounded. According to Lemmal|2]
{», } has a unique asymptotic center, which is A r(({%,})
= {»}. Suppose that {f,} is any subsequence of {x,}
such that A 5(({f,}) = {f}. By Lemma[3] we have

lim 7(a5, Yan) = 0. (1
We claim that cal frakq € F. So, we calculate
n(Ya,an) =1(Yq, Yan) + (Y an, an)

< a[h(an, Ya) +7(a, Yan)]

+b [1(a, Yq) +7i(an, Yau)]
+[1 = (2a +2b)] h(q, an) + (Y an, an)
< a[h(an, Ya) +7(a, 4n) +71(an, Yan)]
+b [(q, q,) + 1(an, Y ) + 7i(an, Yan)]

+[1 = (2a +2b)] (q, a,) + 2(Y Gy, Gn)

l+a+b

T—(at D) m(Y qn, an).

= h(Yq’ Qn) < h(Qv Qn) +

Taking lim sup on both sides of the last inequality and
using (I, we obtain

lim sup#i(Yq,q,) < lim supfi(q,qgy,)
n—oo n—oo

= r(Yq,{q.}) <r(a,{an}).

lim 7%(%pe1, @) = l_lm (W (2, Yoty, ap), @) =1,

The fact that the asymptotic center is unique suggests that
Ycal frakg=cal frakq. This means that cal frakq € F.
Since lim,,—, fi(x,, cal frakq) exists, and taking into
account the uniqueness of the asymptotic center, we get

lim sup7i(an,q) < lim suph(qn,»)
< lim supfi(x,,x)
n—soo

< lim sup#(x,,q) = lim sup#(qn,q)
n—>00 n——aoo

which is a contradiction. Hence » = cal frakg. Thus
A({t,}) = {t} for all subsequences {f,,} of {x,}, that is,
{#n} A-converges tox € F. O

Let M be a subset of a metric space S. A sequence {x,}
in G is called as Fejér monotone with respect to M. if
hi(%ye1, @) < h(xy, ) forall w € Mand n € N.

The following result is required for the sake of proving
the main theorem:

[S]Let (S, 7) be a complete metric space and M be a
nonempty closed subset of S. Consider the sequence
{#,} in M and suppose that {x,} is Fejér monotone with
respect to M. Then {x,} converges to some w € M if
and only if lim,,—o fi(2,, M) = 0.

Following that, we establish the strong convergence for
the iteration process defined by (T).

Let M,S,Y and {x,} be the same as in Lemma
Bl Then {x,} converges strongly to some @w € F if
and only if liminf, . %(x,, F) = 0 where #fi(x, F) =
inf {fi(x,w) : @w € F}.

Proof If {x,} converges to w € F, then
limy, e fi(xy,, @) = 0. Since O < hi(xy, F) < W%y, @),
we have liminf,,__, (2,, F) = 0.

On the contrary, presume that liminf,__,« %(x,, F) = 0.
As a result of Lemma [3| that lim,,__, 7i(5,, F) exists.
Thus by hypothesis, lim,,_, 71(%¢,,, F) = 0. From Lemma
it is said that {x,,} is Fejér monotone with respect to F.
Therefore, Lemma 3]indicate that {x, } converges strongly
to a point @ in F. O

In Theorem EL the condition limsup, __,. fi(%,, F) =
0O can be wused in place of the condition
liminf, o fi(%,, F) = 0.

Let © = R with metric defined by %(x, u) = |» — u| and
M= [—%, %] . Choose a mapping Y : M — M as

Selecting a = % and b = é and for @ € [0, 1), then Y is
an a — b—generalized nonexpansive mapping. To prove
that, we consider three different cases as follows:
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1 1

and u = 3, since A(Yx%, Yu) =

Casel For » = 3
= 0, we have

(Yo — Ful

)

a[Aalu, Yoo) + 7, Yu)]+b [, Yor) + A, Yu)]
+[1 - Qa+2b)] (s, ) =0 =0, Ypu).

Case 2 For x = % and y # %, we have A(Yx, Yu) =
$lu—1]and

a [alu, Yoe) + i, Yu)]

+b [R(e, Yoo) + R, Y)|+[1 — (2a + 2b)] Bi(x, )

['ﬂ' e

7
1-(z+ = +—=Bu-1
( ) ‘ ,U‘ g I+ e Bu =1
1
>§I,u—1|=h(Y%,Y#)-
Case 3 For x # % and u # % e have 7i(Yx, Ypu)
(Yo — Fu| = ‘IT—I_T”|=%|%—/JIand

a[Au, Yx) +h(x, Yu)] + b [h(x, Yx)

+ha(p, Yu) + [1 — (2a +2b)] hi(x, p)

1 1—x 1—u
2]
. 1—x 1—u
sl "2 [T 2
11
1—(=+= -
#1=(5+3)| bl

1
=E[|2,u+%—1|+|2%+,u—1|]

1 1 1
_ - - Jy > | y—
15 B =1+ B = 1]+ 2 x—p| 2 1 x|

1 1
5 |32 = 3ul + 3 lx—ul = 3 [x—pul

1
> 3 | — | = (Y2, Ypu).
In the all above cases we have 7A(Yx, Yu)
a[A(u, Yoo) + (e, Yp)] + b [RQe, Yoo) + (e, Yp)]
[1-(2a+2b)] A(x, u), therefore Y become an a —
b—generalized nonexpansive mapping.

+ IA

Now, we show that iteration process

and A-converges to fixed point @ =§.
Choosing @, = 5,55 for all n > 1, the hypotheses of
Lemma 3 are verified. Since the conditions of Theorem 3]

converges strongly

and Theorem3] iteration process (I)) converges strongly
and A-converges to fixed point @ =%.

In this study, firstly, a new class of generalized nonex-
pansive mapping called a — b—generalized nonexpansive
mapping has been introduced in hyperbolic space. Ad-
ditionally, we construct the form in hyperbolic space of
the Mann iteration process, which is well-known in the
literature. Finally, we prove convergence theorems for
a — b—generalized nonexpansive mappins in a uniformly
convex hyperbolic space using the modified form of the
Mann iteration process.

The author thanks the editor and the reviewers for their
helpful comments and suggestions.

References

[1] Abbas, M., Nazir, T., A new faster iteration process ap-
plied to constrained minimizationand feasibility problems,
Matematicki Vesnik, 66(2) (2014), 223-234.

[2] Adeyemi, T. A., Akutsah, F., Mebawondu, A. A., Adewole,
M. O., and Narain, O. K., The existence of a solution of the
nonlinear integral equation via the fixed point approach,
Adv. Math. Sci. J., 10 (2021), 2977-2998.

[3] Ali,J., Ali, F., Kumar, P.: Approximation of fixed points
for Suzuki’s generalized non-expansive mappings. Mathe-
matics. 7(6), 522 (2019)

[4] Aoyama, K., Kohsaka, F.: Fixed point theorem for a-
nonexpansive mappings in Banach spaces. Nonlinear Anal.
74(13), 4387-4391 (2011)

[5] Bauschke, H. H. and Combettes, P. L., Convex analysis
and monotone operator theory in Hilbert spaces, Springer,
New York, 2011

[6] Browder, F. E., Nonexpansive nonlinear operators in a
Banach space, Proc. Nat. Acad. Sci. USA.,54 (1965),
1041-1044.

[7] Chuadchawna, P., Farajzadeh, A., Kaewcharoen, A., Fixed-
point approximation of generalized nonexpansive map-
pings via generalized M-iteration in hyperbolic spaces,
Int. J. Math. Sci., 2020 (2020), 1-8.

[8] Dhompongsa, S. and Panyanak, B., On 4-convergence
theorems in CAT(0) spaces, Comput. Math. Appl., 56
(2008), No. 10, 2572-2579

[9] Goebel, K. and Kirk, W. A., Iteration processes for non-
expansive mappings, in Singh, S. P, Thomeier, S. and
Watson, B., (Eds), Topological Methods in Nonlinear
Functional Analysis, Contemp. Math., vol. 21, Am. Math.
Soc., Providence, 1983, 115-123

[10] Goebel, K. and Reich, S., Uniform convexity, hyperbolic
geometry and nonexpansive mappings, Marcel Dekker,
New York, 1984

YOS  MANAS Journal of Engineering, Volume 11 (Issue 2) © (2023)

www.journals.manas.edu.kg



N. Kadioglu Karaca / MANAS Journal of Engineering,

11(2)(2023)

228

(11]

(12]

[13]

(14]

(15]

[16]

Khan, A. R., Fukhar-ud-din, H. and Khan, M. A. A., An
implicit algorithm for two finite families of nonexpansive
maps in hyperbolic spaces, Fixed Point Theory Appl.,
2012, (2012), No. 54, 1-12

Kirk, W. A., Panyanak, B., A concept of convergence in
geodesic spaces, Nonlinear Anal. Theory Methods Appl.,
Ser. A, Theory Methods, 68 (12) (2008), 3689-3696.

Kohlenbach, U., Some logical metatheorems with appli-
cations in functional analysis, Trans. Am. Math. Soc., 357
(2005), No. 1, 89-128

Leustean, L., Nonexpansive iterations in uniformly convex
W-hyperbolic spaces, in: Leizarowitz, A., Mordukhovich,
B. S., Shafrir, I. and Zaslavski, A. (Eds), Nonlinear Anal-
ysis and Optimization I: Nonlinear Analysis, Contemp.
Math., vol. 513, Am. Math. Soc., 2010, 193-209

Lim, T. C., Remarks on some fixed point theorems, Proc.
Am. Math. Soc., 60 (1976), No. 1, 179-182

Pandey, R., Pant, R., Rakocevic, V., Shukla, R.,: Approx-
imating fixed points of a general class of nonexpansive
mappings in Banach spaces with applications. Results
Math. 74(1), Article No. 7 (2019)

[17]

[18]

[19]

(20]

[21]

(22]

(23]

Reich, S. and Shafrir, I., Nonexpansive iterations in hyper-
bolic spaces, Nonlinear Anal., 15 (1990), No. 6, 537-558

Shimizu, T. and Takahashi, W., Fixed points of multi-
valued mappings in certain convex metric spaces, Topol.
Methods Nonlinear Anal., 8 (1996), No. 1, 197-203

Suzuki, T., Fixed point theorems and convergence the-
orems for some generalized nonexpansive mappings, J.
Math. Anal. Appl. 340 (2008), no. 2, 1088-1095.

Sahin, A. and Basarir, M., “Some convergence results for
nonexpansive mappings in uniformly convex hyperbolic
spaces,” Creat. Math. Inform., vol. 26, no. 3, pp. 331-338,
2017.

Takahashi, W., A convexity in metric spaces and nonex-
pansive mappings, Kodai Math. Semin. Rep., 22, (1970),
No. 2, 142-149

Uddin, I. and Imdad, M., On certain convergence of S-
iteration scheme in CAT(0) spaces, Kuwait J. Sci., 42
(2015), No. 2, 93-106

Ullah, K., Ahmad, J., & Sen, M. D. L. (2020). On general-
ized nonexpansive maps in Banach spaces. Computation,
8(3), 61.

MANAS Journal of Engineering, Volume 11 (Issue 2) © (2023)

www.journals.manas.edu.kg



	Introduction
	PRELIMINARIES
	MAIN RESULTS



