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Abstract: Describing the group of units in the integral group ring is a famous and
classical open problem. Let S5 and C5 be the symmetric group of order 6 and a
cyclic group of order 3, respectively. In this paper, a description of the units of
the integral group ring Z(S; X C3) of the direct product group S; % Cj
concerning a complex representation of degree two is given. As a result, a part of
the conjecture which is introduced in (Low, 2008) and related to group rings over
a complex integral domain is resolved using representation theory.

Z(S3 X C3) Integral Grup Halkasindaki Birimsel Elemanlar Grubu Uzerine
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Oz: Verilen bir sonlu grubun integral grup halkasindaki birimsel elemanlarin
grubunu belirlemek ¢ogu grup i¢in meshur ve klasik bir agik problemdir. S5 ve
C; sirastyla 6 mertebeli simetrik grup ve 3 mertebeli bir devirli grup olsun. Bu
makalede, iki dereceli bir kompleks temsile gore S; X C5 direkt carpim grubunun
Z(S3 X C5) integral grup halkasinin birimsel elemanlarinin yapist verilmektedir.
Sonug olarak, kompleks bir tamlik bolgesi {lizerinde tamimli grup halkalarina
iliskin (Low, 2008)’ de sunulan konjektiiriin bir kismi, temsil teorisi kullanilarak
¢Oziilmiistiir.

1. Introduction

We denote the integral group ring of a given finite group G over the ring of integers by ZG. Its
elements are all finite sums of the form ¥, a,g where a, € Z. The ring epimorphism defined by
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€:72G — 7,e(g) = 1, is called the augmentation map. The kernel of € is the augmentation
ideal Az(G) ={g — 1: g € G}.

The group of units of ZG is denoted by U(ZG) and the group of units (of augmentation one) is
denoted by U, (ZG). Clearly, +U, (ZG) = U(ZG) and the set +G are the trivial units in U(ZG).

Describing units of integral group rings is a difficult and open classical problem. Over the years,
it has drawn the attention of those working in the areas of algebra, number theory, and algebraic
topology. Most descriptions of U(ZG) in the mathematical literature either give an explicit description
of unit group, the general structure of U(ZG), or a subgroup of finite index of the unit group U(ZG).
Interested readers can read more about group rings in (Jespers & del Rio A, 2016) and (Milies & Sehgal,
2002). Additional information can be found in Sehgal’s comprehensive study (Sehgal, 1993) on the unit
problem in integral group rings.

Units, as well as other special elements in a group ring such as idempotent, nilpotent, etc., are
useful elements to obtain novel results in group ring theory. Kiismiis (2020) introduced some results
related to units which are generated from idempotent elements of group rings. Hanoymak & Kiismiis
(2023) studied some units which are correlated with nilpotent elements in group rings. Jespers &
Parmenter (1993) described U(ZG) for groups of order 16. Jespers & Parmenter (1992) described
U(ZG) where G is the dihedral group of order twelve and for G = Dg X C,. Kelebek & Bilgin (2014)
gave the structure of U(Z(C, xV)) where V is a Klein-4 group. Bilgin, Kiismiis & Low (2016)
determined the unit group of the integral group ring of

T X Cy, =(a,b,x:a® =x* =1,a® = b?,bab™! = a~',ax = xa, bx = xb)

as a semidirect product of finitely generated free groups.

In (Low, 1998 and 2008), a general algebraic framework was developed to study U(ZG™), where
G* =G xC,, where p is prime and G is a finite group. Low (2008) asserts that an implicit
characterization of U(Z(G x C,)) depends on an understanding of the structure of U(RG), where R =
Z[(] is a complex integral domain, for prime p > 3 and ¢ is a primitive pth root of unity.

Eisele et al. (2015) have introduced a general (but implicit) characterization of the unit group of
ZG for some finite groups up to commensurability, using Wedderburn decompositions and idempotent
elements from QGe. Their method is based on exploring an isomorphism between components of
Wedderburn decompositions of QG and QGe, where e € QGe; is a non-central idempotent element
(Eisele et al., 2015). In our paper, we do not utilize idempotent elements as in (Eisele et al., 2015). We

focus on the open problem which is related to the unit group of integral group ring Z(G x Cp), using its
ideals where G is a symmetric group of order 6 and p = 3 found in (Low, 2008). In particular, we
characterize the unit group of the integral group ring of

S3:=83xC3 =(a,b,x:a® =b* =x3=1,bab™! = a1, ax = xa, bx = xb)
in terms of a decomposition of ideals of ZS3. To do this, we utilize linear extensions of a specific
complex representation of degree two of the group S; to some ideals of its integral group ring and
correlate units in ZS3 with the units in some matrix rings.
2. Material and Methods
We first recall the theorem found in (Jespers, 1995) and (Jespers & Parmenter, 1992).

Theorem 2.1. In U; (ZS3), S5 has a torsion-free normal complement which is generated by bicyclic units
as Uy (ZS3) = V x Sz such that V = (up 4, Upg 0 Upaz q), Where

Upqa =1+ (1 —b)a(l+b),
Upga = 1+ (1 — ba)a(l + ba),
Upgzq =1+ (1 —ba*)a(l + ba?).
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Since S5:=S3 X C3 ={a,b,x:a® = b? =x3 =1,bab™! = a™%,ax = xa, bx = xb),
we have

2S5 =~ (ZS3)C3 = {cy + ¢1x + c,x%: ¢; € 1S3},
ZS3 = (ZC3)S3 = {cy + c1a + c3a* + c3b + cyba + ciba?: ¢] € ZC3},
IS; ~ Z[(Cs X C3) % Cy] = {cl! + c}'bicl! € T(Cs X Ca)).

Now, let r, denote the natural projection defined over S3 with m(g) = 1. We can linearly
extend mr, to the integral group ring of S3. Here, we can define the ring epimorphisms as 7,: ZS; —
ZSs,

Ty(Co + C1x + 3x%) = ¢y +¢1 + ¢
and
g 2S5 = (ZC3)S; — Z{b, x) = Z(C, X C3) = (ZC3)C,
such that
2 2
T, (Z a;al + ,Bibai> = z a; + B;b,
i=0 i=0

where c; € ZS; and a;, B; € Z{x) = ZC5 respectively. Thus we observe that

Ker(m,) = ZS3(1 — x) @ ZS5(1 — x2)
and

Ker(m,) = Z{b,x)(1 — a) @D Z{b, x)(1 — a?).

Restricting m, to Ker(m,), the image of an element of the form

Y = o+ vax +v2x*)(1 — @) + (8 + 81x + 5,x*)(1 — a?)

2 2
) =) - @+ Y 81— ad),
i=0 i=0
where y;, §; € Z{b). Thus, kernel of this restriction (denoted by K*) is
K* = {klan + k2a12 + k3a21 + k4a22: ki € Z(b)} c KeT(T[x)

where a;; = (1 — x")(1 — a’) for i,j € {1,2}. Note that this is a direct sum. That is,

K* = 1_[ 1_[ Z(b)a;;.

J
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3. Results

Proposition 3.1. Let K¢ be the kernel of r,, restricted to Ker(m,). Then, K¢ = K*.

Proof. For an element w € K%, we know that w € Ker(m,) and m,(w) = 0. This implies that . (w)
0 and so w € K*. Therefore, K¢ € K*. The converse of this inclusion is similarly shown.

Note that these kernels yield a noncommutative Z(b)-algebra which we denote by J,
(@11, @12, @21, A22)7(p)- IN J4, the following hold:

afy = 4y — 201, — 205, + @y, 1)

af, = —2ay1 + 4aq; + @y — 205, (2)

azy = =201 + ayp + 4z — 20y, 3)

A3y = g — 2045 — 2051 + 40y, 4

11012 = @120 = 2011 + 2013 — A1 — Ay, )

U111 = Ap1Q11 = 2011 — Ay + 201 — Ay, (6)

QAp10z3 = 2011 = A1 + A1p + Ap + App, (7

Q1021 = Q1A = A1 T Agp + Azp + Az, (8)

U120 = Qpp@1p = —Q11 + 201 — Ap1 + 20y, ©))
(21027 = Q2031 = —Qqq — A1y + 2031 + 205, (10)

and

baj, = ayb, bay, = a1b, bayy, = ay1b, bay; = ay,b. (1)

Theorem 3.1. Let J, denote Z(b)(1 — a) @ Z(b)(1 — a?). Then,
U1 (1 +J2) X (b) =V x(a) % (b)

where V is a torsion-free normal complement of S;.

Proof. We know that J, = Z{b)(1 — a) @ Z{b)(1 — a?) is the kernel of the map m,: ZS; — Z(b) by
a — 1. It is known that if I is an augmentation ideal, then the augmentation of I is 0. Hence, the unit
group which is generated from I lies in 1 + I, due to the fact that the augmentation of a unit has to be
one. Thus, U;(1 + J,) = (1 +J,) n U, (ZS3) is the kernel of i, (restricted to the unit groups) with the
exact sequence

15 Uy(1+J2) = Uy (Z85) = Uy (b)) > 1.
Since U; (Z(b)) < U,(ZS5) is an embedding, the sequence splits as

U, (ZS3) = U (1 + J5) x Uy (Z(b)).
As U, (Z(b)) = (b) and U, (ZS3) =V x S5 from Theorem 2.1, we see that

Uy (14 ],) x(b) =V x{a) > (b).
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Theorem 3.2. Let J; denote Z(b)(1 — x) @ Z{b)(1 — x?). Then,
Ui(1+]3) = {x) = C;.

Proof. Let J; = Z(b)(1 — x) D Z{b)(1 — x?). In particular,
]3 = {(ko + klb)(l - x) + (kz + k3b)(1 - xz): ki € Z}

Notice that (b, x) = (bx: o(bx) = 6) = Cg. Then, J5 is the kernel of the ring epimorphism ,.: Z{bx) —
Z(b), given by

5
nx(z ci(bx)i) =(c;+c3+cg)+ (cy+cy+cy)b.

=0
Using the linearity of m,., we have 7,.: U; (Z{bx)) — U, (Z({b)) and
Ker(ft,) = Uy(1+]35) = (1 +]3) N U;(ZCy).

It follows that

15 Uy (1 +J3) = Uy (b)) 3 Uy (Zb)) — 1
and
Uy (Zbx)) = Uy (1 + J3) X Uy (Z(DY).

It is well known that the unit groups of integral group rings of abelian groups of order 2,3,4 and 6 have
to be trivial (Sehgal, 1993). Hence, U, (Z{bx)) = U, (ZCx) = {(bx) and

U, (Z(b)) = UL (ZC;) = (b).
Thus, Cs = U;(1 + J3) X C, and we conclude that U, (1 + J5) = (x) = Cs.

Theorem 3.3. Let [, = (a1, @12, @z1, 22)7py Where a;; = (1 —x')(1—a’), as described in
equations (1)-(11). Then,

Ul(l +]4) = {1 + COW1 + C1W2: Co,C1 € Z}

where W; = (1 —b)(1 —x)(a®? —a)and W, = (1 — b)(1 — x?)(a? — a).

Proof. We know that U; (1 + J,) is implicitly composed of units of the form
By applying a linear extension of the projection operator

1, a=b
nb(a):{a a#bhb

to J,, it is possible to separate this ideal into two distinct parts. Using the short exact sequence

0 - Ker(my) —l>]4 3 Im(my,) = 0,
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note that
Im(my) = {coaq11 + 113 + Coa51 + C3055:C; € 7.

When we move the above sequence to the subgroup U, (1 + J,) of units, we obtain the sequence
15 1+Ker(my) — Uy (1+J) 31+ Im(m,) - 1.

We claim that 1 + Im(m) has no nontrivial units. To see this, consider p(1 + Im(m)),
where p: S5 — GL(2,{w)) is a complex representation of degree two such that

p@=[0 oa]ew =[] gleeo=[g ]=wb

and w is the primitive 3rd root of unity. Restriction of p to ideal J, gives the following
representations:

play) = (2)(1 ) med (()1 —w)+(1- wz)]’

plagp) = (()1 Ty -eh 2(1 —w)—(1- wz)]’
plaz,) = :81 —o)+U-0f 2(1 —w)+2(1—w®)l
plaz) = :81 AR (1(1 —w)+2(1- )
plaz) = :0_(1 T ey ?1 —w)+ (1 -l

As a linear operator, extending p to integral group ring ZS; yields the representation of a unit in 1 +
Im(m,) as

_fug O
pw) =1, uy
with inverse
w0
P [0 ual]
where

U, = 1+ (ZCO + Cq1 + Cy — C3)(1 - (JJ) + (_CO + Cq1 + Cy + 2C3)(1 - (IJZ),

U, =1+ (co +2¢; — ¢, + c3)(1 — w) + (¢cy — ¢ + 2¢, + c3)(1 — w?).
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As Det(p(u)) = uyu, € U, (Z{w)) and U; (Z{w)) = U;(ZC3) = C5, we see that both u; and u, must
be trivial units. Moreover, notice that u; = u, = 1. Thus, we conclude that

U(1+],) = (1 + Ker(m,)) n U (1 + ).

Recall that
KeT(T[b) = {(1 - b)(d0a11 + d1a12 + d2a21 + d3a22): di € Z}

Since v € (1 + Ker(mp)) N U; (1 + ],), the representation p(v) is obtained as

1+v; —v,
—-v; 1+v,

p(v) =

where

V= (Zdo + d1 + d2 - d3)(1 - 0)) + (_do + dl + dz + 2d3)(1 - (1)2)
and

Uy, = (do + Zdl - d2 + dg)(l - (J)) + (do - dl + 2d2 + dg)(l - (IJZ).
Observe that Det(p(v)) = 1 + v; + v, is invertible if and only if

Det(p(u)) =14+ (1 —w)(Bdy +3d;) + (1 — w?)(3d, + 3d3) € U, (Z{w)) = (w).

Hence, we deduce that dy, + d; = 0 and d, + d5 = 0. This shows us that v can be written in
the fOI’m vV = 1 + d0W1 + dez.

Since W, and W, are nilpotent elements of nilpotency index two and W, W, = W,W; = 0, the
subgroup U, (1 + J,) consists of units of form v = 1 + dyW; + d,W, with the inverse v™1 =1 —
doW; — d,W,. Itis clear that U; (1 + J,) is torsion-free since

u =1+ ncyW; + ne; W,
fOI’ any n € Z. ThUS, U1(1 +]4) = {1 + C0W1 + C1W2: Co, C1 € Z}
Corollary 3.1. U(ZS3) = (Ui (1 +]4) X C3) x (V x S3) where C3; = (x), V is a torsion-free normal
complement of S; and U;(1 +J,) = {1 + coW; + c;W,: ¢y, c; € Z} such that W, and W, are as

obtained in Theorem 3.3.
Proof. We construct the following commutative diagram of exact sequences:

A S Zho-a®d-a)] 3
L . l !
ZS:[(1—x) ® (1—x?)] — 7S; 5 s,
! | Il !
Js S Z(b, x) % ub)

Since the inverses of the projections i, and m, are embeddings, the sequences split in all of the rows
and columns. This implies that
753 = [ZS5;(1 — x) @ ZS;(1 — x2)] } ZS;,

7S5 = [Z{b,x)(1 — a) @ Z(b, x)(1 — a?)] x Z({b, x),

1S3 = ], X Z{b),
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]4, >413 = ZS3(1 - x) @ ZS3(1 - xz),
Ja» ] = Z{b, x)(1 — a) @ Z{b,x)(1 — a?),

Z{b,x) = J3 X Z(b).
Moving these sequences and split extensions to the unit groups level, we have

UL +J4) S UA+zZb -0 ®A-a)) 3 Ud+])
l l l
UL +ZS[(1-x) D (1 —xD)]) - U(ZS2) 5 uasy
l l l
U +J5) > U(Z(b, x)) 5 uoy

We can conclude that
U(ZS;) =UQ +]J,) x U +]3)x U+ J,) x U(Z(b)).
Using Theorems 3.2. and 3.3., we obtain
U(ZS3) = (U (1 +],) X C3) x (V= S3).
4. Discussion and Conclusion

Keeping in mind that S; has a torsion-free normal complement which is generated by bicyclic
units and every Z-module has a complex representation of finite degree, we have reduced the problem
of describing the unit group of ZS3 to the problem of detecting units in matrix rings. We have moved a
complex representation of S; of degree 2 to a matrix ring whose entries are from the complex integral
domain Z[w] where w3 = 1. It is clear that Z[{] = Z when {? = 1 and so we have characterization of
the unit group of integral group ring Z(G X C,) in terms of the unit group in ZG for a given finite group
G and a cyclic group C, of order 2 as in (Low, 2008). However, giving an explicit description of
U(Z(G % Cp)) through ideals of Z(G X C,) and its complex representations over Z[8] is still an open
problem when p = 3 and 6 is primitive pth root of unity. In this paper, we have given an approach to
this problem for p = 3 and proved that U(ZS3) consists of trivial units, torsion-free units and torsion-
free normal complement of S using representation theory of finite groups.

The problem of establishing an explicit characterization of the unit group in the integral group
ring for a given (as a general form) direct product group still remains an open problem. In this regard,
we believe that the topic holds significant interest for researchers working on group rings and the
representation theory of finite groups. This serves as a substantial source of motivation for future
research endeavors.
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