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1. Introduction  

 

We denote the integral group ring of a given finite group 𝐺 over the ring of integers by ℤ𝐺. Its 

elements are all finite sums of the form ∑𝑔∈𝐺 𝛼𝑔𝑔 where 𝛼𝑔 ∈ ℤ. The ring epimorphism defined by 
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cyclic group of order 3, respectively. In this paper, a description of the units of 

the integral group ring ℤ(𝑆3 × 𝐶3)  of the direct product group 𝑆3 × 𝐶3 
concerning a complex representation of degree two is given. As a result, a part of 

the conjecture which is introduced in (Low, 2008) and related to group rings over 

a complex integral domain is resolved using representation theory. 
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ℤ(𝑆3 × 𝐶3) integral grup halkasının birimsel elemanlarının yapısı verilmektedir. 

Sonuç olarak, kompleks bir tamlık bölgesi üzerinde tanımlı grup halkalarına 
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𝜖: ℤ𝐺 ⟶ ℤ, 𝜖(𝑔) = 1, is called the augmentation map. The kernel of 𝜖 is the augmentation 

ideal Δℤ(𝐺) = {𝑔 − 1: 𝑔 ∈ 𝐺}. 
The group of units of ℤ𝐺 is denoted by 𝑈(ℤ𝐺) and the group of units (of augmentation one) is 

denoted by 𝑈1(ℤ𝐺). Clearly, ±𝑈1(ℤ𝐺) = 𝑈(ℤ𝐺) and the set ±𝐺 are the trivial units in 𝑈(ℤ𝐺). 
Describing units of integral group rings is a difficult and open classical problem. Over the years, 

it has drawn the attention of those working in the areas of algebra, number theory, and algebraic 

topology. Most descriptions of 𝑈(ℤ𝐺) in the mathematical literature either give an explicit description 

of unit group, the general structure of 𝑈(ℤ𝐺), or a subgroup of finite index of the unit group 𝑈(ℤ𝐺). 
Interested readers can read more about group rings in (Jespers & del Rio A, 2016) and (Milies & Sehgal, 

2002). Additional information can be found in Sehgal’s comprehensive study (Sehgal, 1993) on the unit 

problem in integral group rings. 

Units, as well as other special elements in a group ring such as idempotent, nilpotent, etc., are 

useful elements to obtain novel results in group ring theory. Küsmüş (2020) introduced some results 

related to units which are generated from idempotent elements of group rings. Hanoymak & Küsmüş 

(2023) studied some units which are correlated with nilpotent elements in group rings. Jespers & 

Parmenter (1993) described 𝑈(ℤ𝐺) for groups of order 16. Jespers & Parmenter (1992) described 

𝑈(ℤ𝐺) where 𝐺 is the dihedral group of order twelve and for 𝐺 = 𝐷8 × 𝐶2. Kelebek & Bilgin (2014) 

gave the structure of 𝑈(ℤ(𝐶𝑛 × 𝑉))  where 𝑉  is a Klein-4 group. Bilgin, Küsmüş & Low (2016) 

determined the unit group of the integral group ring of 

   

𝑇 × 𝐶2 = ⟨𝑎, 𝑏, 𝑥: 𝑎
6 = 𝑥2 = 1, 𝑎3 = 𝑏2, 𝑏𝑎𝑏−1 = 𝑎−1, 𝑎𝑥 = 𝑥𝑎, 𝑏𝑥 = 𝑥𝑏⟩ 

 

 

as a semidirect product of finitely generated free groups. 

In (Low, 1998 and 2008), a general algebraic framework was developed to study 𝑈(ℤ𝐺∗), where 

𝐺∗ = 𝐺 × 𝐶𝑝 , where 𝑝  is prime and 𝐺  is a finite group. Low (2008) asserts that an implicit 

characterization of 𝑈(ℤ(𝐺 × 𝐶𝑝)) depends on an understanding of the structure of 𝑈(𝑅𝐺), where 𝑅 =

ℤ[ζ] is a complex integral domain, for prime 𝑝 ≥ 3 and ζ is a primitive 𝑝th root of unity. 

Eisele et al. (2015) have introduced a general (but implicit) characterization of the unit group of 

ℤ𝐺 for some finite groups up to commensurability, using Wedderburn decompositions and idempotent 

elements from ℚ𝐺𝑒 . Their method is based on exploring an isomorphism between components of 

Wedderburn decompositions of ℚ𝐺  and ℚ𝐺𝑒, where 𝑒 ∈ ℚ𝐺𝑒𝑖  is a non-central idempotent element 

(Eisele et al., 2015). In our paper, we do not utilize idempotent elements as in (Eisele et al., 2015). We 

focus on the open problem which is related to the unit group of integral group ring ℤ(𝐺 × 𝐶𝑝), using its 

ideals where 𝐺 is a symmetric group of order 6 and 𝑝 = 3 found in (Low, 2008). In particular, we 

characterize the unit group of the integral group ring of  

  

𝑆3
∗: = 𝑆3 × 𝐶3 = ⟨𝑎, 𝑏, 𝑥: 𝑎

3 = 𝑏2 = 𝑥3 = 1, 𝑏𝑎𝑏−1 = 𝑎−1, 𝑎𝑥 = 𝑥𝑎, 𝑏𝑥 = 𝑥𝑏⟩ 
 

 

in terms of a decomposition of ideals of ℤ𝑆3
∗. To do this, we utilize linear extensions of a specific 

complex representation of degree two of the group 𝑆3
∗ to some ideals of its integral group ring and 

correlate units in ℤ𝑆3
∗ with the units in some matrix rings. 

 

2. Material and Methods 

 

We first recall the theorem found in (Jespers, 1995) and (Jespers & Parmenter, 1992). 

 

Theorem 2.1. In 𝑈1(ℤ𝑆3), 𝑆3 has a torsion-free normal complement which is generated by bicyclic units 

as 𝑈1(ℤ𝑆3) = 𝑉 ⋊ 𝑆3 such that 𝑉 = ⟨𝑢𝑏,𝑎, 𝑢𝑏𝑎,𝑎, 𝑢𝑏𝑎2,𝑎⟩, where  

  

 

𝑢𝑏,𝑎 = 1 + (1 − 𝑏)𝑎(1 + 𝑏),  

𝑢𝑏𝑎,𝑎 = 1 + (1 − 𝑏𝑎)𝑎(1 + 𝑏𝑎),  

𝑢𝑏𝑎2,𝑎 = 1 + (1 − 𝑏𝑎
2)𝑎(1 + 𝑏𝑎2).  
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Since 𝑆3
∗: = 𝑆3 × 𝐶3 = ⟨𝑎, 𝑏, 𝑥: 𝑎

3 = 𝑏2 = 𝑥3 = 1, 𝑏𝑎𝑏−1 = 𝑎−1, 𝑎𝑥 = 𝑥𝑎, 𝑏𝑥 = 𝑥𝑏⟩, 
we have  

 

ℤ𝑆3
∗ ≃ (ℤ𝑆3)𝐶3 = {𝑐0 + 𝑐1𝑥 + 𝑐2𝑥

2: 𝑐𝑖 ∈ ℤ𝑆3},  

 

ℤ𝑆3
∗ ≃ (ℤ𝐶3)𝑆3 = {𝑐0

′ + 𝑐1
′𝑎 + 𝑐2

′𝑎2 + 𝑐3
′𝑏 + 𝑐4

′𝑏𝑎 + 𝑐5
′𝑏𝑎2: 𝑐𝑖

′ ∈ ℤ𝐶3},  

 

ℤ𝑆3
∗ ≃ ℤ[(𝐶3 × 𝐶3) ⋊ 𝐶2] ≃ {𝑐1

′′ + 𝑐1
′′𝑏: 𝑐𝑖

′′ ∈ ℤ(𝐶3 × 𝐶3)}. 
 

 

Now, let 𝜋𝑔  denote the natural projection defined over 𝑆3
∗  with 𝜋(𝑔) = 1. We can linearly 

extend 𝜋𝑔 to the integral group ring of 𝑆3
∗. Here, we can define the ring epimorphisms as 𝜋𝑥: ℤ𝑆3

∗⟶

ℤ𝑆3,  

  

𝜋𝑥(𝑐0 + 𝑐1𝑥 + 𝑐2𝑥
2) = 𝑐0 + 𝑐1 + 𝑐2  

 

and  

  

𝜋𝑎: ℤ𝑆3
∗ ≃ (ℤ𝐶3)𝑆3⟶ ℤ⟨𝑏, 𝑥⟩ ≃ ℤ(𝐶2 × 𝐶3) ≃ (ℤ𝐶3)𝐶2  

 

such that  

  

𝜋𝑎 (∑

2

𝑖=0

𝛼𝑖𝑎
𝑖 + 𝛽𝑖𝑏𝑎

𝑖) =∑

2

𝑖=0

𝛼𝑖 + 𝛽𝑖𝑏, 
 

 

 

where 𝑐𝑖 ∈ ℤ𝑆3 and 𝛼𝑖 , 𝛽𝑖 ∈ ℤ⟨𝑥⟩ ≃ ℤ𝐶3, respectively. Thus we observe that  

 

𝐾𝑒𝑟(𝜋𝑥) = ℤ𝑆3(1 − 𝑥) ⊕ ℤ𝑆3(1 − 𝑥
2)  

 

and 

   

𝐾𝑒𝑟(𝜋𝑎) = ℤ⟨𝑏, 𝑥⟩(1 − 𝑎) ⊕ ℤ⟨𝑏, 𝑥⟩(1 − 𝑎2).  

 

Restricting 𝜋𝑥 to 𝐾𝑒𝑟(𝜋𝑎), the image of an element of the form   

 

𝛾 = (𝛾0 + 𝛾1𝑥 + 𝛾2𝑥
2)(1 − 𝑎) + (𝛿0 + 𝛿1𝑥 + 𝛿2𝑥

2)(1 − 𝑎2)  

 

is  

  

𝜋𝑥(𝛾) =∑

2

𝑖=0

𝛾𝑖(1 − 𝑎) +∑

2

𝑖=0

𝛿𝑖(1 − 𝑎
2), 

 

 

 

where 𝛾𝑖 , 𝛿𝑖 ∈ ℤ⟨𝑏⟩. Thus, kernel of this restriction (denoted by 𝐾𝑥) is  

  

𝐾𝑥 = {𝑘1𝛼11 + 𝑘2𝛼12 + 𝑘3𝛼21 + 𝑘4𝛼22: 𝑘𝑖 ∈ ℤ⟨𝑏⟩} ⊆ 𝐾𝑒𝑟(𝜋𝑥) 
 

 

where 𝛼𝑖𝑗 = (1 − 𝑥
𝑖)(1 − 𝑎𝑗) for 𝑖, 𝑗 ∈ {1,2}. Note that this is a direct sum. That is,  

𝐾𝑥 =∏

𝑗

∏

𝑖

ℤ⟨𝑏⟩𝛼𝑖𝑗 . 
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3. Results 

 

Proposition 3.1. Let 𝐾𝑎 be the kernel of 𝜋𝑎, restricted to 𝐾𝑒𝑟(𝜋𝑥). Then, 𝐾𝑎 = 𝐾𝑥 . 
 

Proof. For an element 𝑤 ∈ 𝐾𝑎, we know that 𝑤 ∈ 𝐾𝑒𝑟(𝜋𝑥) and 𝜋𝑎(𝑤) = 0. This implies that 𝜋𝑥(𝑤) =
0 and so 𝑤 ∈ 𝐾𝑥. Therefore, 𝐾𝑎 ⊆ 𝐾𝑥. The converse of this inclusion is similarly shown.  

Note that these kernels yield a noncommutative ℤ〈𝑏〉 -algebra which we denote by 𝐽4 =
⟨𝛼11, 𝛼12, 𝛼21, 𝛼22⟩ℤ〈𝑏〉. In 𝐽4, the following hold:  

 

𝛼11
2 = 4𝛼11 − 2𝛼12 − 2𝛼21 + 𝛼22, (1) 

 

𝛼12
2 = −2𝛼11 + 4𝛼12 + 𝛼21 − 2𝛼22, (2) 

 

𝛼21
2 = −2𝛼11 + 𝛼12 + 4𝛼21 − 2𝛼22, (3) 

 

𝛼22
2 = 𝛼11 − 2𝛼12 − 2𝛼21 + 4𝛼22, (4) 

 

𝛼11𝛼12 = 𝛼12𝛼11 = 2𝛼11 + 2𝛼12 − 𝛼21 − 𝛼22, (5) 

 

𝛼11𝛼21 = 𝛼21𝛼11 = 2𝛼11 − 𝛼12 + 2𝛼21 − 𝛼22, (6) 

 

𝛼11𝛼22 = 𝛼22𝛼11 = 𝛼11 + 𝛼12 + 𝛼21 + 𝛼22, (7) 

 

𝛼12𝛼21 = 𝛼21𝛼12 = 𝛼11 + 𝛼12 + 𝛼21 + 𝛼22, (8) 

 

𝛼12𝛼22 = 𝛼22𝛼12 = −𝛼11 + 2𝛼12 − 𝛼21 + 2𝛼22, (9) 

 

𝛼21𝛼22 = 𝛼22𝛼21 = −𝛼11 − 𝛼12 + 2𝛼21 + 2𝛼22 (10) 

 

and  

  

𝑏𝛼11 = 𝛼12𝑏,   𝑏𝛼12 = 𝛼11𝑏,   𝑏𝛼22 = 𝛼21𝑏,   𝑏𝛼21 = 𝛼22𝑏. (11) 

 

Theorem 3.1. Let 𝐽2 denote ℤ⟨𝑏⟩(1 − 𝑎)⊕ ℤ⟨𝑏⟩(1 − 𝑎2). Then,  

  

𝑈1(1 + 𝐽2) ⋊ ⟨𝑏⟩ ≃ 𝑉 ⋊ ⟨𝑎⟩ ⋊ ⟨𝑏⟩  

 

where 𝑉 is a torsion-free normal complement of 𝑆3.   

 

Proof. We know that 𝐽2 = ℤ⟨𝑏⟩(1 − 𝑎) ⊕ ℤ⟨𝑏⟩(1 − 𝑎2) is the kernel of the map 𝜋𝑎: ℤ𝑆3⟶ ℤ⟨𝑏⟩ by 

𝑎 ↦ 1. It is known that if 𝐼 is an augmentation ideal, then the augmentation of 𝐼 is 0. Hence, the unit 

group which is generated from 𝐼 lies in 1 + 𝐼, due to the fact that the augmentation of a unit has to be 

one. Thus, 𝑈1(1 + 𝐽2) = (1 + 𝐽2) ∩ 𝑈1(ℤ𝑆3
∗) is the kernel of 𝜋𝑎 (restricted to the unit groups) with the 

exact sequence  

  

1 → 𝑈1(1 + 𝐽2)
𝑖
→𝑈1(ℤ𝑆3)

𝜋𝑎
→ 𝑈1(ℤ⟨𝑏⟩) → 1. 

 

 

Since 𝑈1(ℤ⟨𝑏⟩) ↪ 𝑈1(ℤ𝑆3) is an embedding, the sequence splits as  

 

𝑈1(ℤ𝑆3) = 𝑈1(1 + 𝐽2) ⋊ 𝑈1(ℤ⟨𝑏⟩).  

As 𝑈1(ℤ⟨𝑏⟩) = ⟨𝑏⟩ and 𝑈1(ℤ𝑆3) = 𝑉 ⋊ 𝑆3 from Theorem 2.1, we see that  

 

𝑈1(1 + 𝐽2) ⋊ ⟨𝑏⟩ ≃ 𝑉 ⋊ ⟨𝑎⟩ ⋊ ⟨𝑏⟩.  
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Theorem 3.2. Let 𝐽3 denote ℤ⟨𝑏⟩(1 − 𝑥) ⊕ ℤ⟨𝑏⟩(1 − 𝑥2). Then,  

 

𝑈1(1 + 𝐽3) = ⟨𝑥⟩ ≃ 𝐶3. 
 

 

Proof. Let 𝐽3 = ℤ⟨𝑏⟩(1 − 𝑥) ⊕ ℤ⟨𝑏⟩(1 − 𝑥2). In particular,  

𝐽3 = {(𝑘0 + 𝑘1𝑏)(1 − 𝑥) + (𝑘2 + 𝑘3𝑏)(1 − 𝑥
2): 𝑘𝑖 ∈ ℤ}.  

 

Notice that ⟨𝑏, 𝑥⟩ ≃ ⟨𝑏𝑥: 𝑜(𝑏𝑥) = 6⟩ ≃ 𝐶6. Then, 𝐽3 is the kernel of the ring epimorphism 𝜋𝑥: ℤ⟨𝑏𝑥⟩ ⟶
ℤ⟨𝑏⟩, given by  

  

𝜋𝑥(∑

5

𝑖=0

𝑐𝑖(𝑏𝑥)
𝑖) = (𝑐1 + 𝑐3 + 𝑐5) + (𝑐0 + 𝑐2 + 𝑐4)𝑏. 

 

 

 

Using the linearity of 𝜋𝑥, we have �̃�𝑥: 𝑈1(ℤ⟨𝑏𝑥⟩) ⟶ 𝑈1(ℤ⟨𝑏⟩) and  

  

𝐾𝑒𝑟(�̃�𝑥) = 𝑈1(1 + 𝐽3) = (1 + 𝐽3) ∩ 𝑈1(ℤ𝐶6).  

 

It follows that  

  

1 → 𝑈1(1 + 𝐽3)
𝑖
→𝑈1(ℤ⟨𝑏𝑥⟩)

�̃�𝑥
→ 𝑈1(ℤ⟨𝑏⟩) → 1 

 

 

and  

  

𝑈1(ℤ⟨𝑏𝑥⟩) = 𝑈1(1 + 𝐽3) × 𝑈1(ℤ⟨𝑏⟩).  

 

It is well known that the unit groups of integral group rings of abelian groups of order 2,3,4 and 6 have 

to be trivial (Sehgal, 1993). Hence, 𝑈1(ℤ⟨𝑏𝑥⟩) ≃ 𝑈1(ℤ𝐶6) = ⟨𝑏𝑥⟩ and  

  

𝑈1(ℤ⟨𝑏⟩) ≃ 𝑈1(ℤ𝐶2) = ⟨𝑏⟩. 
 

 

Thus, 𝐶6 ≃ 𝑈1(1 + 𝐽3) × 𝐶2 and we conclude that 𝑈1(1 + 𝐽3) = ⟨𝑥⟩ ≃ 𝐶3. 

 

Theorem 3.3. Let 𝐽4 = ⟨𝛼11, 𝛼12, 𝛼21, 𝛼22⟩ℤ〈𝑏〉  where 𝛼𝑖𝑗 = (1 − 𝑥
𝑖)(1 − 𝑎𝑗), as described in 

equations (1)-(11). Then, 

 

𝑈1(1 + 𝐽4) = {1 + 𝑐0𝑊1 + 𝑐1𝑊2: 𝑐0, 𝑐1 ∈ ℤ} 
 

where 𝑊1 = (1 − 𝑏)(1 − 𝑥)(𝑎
2 − 𝑎) and 𝑊2 = (1 − 𝑏)(1 − 𝑥

2)(𝑎2 − 𝑎). 
 

Proof. We know that 𝑈1(1 + 𝐽4) is implicitly composed of units of the form  

 

𝑢 = 1 + (𝑘0 + 𝑙0𝑏)𝛼11 + (𝑘1 + 𝑙1𝑏)𝛼12 + (𝑘2 + 𝑙2𝑏)𝛼21 + (𝑘3 + 𝑙3𝑏)𝛼22.  

 

By applying a linear extension of the projection operator  

 

𝜋𝑏(𝛼) = {
1, 𝛼 = 𝑏
𝛼, 𝛼 ≠ 𝑏

 
 

 

to 𝐽4, it is possible to separate this ideal into two distinct parts. Using the short exact sequence 

 

0 → 𝐾𝑒𝑟(𝜋𝑏)
𝑖
→ 𝐽4

𝜋𝑏
→ 𝐼𝑚(𝜋𝑏) → 0, 
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note that  

 

𝐼𝑚(𝜋𝑏) = {𝑐0𝛼11 + 𝑐1𝛼12 + 𝑐2𝛼21 + 𝑐3𝛼22: 𝑐𝑖 ∈ ℤ}. 
 

 

When we move the above sequence to the subgroup 𝑈1(1 + 𝐽4) of units, we obtain the sequence   

1 → 1 + 𝐾𝑒𝑟(𝜋𝑏)
𝑖
→𝑈1(1 + 𝐽4)

𝜋𝑏
→ 1 + 𝐼𝑚(𝜋𝑏) → 1. 

 

 

We claim that 1 + 𝐼𝑚(𝜋𝑏) has no nontrivial units. To see this, consider 𝜌(1 + 𝐼𝑚(𝜋𝑏)),  
where 𝜌: 𝑆3

∗⟶ 𝐺𝐿(2, ⟨𝜔⟩) is a complex representation of degree two such that  

 

𝜌(𝑎) = [
𝜔 0
0 𝜔2

] , 𝜌(𝑏) = [
0 1
1 0

] , 𝜌(𝑥) = [
𝜔 0
0 𝜔

] = 𝜔𝐼2 

 

 

and 𝜔 is the primitive 3rd root of unity. Restriction of 𝜌 to ideal 𝐽4 gives the following  

representations:  

 

𝜌(𝛼11) = [
2(1 − 𝜔) − (1 − 𝜔2) 0

0 (1 − 𝜔) + (1 − 𝜔2)
], 

 

 

𝜌(𝛼12) = [
(1 − 𝜔) + (1 − 𝜔2) 0

0 2(1 − 𝜔) − (1 − 𝜔2)
], 

 

 

𝜌(𝛼21) = [
(1 − 𝜔) + (1 − 𝜔2) 0

0 −(1 − 𝜔) + 2(1 − 𝜔2)
], 

 

  

𝜌(𝛼21) = [
(1 − 𝜔) + (1 − 𝜔2) 0

0 −(1 − 𝜔) + 2(1 − 𝜔2)
], 

 

 

𝜌(𝛼22) = [
−(1 − 𝜔) + 2(1 − 𝜔2) 0

0 (1 − 𝜔) + (1 − 𝜔2)
]. 

 

 

As a linear operator, extending 𝜌 to integral group ring ℤ𝑆3
∗ yields the representation of a unit in 1 +

𝐼𝑚(𝜋𝑏) as  

  

𝜌(𝑢) = [
𝑢1 0
0 𝑢2

] 
 

 

with inverse  

  

𝜌(𝑢)−1 = [
𝑢1
−1 0

0 𝑢2
−1] 

 

 

where  

 

  

𝑢1 = 1 + (2𝑐0 + 𝑐1 + 𝑐2 − 𝑐3)(1 − 𝜔) + (−𝑐0 + 𝑐1 + 𝑐2 + 2𝑐3)(1 − 𝜔
2), 

 

 

𝑢2 = 1 + (𝑐0 + 2𝑐1 − 𝑐2 + 𝑐3)(1 − 𝜔) + (𝑐0 − 𝑐1 + 2𝑐2 + 𝑐3)(1 − 𝜔
2). 
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As 𝐷𝑒𝑡(𝜌(𝑢)) = 𝑢1𝑢2 ∈ 𝑈1(ℤ⟨𝜔⟩) and 𝑈1(ℤ⟨𝜔⟩) ≃ 𝑈1(ℤ𝐶3) ≃ 𝐶3, we see that both 𝑢1 and 𝑢2 must 

be trivial units. Moreover, notice that 𝑢1 = 𝑢2 = 1. Thus, we conclude that  

  

𝑈1(1 + 𝐽4) = (1 + 𝐾𝑒𝑟(𝜋𝑏)) ∩ 𝑈1(1 + 𝐽4).  

 

Recall that  

𝐾𝑒𝑟(𝜋𝑏) = {(1 − 𝑏)(𝑑0𝛼11 + 𝑑1𝛼12 + 𝑑2𝛼21 + 𝑑3𝛼22): 𝑑𝑖 ∈ ℤ}.  

 

Since 𝑣 ∈ (1 + 𝐾𝑒𝑟(𝜋𝑏)) ∩ 𝑈1(1 + 𝐽4), the representation 𝜌(𝑣) is obtained as 

 

𝜌(𝑣) = [
1 + 𝑣1 −𝑣2
−𝑣1 1 + 𝑣2

] 
 

 

where  

  

𝑣1 = (2𝑑0 + 𝑑1 + 𝑑2 − 𝑑3)(1 − 𝜔) + (−𝑑0 + 𝑑1 + 𝑑2 + 2𝑑3)(1 − 𝜔
2)  

 

and  

 

𝑣2 = (𝑑0 + 2𝑑1 − 𝑑2 + 𝑑3)(1 − 𝜔) + (𝑑0 − 𝑑1 + 2𝑑2 + 𝑑3)(1 − 𝜔
2). 

 

 

Observe that 𝐷𝑒𝑡(𝜌(𝑣)) = 1 + 𝑣1 + 𝑣2 is invertible if and only if  

 

𝐷𝑒𝑡(𝜌(𝑢)) = 1 + (1 − 𝜔)(3𝑑0 + 3𝑑1) + (1 − 𝜔
2)(3𝑑2 + 3𝑑3) ∈ 𝑈1(ℤ⟨𝜔⟩) = ⟨𝜔⟩. 

 

 

Hence, we deduce that 𝑑0 + 𝑑1 = 0 and 𝑑2 + 𝑑3 = 0. This shows us that 𝑣 can be written in  

the form 𝑣 = 1 + 𝑑0𝑊1 + 𝑑2𝑊2. 
Since 𝑊1 and 𝑊2 are nilpotent elements of nilpotency index two and 𝑊1𝑊2 = 𝑊2𝑊1 = 0, the 

subgroup 𝑈1(1 + 𝐽4)  consists of units of form 𝑣 = 1 + 𝑑0𝑊1 + 𝑑2𝑊2  with the inverse 𝑣−1 = 1 −
𝑑0𝑊1 − 𝑑2𝑊2. It is clear that 𝑈1(1 + 𝐽4) is torsion-free since  

 

𝑢𝑛 = 1 + 𝑛𝑐0𝑊1 + 𝑛𝑐1𝑊2 

 

 

for any 𝑛 ∈ ℤ. Thus, 𝑈1(1 + 𝐽4) = {1 + 𝑐0𝑊1 + 𝑐1𝑊2: 𝑐0, 𝑐1 ∈ ℤ}. 
 

Corollary 3.1. 𝑈(ℤ𝑆3
∗) = (𝑈1(1 + 𝐽4) × 𝐶3) ⋊ (𝑉 ⋊ 𝑆3) where 𝐶3 = ⟨𝑥⟩, 𝑉  is a torsion-free normal 

complement of 𝑆3  and 𝑈1(1 + 𝐽4) = {1 + 𝑐0𝑊1 + 𝑐1𝑊2: 𝑐0, 𝑐1 ∈ ℤ}  such that 𝑊1  and 𝑊2  are as 

obtained in Theorem 3.3. 

Proof. We construct the following commutative diagram of exact sequences:  

 

𝐽4
𝑖
→ 𝑍⟨𝑏, 𝑥⟩[(1 − 𝑎) ⊕ (1 − 𝑎2)]

𝜋𝑥
→ 𝐽2

↓ ↓ ↓

ℤ𝑆3[(1 − 𝑥) ⊕ (1 − 𝑥2)]
𝑖
→ ℤ𝑆3

∗
𝜋𝑥
→ ℤ𝑆3

↓ ↓ ↓

𝐽3
𝑖
→ ℤ⟨𝑏, 𝑥⟩

𝜋𝑥
→ ℤ⟨𝑏⟩

 

 

 

 

 

 

Since the inverses of the projections 𝜋𝑎 and 𝜋𝑥 are embeddings, the sequences split in all of the rows 

and columns. This implies that  

ℤ𝑆3
∗ = [ℤ𝑆3(1 − 𝑥) ⊕ ℤ𝑆3(1 − 𝑥

2)] ⋊ ℤ𝑆3,  

 

ℤ𝑆3
∗ = [ℤ⟨𝑏, 𝑥⟩(1 − 𝑎) ⊕ ℤ⟨𝑏, 𝑥⟩(1 − 𝑎2)] ⋊ ℤ⟨𝑏, 𝑥⟩,  

 

ℤ𝑆3 = 𝐽2 ⋊ ℤ⟨𝑏⟩,  
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𝐽4 ⋊ 𝐽3 = ℤ𝑆3(1 − 𝑥) ⊕ ℤ𝑆3(1 − 𝑥
2),  

 

𝐽4 ⋊ 𝐽2 = ℤ⟨𝑏, 𝑥⟩(1 − 𝑎) ⊕ ℤ⟨𝑏, 𝑥⟩(1 − 𝑎2),  

 

ℤ⟨𝑏, 𝑥⟩ = 𝐽3 × ℤ⟨𝑏⟩.  

Moving these sequences and split extensions to the unit groups level, we have  

 

𝑈(1 + 𝐽4)
𝑖
→ 𝑈(1 + 𝑍⟨𝑏, 𝑥⟩[(1 − 𝑎)⊕ (1 − 𝑎2)])

𝜋𝑥
→ 𝑈(1 + 𝐽2)

↓ ↓ ↓

𝑈(1 + ℤ𝑆3[(1 − 𝑥)⊕ (1 − 𝑥2)])
𝑖
→ 𝑈(ℤ𝑆3

∗)
𝜋𝑥
→ 𝑈(ℤ𝑆3)

↓ ↓ ↓

𝑈(1 + 𝐽3)
𝑖
→ 𝑈(ℤ⟨𝑏, 𝑥⟩)

𝜋𝑥
→ 𝑈(ℤ⟨𝑏⟩)

 

 

 

 

 

 

We can conclude that  

 

𝑈(ℤ𝑆3
∗) = 𝑈(1 + 𝐽4) ⋊ 𝑈(1 + 𝐽3) ⋊ 𝑈(1 + 𝐽2) ⋊ 𝑈(ℤ⟨𝑏⟩).  

 

Using Theorems 3.2. and 3.3., we obtain  

 

𝑈(ℤ𝑆3
∗) = (𝑈1(1 + 𝐽4) × 𝐶3) ⋊ (𝑉 ⋊ 𝑆3).  

 

4. Discussion and Conclusion 

 

Keeping in mind that 𝑆3 has a torsion-free normal complement which is generated by bicyclic 

units and every ℤ-module has a complex representation of finite degree, we have reduced the problem 

of describing the unit group of ℤ𝑆3
∗ to the problem of detecting units in matrix rings. We have moved a 

complex representation of 𝑆3 of degree 2 to a matrix ring whose entries are from the complex integral 

domain ℤ[𝜔] where 𝜔3 = 1. It is clear that ℤ[𝜁] = ℤ when 𝜁2 = 1 and so we have characterization of 

the unit group of integral group ring ℤ(𝐺 × 𝐶2) in terms of the unit group in ℤ𝐺 for a given finite group 

𝐺  and a cyclic group 𝐶2  of order 2 as in (Low, 2008). However, giving an explicit description of 

𝑈(ℤ(𝐺 × 𝐶𝑝)) through ideals of ℤ(𝐺 × 𝐶𝑝) and its complex representations over ℤ[𝜃] is still an open 

problem when 𝑝 ≥ 3 and 𝜃 is primitive 𝑝th root of unity. In this paper, we have given an approach to 

this problem for 𝑝 = 3 and proved that 𝑈(𝑍𝑆3
∗) consists of trivial units, torsion-free units and torsion-

free normal complement of 𝑆3, using representation theory of finite groups.  

The problem of establishing an explicit characterization of the unit group in the integral group 

ring for a given (as a general form) direct product group still remains an open problem. In this regard, 

we believe that the topic holds significant interest for researchers working on group rings and the 

representation theory of finite groups. This serves as a substantial source of motivation for future 

research endeavors. 
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