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Abstract

Let H be a Hilbert space. In this paper we show among others that, if f, g are synchronous and continuous on 1
and A, B are selfadjoint with spectra Sp (A), Sp(B) C I, then

(f(A)g(A)®1+10(f(B)g(B) = f(A)®g(B)+g(A)® f(B)
and the inequality for Hadamard product
(f(A)g(A)+f(B)g(B))ol = f(A)og(B)+f(B)og(A).
Let either p,qg € (0,00) Of p,q € (—,0). If A, B> 0, then
APTIR14+1QBPTI > APQBI+ATQB?,

and

(APT4 4 BP*4) o1 > AP 0B+ AY0BP.
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2010 AMS: 47A63, 47A99

1. Introduction

Let/y,...,I; be intervals from R and let f : I} x ... x I; — R be an essentially bounded real function defined on the product
of the intervals. Let A = (Ay,...,A,) be a k-tuple of bounded selfadjoint operators on Hilbert spaces Hj,...,Hj such that the
spectrum of A; is contained in [; for i = 1, ..., k. We say that such a k-tuple is in the domain of f. If

A= / MdE; (Ay)
I;
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is the spectral resolution of A; for i = 1,...,k; by following [1], we define
FAr A ;:/I o [ R A (R ® . 9 dE () (1.1)
1 k

as a bounded selfadjoint operator on the tensorial product H| ® ... ® H.

If the Hilbert spaces are of finite dimension, then the above integrals become finite sums, and we may consider the functional
calculus for arbitrary real functions. This construction [1] extends the definition of Koranyi [2] for functions of two variables
and have the property that

fAL. L A) = fi(A)®...® filAr),

whenever f can be separated as a product f(1,...,5%) = fi(t1) ... fx(t) of k functions each depending on only one variable.
It is know that, if f is super-multiplicative (sub-multiplicative) on [0, ), namely

F(st) > (L) f(s)f(¢) forall s,z € [0,00)
and if f is continuous on [0, ), then [3, p. 173]
f(A®B) > (<) f(A)® f(B) forall A, B> 0. (1.2)

This follows by observing that, if

A= [ tdE(t) and B= / sdF (s)
0:2) 0:2)

are the spectral resolutions of A and B, then

F(A®B) :/[ o T SOE @ 2aF () (1.3)
for the continuous function f on [0, o).

Recall the geometric operator mean for the positive operators A, B > 0

A#B = A2(A712BAT1/2) A1 /2
where ¢ € [0,1] and

A#B = A2 (A712BAT 1) 124172,
By the definitions of # and ® we have

A#B = B#A and (A#B) ® (B#A) = (A®B)#(BRA).
In 2007, S. Wada [4] obtained the following Callebaut type inequalities for tensorial product

1
(A#B) @ (A#B) < - [(AtaB) © (At _aB) + (At _oB) © (AtteB)] <
forA,B>0and o € [0,1].
Recall that the Hadamard product of A and B in B(H) is defined to be the operator A o B € B(H) satisfying

<(AoB)ej,ej> = <Aej,ej> <B€j,€j>

for all j € N, where {e J}j N is an orthonormal basis for the separable Hilbert space H. It is known that, see [5], we have the
representation

(AQB+B®A) (1.4)

N —

AoB=%*(AQB)% (1.5)

where % : H — H ® H is the isometry defined by % ej =e;®e; forall j € N,

If f is super-multiplicative and operator concave (sub-multiplicative and operator convex) on [0,c0), then also [3, p. 173]

f(AoB) > (<) (A)of(B) forall A, B >0. (1.6)
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We recall the following elementary inequalities for the Hadamard product
A2oB12 < (A;FB> olforA, B>0

and Fiedler inequality
AocA™!'>1forA>0.

As extension of Kadison’s Schwarz inequality on the Hadamard product, Ando [6] showed that
AoB < (A201)"* (B201)" fora, B>0

and Aujla and Vasudeva [7] gave an alternative upper bound
AoB < (4%0B%)" for A, B> 0.

It has been shown in [8] that (A2 o 1) 1/2 (B2 ) 1) 1/2 and (A2 oBz) 1/2 are incomparable for 2-square positive definite matrices
A and B.

For other inequalities concerning tensorial product, see [9] and [10].

Motivated by the above results, in this paper we show among others that if f, g are synchronous and continuous on /
and A, B are selfadjoint with spectra Sp (A), Sp (B) C I, then

(f(A)g(A)@1+1(f(B)g(B)) = f(A)®g(B)+g(A)®f(B)
and the inequality for Hadamard product
(f(A)g(A)+f(B)g(B))ol = f(A)og(B)+f(B)og(A).
Let either p,q € (0,0) or p,q € (—o0,0). If A, B > 0, then
APTIQ14+1@BPT > AP @B +ATQBP,
and

(APT44+ B )01 > APo B!+ A?0BP.

2. Main Results

We start with the following main result:

Theorem 2.1. Assume that f, g are synchronous and continuous on I and h, k nonnegative and continuous on the same interval.
If A, B are selfadjoint with spectra Sp (A), Sp (B) C I, then

[h(A) f(A)g(A)]@k(B)+h(A)©[k(B)f(B)g(B)] = [h(A)f(A)©[k(B)g(B)]+[h(A)g(A)|@[k(B)f(B)  (2.1)
or, equivalently

(h(A)@k(B))[(f(A)g(A))@1+1&(f(B)g(B))] = (h(A)®k(B))[f(A)®g(B)+g(A)®f(B)]. 2.2
If f, g are asynchronous on I, then the inequality reverses in (2.1) and (2.2).

Proof. Assume that f and g are synchronous on /, then

F)g@)+f(s)g(s) > f(t)g(s)+f(s)g(r)
for all #,s € 1. We multiply this inequality by /& (¢) k (s) > 0 to get

@) g@)h(@)k(s)+h(r) f(s)g(s)k(s) = f(1)h(r)g(s)k(s)+f(s)k(s)g(t)h(r)
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for all z, s € I. If we take the double integral, then we get

@ )+ (1) £(5) g (5) K(5)]dE (6) £ dF () 3
(2.3)
//f )+ (5 (s) 8 () h (1)) dE (1) ©.dF (s).

Observe that

| Jr0s0nok@+h0) 050k @IEO 2 6) = [ [ 108 dE (1) 9 dF (s)

1JI

+//h dE (1)@ dF (s)
~ (h(A) £ (A) g ()] & (B)+ h(A)® [£(B) £ (B) g (BY)

and

| [ 0p0s0)k() + £ 6 k(s g rOIE O 2 dF () = [ [ 700 dE (1) @dF (s)

+/I/[g dE (1) @ dF (s)

=[r(A)f(A)]©[k(B)g(B)]+[h(A)g(A)] @ [k(B)f(B)].
By utilizing (2.3) we derive (2.2). Now, by making use of the tensorial property
XU)(XV)=XY)UeV),
forany X,U,Y,V €B
[h(A)f(A)g(A)
= (h(A)@k(B)
= (h(A)®k(B)

), we obtain
k(B)+h(A)®[k(B)f(B)g(B)]

(H

1® g

J(f(A)g(A) @ 1]+ (h(A)2k(B))[1@(f (B)g(B))]
I(f(A)gA)@1+1@(f(B)g

and
[h(A) f(A)]@[k(B)g(B)]+[h(A)g(A)] @ [k(B) f(B)]
= (h(A)@k(B))(f(A)©g(B)) + (h(A) ©k(B))(g(A) @ f (B))
= (h(A)@k(B))[f(A)@g(B)+g(A)© f(B)],
which proves (2.2). O

Remark 2.2. With the assumptions of Theorem 2.1 and if we take k = h, then we get

[h(A) f(A)g(A)]@h(B)+h(A)@[h(B)f(B)g(B)] > [h(A) f(A)@[h(B)g(B)]+[h(A)g(A)]@[r(B)f(B)], (24)

where f, g are synchronous and continuous on I and h is nonnegative and continuous on the same interval.
Moreover, if we take h = 1 in (2.4), then we get

(f(A)g(A)@1+12(f(B)g(B) = f(A)@g(B)+g(A)®f(B), 2.5)
where f, g are synchronous and continuous on I

Corollary 2.3. Assume that f, g are synchronous and continuous on I and h, k nonnegative and continuous on the same
interval. If A, B are selfadjoint with spectra Sp (A), Sp (B) C I, then

k(B)o[h(A)f(A)g(A)+h(A)o[k(B)f(B)g(B)] > [h(A)f(A)]e[k(B)g(B)]+I[k(B)f(B)]o[h(A)g(A)]. (2.6)
If f, g are asynchronous on I, then the inequality reverses in (2.6). In particular, we have

h(B)o[h(A)f(A)g(A)+h(A)o[h(B)f(B)g(B)] = [h(A)f(A)]o[h(B)g(B)]+[h(B)f(B)]o[h(A)g(A)] 2.7

and

(f(A)g(A)+(f(B)g(B)))ol > f(A)og(B)+f(B)og(A). (2.8)
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Proof. If we take % * to the left and 7% to the right in the inequality (2.1), we get

u ([h(A) f(A)g(A)]@kB)% +%" (h(A)©[k(B) f(B)g(B)]) % =% ([h(A) f(A)]® [k(B)
+% ([h(A)g(A)] @ k(B)f(B)]) %

oo
=
X

which is equivalent to (2.6). O

Corollary 2.4. Assume that f, g are synchronous and continuous on I and h, k nonnegative and continuous on the same
interval. If Aj, B; are selfadjoint with spectra Sp (A;), Sp(Bj) CIand pj,q; >0, j € {1,...,n}, then

n n n n
Y pin(A) f(A))gA) | Y akBi) |+ | Y pin(A;) ) @ Y qik(B:) f (Bi) g (B;)
Jj=1 i=1 i=1

= 2.9)

> (ipjh (Aj)f(Aj)> ® (iql-kw,-)gwi)) + (imh <A,»>g<A.,->> ® (iq,-mBi)f(B,-)) .
=1

In particular,

+
0 ; (2.10)
= (le)jh(f‘j)f(f\j)> ® ZQih(Bi)g(Bi)>

and, if Y}y pj=Yi-149; =1, then

i=1

(i pif (Aj)g(Aj)> ®1+1® ( qif (Bi) g (B;) (i qi8 (B,»)) .11
Jj=1 i i
®

Proof. We have from (2.1) that

[1(Aj) f(Aj) g (Aj)]@k(Bi) +h(Aj) @ [k (Bi) f(Bi) g (Bi)l = [h(Aj) f(A))]© [k(Bi) g (Bi)]
+[h(Aj)g(A)]@[k(Bi)f(Bi)]

foralli,j € {1,...,n}. If we multiply by p;g; > 0 and sum over j, i € {1,...,n}, then we get

il pjqi[h(A;) f(A;)g(Aj)]@k(B;i)+ ill’j%‘qu’h (Aj)®[k(B;) f (Bi)g(Bi)]
Jhi= ji=

> il piailh(Aj) f(A)] @[k (Bi)g (Bi)] + 'ilqui [h(A)) g (Aj)] @[k (Bi) f (Bi)]
Jii= Ji=

and by using the properties of tensorial product we derive (2.9). O

Remark 2.5. Ifwe take B; = A; and p; = q;, i € {1,...,n}, then we get
(ZPif(Ai)g(Ai)> Rl+1® (ZPif(Ai)g(Ai)> > (ZPif(Ai)> ® (Zpig (Ai)>
i=1 i=1 i=1 i=1
+ <Zl7ig (Ai)> ® (ZPif(Ai)> :
i=1 i=1

where f, g are synchronous and continuous on I and A; are selfadjoint with spectra Sp (A;) C 1, p; > 0 fori € {1,...,n} and
Y pi=1.By(2.12) we also have the inequality for the Hadamard product

(ipifmi)g(m)) ol > (ipifmi)) o (ipig (A») , 2.13)
i=1 i=1 i=1

(2.12)
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where f, g are synchronous and continuous on I and A; are selfadjoint with spectra Sp (A;) C I, p; > 0forie {1,..., n} and
Yiipi=1

We also have:

Theorem 2.6. Let f, g: [m,M] C R — R be continuous on [m,M] and differentiable on (m,M) with g’ (t) # 0 fort € (m,M).
Assume that

~

() '(1)
—oo < Y= inf , Su
T el €0 cmnny &(0)

:F<oo’

and A, B selfadjoint operators with spectra Sp (A), Sp (B) C [m, M|, then for any continuous and nonnegative function h defined
on [m,M],

Y[(h(A) 8 () ©h(B) + h(A) @ (1(B)g (B)) —2(s (A)h(4)) & (h(B)g (B))
<[h(A)f(A)g@A)]® ( ) h(A)@[h(B)f(B)g(B)]—[h(A)f(A)]@[h(B)g(B)] —[h(A)g(A)]@[h(B)f(B)] (2.14)
<T[(h(A)g*(A)) @h h(A)® (h(B)g* (B)) —2(g(A)h(A))® (h(B)g(B))].

In particular,

YA el+10g (B)-2g(A)0g(B)] <[f(A)gA)]@1+1a[f(B)g(B)]~f(A)©g(B)~g(A)® f(B)

<I[(A)®1+10g(B)—2(A) @ g (B)]. 2.15)

Proof. Using the Cauchy mean value theorem, for all 7, s € [m, M] with t # s there exists & between ¢ and s such that

FO-F6) 7€)
s —g0) g i

Therefore

1ls() =g () < [f (1)~ f ()8 (t) — ()] <Tlg (1) — g (s)

for all ¢, s € [m,M], which is equivalent to

v[8* (1) —28(1) g () +8* ()] < f (1) g (1) + 1 (s)g(s) = f (1) g (s) = f (5)8(r) <T [ (1) —28 (1) (5) +&° (5)]
forall ¢, s € [m,M]. If we multiply by & (¢) h(s) > 0, then we get

v [h(6) g (1) h(s) =28 (1) h (1) h(s) g () +h (1) h(s)§" ()] <h (1) f (1) g(1)h
(1) £ (1)

forallz, s € [m,M].
This implies that

M M
v[C [ O O0h) =20 he)h(s)g () + (1) h(s) (9] X dE (1) @dF (s)
< 7[00 70800 RO RE) FO6) 0 £ ORI -8 0 h6)FGIAE N @ ()
<t [ " in )~ 25 () h (1) (5) g () + A (1) () & ()] x dE (1) @dF (s)

and by performing the calculations as in the proof of Theorem 2.1, we derive (2.14). O

Corollary 2.7. With the assumptions of Theorem 2.6 we have

v [1(B)o (h(A)g*(A)) +h(A)o (h(B)g* (B)) 2(g(A)h(A))O(h(B)g(B
<h(B)o[h(A)f(A)g(A)]+ ( )O h h
<T[h(B)o(h(A)g*(A)) +

/\
\/
—~
=
—
o)
\_/
l\)
/\
v
~
|
[\
—~
oQ
—
S
~
=
—
S
~—
N
[¢]
—
=
—
o]
~—
oq
—
>}
N
Pt
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In particular,

7[[&*(4)+&* (B)] o1 —2g(4)0g(B)] f(B)g(B)]Jol—f(A)og(B)—g(A)of(B)

2.17
(B)}Ol—%’( )og(B)]. e

W
[’}
=
+
Nﬁ

We also have:

Corollary 2.8. With the assumptions of Theorem 2.6 and if A; are selfadjoint with spectra Sp(A;) C I and p; >0, j €
{1,...,n}, with Y 1pj=1,then

{ (Zp,g ) RI+1® (Zl’zg > -2 (ipig(Ai)> ® (ip:‘g (Ai)> }
i i=1 i=1
< (ipif(Ai)g(Ai)> @1+1® <ZPif(Ai)g(Ai)> - (ipif(Ai)) ® (il’ié’ (Ai)>
i=1 i=1 i=1 i=1
(2.18)

Also,

< (ipif(Ai)g<Ai)> ol— <ipif<Ai)> ° <ipig (Ai)> (2.19)
r

Proof. From (2.15) we get

Y[&*(A) @1+ 1@ (4)) —2g(A) @g(A))] <[f(A)g(A)] @1+ 1@ [f(A})g(A))]
—fA)@g(Aj) —g(A)® f(A))
<I'[¢° (A) @1+ 10 (A)) — 2 (A) ®g(A))]

foralli,j e {1,...,n}.If we multiply by p;p; > 0 and sum, then we get

Y Z pip; [ (A)®1+1®g(A)) —2g(A) ®g(4))] < i pip;i {[f (A)g(A)]@1+1®[f(A;)g(A))]
i,j=1 i,j=1

—f(A)®g(Aj) —g(A)®f(A))}

<F2p,pj PAN©1+108% (4)) —28(A) @ g(4;)],

which gives (2.18). O

3. Some Examples
Let either p,g € (0,00) or p,q € (—,0) and r € R. If A, B > 0, then from (2.4) we get
AP QB L AT @B TP > AP QBT L ATTI @ BTYP 3.1)
while from (2.6) we obtain

ATTPT4o B  + AT o B"TPT4 > ATTP o BT L ATT9 o BTTP (3.2)
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If one of the parameters p, g is in (—eo,0) while the other in (0,c0), then the inequality reverses in (3.1) and (3.2).
If we take g = p, then we get

AP QB + AT QBT > 24P @ B, (3.3)
and
Ar+2p OBr +Ar OB}’+2p 2 2Ar+p OBrJrP (34)

for p,re Rand A, B > 0.
If we take g = —p, then we get

24" @B" > A"TP @B"P +A"P @ BP, (3.5)
while from (2.6) we obtain
2A"0B" > AP oB"TP 4+ ATTP o BT, (3.6)

for p,re Rand A, B > 0.
Assume that A; >0, p; >0, j € {1,...,n} with Z;?:lpj =1, then by (2.12) we get

n n n n n n
< piAf+q) R1+1® ( p,-Aﬁq) > (Z p,A{") ® (Z p,-A?) + (Z p,-A?) ® <Z p,-Af) , (3.7)
i=1 i=1 i=1 i=1 i=1 i=1

if either p,q € (0,00) or p,q € (—0,0). If one of the parameters p, ¢ is in (—eo,0) while the other in (0, ), then the inequality
reverses in (3.7). In particular, we derive

n n n n
(Zm?") ®1+1® ( piA?"> > (Z piAf’> ® <ZpiAf’> (3.8)
i=1 i=1 i=1 i=1

2> <ip,»A,’»’> ® (imA,-”) + (ip,Aﬁ’) ® <ip,»A,’.’> . (3.9)
i=1 i=1 i=1 i=1

From (2.13) we obtain

n n n
< pl-Af“) ol > (Z mAf’) o (Z p,»A?) , (3.10)
i=1 i=1 i=1

if either p,q € (0,%0) or p,q € (—0,0). If one of the parameters p, ¢ is in (—eo,0) while the other in (0, ), then the inequality
reverses in (3.10). In particular, we have

(Zn:PiAizP> ol > (ipiﬁ) ° (iPiAf> 3.11)
i=1 i=1 i=1

1> <2piA,’»’> ° (Zp,»A,»”> , (3.12)
i=1 i=1
forpeR,A;>0,p; >0,j€e{l,...,n} with}j_, p;j=1.

Consider the functions f (t) =7, g (t) = 4 defined on (0,0). Then f' (t) = ptP~', g’ (t) = qt¢~! for t > 0 and

m - Bt/’7517 > O
g q

and

and
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Assume that either p,g € (0,0) or p,qg € (—e0,0). Then g >0 and gg)) is increasing for p > ¢ and decreasing for p < ¢ and
constant 1 for p =gq.

Assume that 0 <m < A, B< M, then

"t " (¢
inf f—():Bm”"’and sup f():BM”"’forp>q

elmm) g () g remm 8' () 4

and

"t "t
inf F) P pp=4 and sup £) — Ppyp—a for p < g.
q

emm &' (t) g remm) & (1)

Assume that either p, g € (0,00) or p,q € (—e0,0) and 0 < m <A, B < M. From (2.15) we get for p > ¢ that

0<Zmra(a2e14 1084 2492 BY)
q
<APT Q1 +1®BPTY—AP @ B! —AY® B (3.13)

< Ppp—a (A% @1+ 1B — 247 BY)

S

and for p < ¢

0<Zmra(a2 o1+ 1084 247 B9)
q

<APTMI Q1 +1®BPT1—AP @ B1—AY® B (3.14)

<Pura1(aA2 @14+ 1082 2470 B9).
q

From (2.17) we also have the inequalities for the Hadamard product for p > ¢ that
0 < Zmp=a (4% 1 B2) 012490 BY)
q
< (AP 4 BPT) o1 — AP o B — A0 B? (3.15)
< Ppr-a (A% 4 B2) 01 — 2490 BY)
q
and for p < g

0< SMH ((A% 4+ B2) 01— 2490 BY)
< (AP*9 4 BPT) o] —AP o B! —A%0BP (3.16)
< smp—q ((A% 4+ B*) 012490 B).

Assume that either p,q € (0,%0) or p,q € (—o0,0) and 0 <m <A; <M, p; >0, j€{l,....n} with Y7, p; = 1. By (2.18) we
get for p > g

p - n n n n
0< Em!’ q{ < p,Af‘f> R1+1® < piqu> -2 (Z piA?> ® <Z piA?
i=1 i=1 i=1 i=1

n n n n n n
< X pAl *q> ®1+1® (ZPzAf *q) - <ZPiA,’-’ ) ® <ZPiA?> - <ZPiA?> ® (ZPiAf’ ) (3.17)

i=1

p C 2 < 2 -

g;M”’q Y pidit | o1+10 () pAi? ) -2 Y pAl | @ piA?
i=1 i=1 i=1 i

™=

Il
-
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and for p < ¢

n
o= (B e (£o) 2 (Eo) e (£0)
i=1 i=1
n n n n n n
<Y pal™)ei+10 | Y pAl™ ) | L pAl | o | YpAal | - Y pAl | e | Y piA? (3.18)
i=1 i=1 i=1 i=1 i=1 i=1
P p—q . - s - A )
q

Also, by (2.19) we get for p > ¢

)+ (o))

<P
T q
n n n
(Z p,A”*q> Yy p,-Af> o (Z p,-A;'> (3.19)
i=1 i i=1
P
T q

|
o) (100 (200
|
|

mP—4

while for p < g

fpiAﬁ’ ) o (i p,-A?> (3.20)

(Er)or-(£r)-(Er)

Consider the exponential functions f () = exp(at), g (¢t) = exp(Bt) with a, € R. If o8 > 0 then the functions have the
same monotonicity. If a8 < 0 they have different monotonicity.
If o > 0 and A, B are selfadjoint operators, then by (2.5) we get

exp[(a+B)A]@1+1®exp|(ct+B)B] > exp(0A) @ exp (BB) +exp (BA) @ exp (aB), (3.21)
and
expl(a+B)Alo 1 + Toexp|(ar-+ B)B] > exp (@A) oexp (BB) + exp (BA) o exp (aB). (.22)

If a3 < 0, then the reverse inequality holds in (3.21) and (3.22).
If we take f (1) =t? and g (t) = Int, we also have the logarithmic inequalities

(APInA)®1+1® (B’ InB) > A’ ®@InB+InA®B”, (3.23)
and

(A’InA+BPInB)o1 > AP olnB+1InAoB?, (3.24)
for A, B> 0and p > 0. If p <0, then the inequality reverses in (3.23) and (3.24).
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