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ABSTRACT. This study is dedicated to make an attempt to define different
types of separation axioms in neutrosophic topological spaces. The relation-
ships among them are shown with a diagram and counterexamples. We also
introduce some new terms such as introduced neutrosophic topology, neutro-
sophic regular space, neutrosophic normal space, neutrosophic subspace.

1. INTRODUCTION

Undoubtedly, the concept of separation axioms has always been an indispensable
character in the world of topology. This concept formed the basis of many valuable
researches in general topology. And, these researches played very important roles
in many parts of real life and the findings of these researches came to life in many
applications. But, as technology advances and the industry evolves, peoples needs
have changed and general topology has become inadequate in real life. So, the
impact of these findings on real life has diminished. Then,scientists went on to find
different types of topological spaces and separation axioms occupied an important
place in these topological spaces. In [I7], Smarandache offered the concept of
neutrosophic set. This idea became the leading actor in numerous studies as in
[ 2L 3L 4 5L 6l 7, [8, @ 10l 11, 12| [14], 16]. Also, by using this new concept, Salma
and Alblowi introduced the theory of neutrosophic topological space in [15]. In this
study, we present different types of separation axioms in neutrosophic topological
spaces as a new instrument for real life applications and new terms that we think
benefit in other investigations. Throughout the paper, without any explanation, we
use the symbols and definitions introduced in [I3], 15 [I7]. For the sake of shortness
we use the notation N instead of neutrosophic.
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2. SOME REQUIRED DEFINITIONS

In this section, we give newest predefined definitions that will be required in the
next section. Also, some new definitions are given.

Definition 2.1. [4] An N-point x, s is said to be N-quasi-coincident (N-g-coincident,
for short) with F, denoted by ;1 qF iff xrts C F°. If x4 is not N-quasi-
coincident with F', we denote by x,; ;qF.

Definition 2.2. [4] An N-set F' in an N-topological space (X, T) is said to be an
N-g-neighborhood of an N-point x,. . iff there exists an N-open set G such that
ZTrt,sqG C F.

Definition 2.3. [4] An N-set G is said to be N-quasi-coincident (N-g-coincident,
for short) with F, denoted by GgF iff G € F€. If G is not N-quasi-coincident with
F, we denote by GGF .

Definition 2.4. Consider that (X, 7) is an N-topological space andY C X. Let H

be an N-set over Y such that
1, z€Y 0, z€Y
Fy(z) = {

1, z€Y _
TH(x):{o, sdY’ IH(x)_{o, e dY’ 1, z¢Y

Consider that v = {HNF : F € 7}, then (Y, 7y) is called N-subspace of (X, T).
If H e T (resp. H® € 1 ), then (Y, 7y) is called N-open (resp. closed) subspace of
(X, 7).

Definition 2.5. [4] An N-point .. s is said to be an N-cluster point of an N-set
F iff every N-open g-neighborhood G of x,+ s is q-coincident with F'. The union of
all N-cluster points of F' is called the N-closure of F' and denoted by F'.

Definition 2.6. [4] Consider that f is a function from X to Y. Let A be an
N-set in X with membership funtion Ta(z), indeterminacy function I4(x) and
non-membership function Fa(x).The image of A under f, written as f(A), is
an N-subset of Y whose membership function, indeterminacy function and non-
membership function are defined as

SUp,¢ - Ta(z Lif £~ (y) is not empty,
Tron () :{ er1piTax)} if f7(y) Yy

0 Jif f7H (y) is empty,
I (y) = sup,e -1,y {La(2)} if f71(y) is not empty,
o 0 Lif f7(y) is empty,
Fron(y) = inf.err(){Fa(2)} if f~(y)is not empty,
o 1 Jif 71 (y) is empty,

for ally in'Y, where f~1(y) = {x : f(z) =y}, respectively.

If f is a bijective function from X toY, then it is an invertible N-function.
Conversely, consider that B is an N-set in Y with membership funtion Tg(y),
indeterminacy function Ig(y) and non-membership function Fp(y). Then, the in-
verse image of B under f, written as f~1(B), is an N-subset of X whose member-
ship function, indeterminacy function and non-membership function are defined as
Ty (3 (@) = To(F(@)), Ip1(5) () = Ip(f(x)) and Fy-(s)(x) = Fp(f(x)) for al
x in X, respectively.
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Definition 2.7. Consider that (X,7), (Y,d) are N-topological spaces and f :
(X,7) — (Y,0) is an N-function. The function [ is said to be N-continuous, if
fYG) €T for any G € 6.

Definition 2.8. Consider that (X,7), (Y,d) are N-topological spaces and f :
(X,7) = (Y,9) is an N-function. The function f is said to be N-open, if f(F) € ¢
forany F € 7.

3. N-T;-Spaces (i=0, 1, 2)

In this section, we present different types of separation axioms and investigate
their properties. Also, the relationships among them are shown with a diagram and
counterexamples. Additionally, we analyze their characteristics in N-topological
subspaces.

Definition 3.1. An N-topological space (X, T) is said to be an N-Ty-space if for
every pair of N-points Tog~ , Ya',p',y, Whose supports are different, there exist
N-open sets I, G such that xa 8~ € F, Yyor,p v € F° 01 20y € G, Yyor 3 € G.

Theorem 3.1. Consider that (X, 7) is an N-topological space, then (X,T) is N-
To-space iff, for any two N-points, Ta g.~, Yo',5',~, Whose supports are different,
To,p.~qYa’ By OT Ta,pyqYal By -

Proof. Consider that (X, 7) is an N-Ty-space and 24 8, Yo, g,y are two N-points
with different supports. Then, there exist N-open sets F', G such that z, g, € F,
Yor,8 v € FC or Tapgy € G Yor,py € G. This implies that y.. g ,GF or
Ta,844G. S0, Ta,840Ua’ .34 O Tag~qYarp - Let (X,7) be an N-topological
space such that, for any two N-points g, Ya’,8,, With different supports,
TaB~0Yal B OF Tap~GYar,3 - Then, there exists an N-open set F' such that
ZTapy € F, yor g GF or there exists an N-open set G such that y. g+ € G,
Za,8,y¢G. This implies that a5y € F, Yor gy € F€or Ta 5~y € G, Yor g € G.
Therefore, (X, 7) is an N-Ty-space. |

Definition 3.2. An N-topological space (X,7) is said to be an N-Ty-space if for
every pair of N-points To. 8.~ » Ya',p',y'» Whose supports are different, there exist N-
open sets ', G such that xo 5 € F, yor g € F° and xo,, € G°, Yyor 5 4 € G.

Theorem 3.2. Consider that (X,7) is an N-topological space, then (X, 7) is N-
T - space iff, for any two N-points, Ta g~, Ya',p' 4, Whose supports are different,

Lo, By4Ya’ B,y and l'a,ﬁ,'y(jya’,ﬁ’,w“

Proof. The proof of this theorem is similar to that of above theorem. So, it is
omitted. 0

Theorem 3.3. Consider that (X,7) is an N-topological space. If every N-point
Top~ 8 N-closed in (X, T), then (X, 7) is an N-Ti-space.

Proof. Consider any two N-points &4 8, Yar,5’ 4 it (X, 7) such that 4 g qYa’ g+
- Then, Za5,4 C (Yar,5,5)" and Yar 777 C (Ta,p,7) Where (yar,gr,5)¢ and (Za,p.4)¢
are N-open sets in (X, 7). Since, 24 8~G(Ta.8,4)¢ and Yor g7 1 G(Yar g4 ) (X, T) is
an N-Tj-space. O

The converse statement is not always true as seen in the example below.
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Example 3.1. Consider the set X = {z,y} and the family 7 = {{za,a1-0,Ys,81-8} : @, B € [0,1]}.
Then, T is an N-topology over X. It is easily seen that (X,T) is an N-Ti-space.
But, the N-point x0,2,0,2,0,7 s not closed in 7. Because, £2,0,2,0,7 % £0.2,0.2,0,7-

Definition 3.3. An N-topological space T is said to be an N-Ts-space, if, for every
pair of N-points T g.~s Ya',5',v, Whose supports are different, there exists N-open
sets F', G such that a3~ € F, Yo gy € F, Your gy € G, To gy € G° and FgG.

For an N-topological space (X, 7) we have the following diagram:
N-T»-space
1
N-Ti-space
J
N-Ty-space

Converse statements may not be true as shown in the examples below;
Example 3.2. Consider the set X = {x,y} and the family

T = {{l'aya’l,a,yg,gylfg} A [0, 1},ﬁ S [0, 1)}

Then, T is an N-topology over X. It is easily seen that (X,T) is an N-Ty-space.
But, it is not an N-T1-space. Because, x1,1,0 and y1,1,0 are N-points in (X, ) with
different supports and the only N-open set that contains y1,1,0 is 1x.

Example 3.3. Consider that X = N 1is the set of naturel numbers. For any
n € N, ni 1,0 is an N-point. Clearly, there is a one-to-one compatibility between N
and {n11,0:n € N}. Then, we can define a cofinite topology on {n11,0:n € N}.
That is, an N-set F' is N-open iff it is constituted by discarding a finite number of
elements from {ni10:n € N}. Hence, this cofinite topological space is an N-T1-
space. But, it is not an N-Ts-space.

Theorem 3.4. An N-subspace (Y,7y) of an N-T;-space (X, 1) is an N-T;-space
(i=0,1,2).

Proof. (Case i = 0) Consider that (X, 7) is an N-Ty-space and (Y, 7y) is an N-
subspace of (X,7). Take any two N-points 4~ and yas g~ in (Y,7y) with
different supports. Then, x4 3~ and Yo/ g, are also N-points in (X, 7). Since
(X, 7) is an N-T-space, there exist N-sets F' and G such that x5, € F, yor /.4 €
F¢or yo g~ € G, 2ap,y € G°. Consider an N-set H as given in Definition
Then, F N H and G N H are N-open sets in (Y, 7y) such that 245, € F N H,
Yar,py € (FNH)® or or Yo g1y € GNH, 24,3~ € (GN H)®. This implies that
(Y, 7y) is N-T. 0

In the other cases in which ¢ = 1 and i = 2, we can make the proofs in similar
ways. So, they are omitted.

4. N-R;-SPACES (i=0, 1)

In this section, we introduce N-Ry and N-R; spaces. Their connections with N-
T1 and N-T5 spaces are investigated. Also, we define the concept of N-topological
space induced by a topological space and some implications are given in induced
N-topological spaces. Additionally, it is shown that inverse statements of these
implications are not always true with counter examples.
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Definition 4.1. An N-topological space (X, T) is said to be an N- Ry-space iff, for
any two N-points T~ and Yor g' v if Ta, 8o 8~ then To g ~GUar 37 -

Definition 4.2. An N-topological space (X, T) is said to be an N-Ry -space iff, for
any two N-points o 5, and Yo g~ then o g, if Ta,8,vYa’ '~ then there exists
two N-open sets F' and G in (X, T) such that xo 3~ € F, yor g~ € G and FGG.

Theorem 4.1. Every N-T;-space (X, 7) is an N-R;_1-space (i =1,2).
Proof. Obvious. O

Theorem 4.2. An N-topological space (X, T) is an N-T;-space iff it is N-T;_1 and
N-R;_; (i=1,2).

Proof. (Case i = 2) The necessity is obvious from Theorem and the diagram
given after Definition Consider an N-topological space (X,7) which is N-T;
and N- R;. Take two N-points 24 5,4 and yas g~ in (X, 7) with different supports.
Then, zq,8,~qYar,p',y - Since (X, 7) is N-T1, Za,8,,GUa’,3 - Then, there exists two
N-open sets F' and G in (X, 7) such that x4 34 € F, yor,p,+ € G and FGG for
(X,7) is N-Ry. Hence, (X, 7) is N-T5. In the cases in which ¢ = 1, we can make
the proof in similar way. So, it is omitted. ]

Definition 4.3. Consider that (X, T) is a topological space and A is a subset of
X. Let the N-set X 4 be whose is with membership function Tx ,(x), indeterminacy
function Ix ,(x) and non-membership function Fx ,(x) defined as follows;

T (@) {1 Jifz € A,

0 ,ifz¢A,

)1 Lifre A
IXA(x)_{O ,ifl’%A,
1 ifr e A,
FXA(x)_{o i A

X 4 is called an N-set induced by A and the family 6, = {Xa : A € X} is called an
N-topology over X induced by 7.

Theorem 4.3. Consider that (X,7) is a topological space and (X,d;) is an N-
topological space, where 0, is an N-topology induced by 7. If (X,0,) is N-Tp-space
then (X, 1) is a Ty-space.

Proof. Take any two distinct points z,y € X. Then, 21,10 and y;,1,0 are two N-
points in (X, d,) with different supports. Since (X,d,) is N-Ty-space, there exist
N-sets F', G such that x110 € F, y1,1,0 € F°or y1,10 € G and x11,0 € G°. Then
there exists Op € 7 such that x € Op, y ¢ Op, where F = Xj,. € &, or there
exists Og € 7 such that y € Og,z ¢ Og, where G = Xo, € d,. Hence, (X,7) is a
To-space. (I

Theorem 4.4. Consider that (X,7) is a topological space and (X,d;) is an N-
topological space, where 6, is an N-topology induced by 7. If (X,0,) is N-Ty-space
then (X, 1) is a T1-space.

Proof. The proof is similar to that of above theorem. O
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The converse statements may not be true as seen in then following examples.

Example 4.1. Consider that X = {x,y, z}. Then, the familyT = {0, X, {z},{z},{=, 2}}
is a topology over X and d, = {0x,1x,211,0,21,1,0, {%1,1,0,21,1,0} } @5 an N-topology
over X induced by . Then, (X,7) is a Ty-space. But, (X,0,) is not N-Ty-space.

Example 4.2. Consider that X = {z}. Then, the family 7 = {0, X} is a topology
over X and 6, = {0x,1x} is an N-topology over X induced by 7. Then, (X,T) is
a Ty -space. But, (X,d,;) is not N-T}-space.

5. N-REGULAR, N-NORMAL AND N-T;-SPACES (i=3, 4)

In this section, we first introduce N-regular spaces and N-normal spaces. Some
of their characteristics are given and the relationships with N-Ry and N-R; spaces
are investigated. Then, we introduce N-Tj5 spaces, N-T, spaces and examine their
relations.

Definition 5.1. An N-topological space (X, T) is said to be an N-regular (N-Rs-
space, for short) space iff, for any N-points xq 3.~ and any N-closed set H in (X, T)
such that x4p~GH, there exists two N-open sets F' and G in (X,T) such that
ZTap~y €F, HCG and FgG.

Definition 5.2. An N-topological space (X,7) is said to be an N-normal (N-Rs-
space, for short) space iff, for any two N-closed sets H and K in (X,T) such that
HGK, there exists two N-open sets F and G in (X, 7) such that H C F, K C G
and FqG.

Theorem 5.1. Consider that (X,7) and (Y,0) are N-topological spaces and f :
(X,7) = (Y,9) is an N-function which is bijective, N-continuous and N-open. If
(X,7) is N-normal, then (Y, ) is also N-normal.

Proof. Consider that F and G is N-closed sets in (Y, §) such that FigG. Since f is N-
continuous, f~1(F) and f~1(G) are also N-closed sets in (X, 7) and f~*(F)qf~*(G).
Then, there exists N-open sets K and L such that f~1(F) ¢ K, f~Y(G) C L
and KGL. Tt follows that F C f(f~Y(F)) C f(K), G C f(f~YQ)) c f(L)
and f(K)Gf(L). Since, f is N-open, f(K) and f(L) are N-open sets such that
FC f(K),GcC f(L) and f(K)Gf(L). Hence, (Y,4) is N-normal. O

Theorem 5.2. Consider that (X,7) and (Y,0) are N-topological spaces and f :
(X,7) = (Y,9) is an N-function which is bijective, N-continuous and N-open. If
(X, 7) is N-regular, then (Y, d) is also N-regular.

Proof. Tt is similar. O

Theorem 5.3. Consider that (X, 7) is an N-topological space and g~ is any
N-point in (X, 7). Then, (X, 7) is an N-Ry-space iff, for every N-open set I such
that xo.5, € F, there exists an N-open set G such that xo5, € G and G C F.

Proof. Consider that (X, ) is an N-Ry-space and 24,5, is any N-point in (X, 7).
Let an N-open set F be in (X, 7) such that x4 s, € F. Then, F* is an N-closed set
in (X, 7). It is clear that FGF°. Since x4, € F, Za,3~GF°. There exist N-open
sets G and H such that z, s, € G, F'* C H and G¢H. This implies that G C H°.
Since H® is an N-closed set in (X, 7), G C H¢. Conversely, let x4 g be an N-point
in (X,7) and F be an N-closed set such that x4 ,GF. Then, x4 3., € F° and F°
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is an N-open set in (XLT). From our hypoihesis, there exists an N-open set G such
that 43, € G and G C F°. So, F C (G)¢ and G¢(G)°. Clearly, GG(G)¢. This
implies that (X, 7) is an N-Ra-space. |

Theorem 5.4. Consider that (X,7) is an N-topological space. Then, (X, T) is
an N-Rs-space iff, for every N-point x4 5.~ and N-closed set F' in (X,T) such that
Za,8,~GF, there exist N-open sets G and H such that x5, € G, F C H and GGH.

Proof. Consider that (X, 7) is an N-Ry-space. Take an N-point z, g, and an N-
closed set F' in (X, 7) such that x4 3~GF. Then, there exist N-open sets G and
H such that zo 5, € G, F' C H and G¢gH. So, H C G°. Since G° is N-closed
in (X,7), H C G°. Clearly, HGG. 1t is easily seen that x4 5-GH. Since (X,7)
is an N-Rj-space, there exist N-open sets K and L such that 2,3~ € K, HCL
and KGL. So, K C L¢. Since L¢ is N-closed in (X,7), K C L°¢. Clearly, KL .
Therefore, KGH.

The proof of the converse statement is obvious. So, it is omitted. O

Theorem 5.5. Consider that (X, ) is an N-topological space and F is any N-
closed set in (X, 7). Then, (X, 7) is an N-R3-space iff, for every N-open set G such
that F' C G, there exists an N-open set H such that F C H and H C G.

Proof. The proof is analogous to that of Theorem O

Theorem 5.6. Consider that (X, T) is an N-topological space. Then, (X, T) is an
N-R3-space iff, for every N-closed sets F', G in (X,ng:h that FqG, there exist
N-open sets K and H such that F C K, G C H and K¢H.

Proof. The proof is analogous to that of Theorem [5.4] O

Theorem 5.7. Consider that (X, 7) is an N-topological space. If (X, T) is an N-Rqy
then it is an N-Rj-space.

Proof. 1t is obvious. O

Theorem 5.8. Consider that (X, T) is an N-topological space. If (X, T) is an N-R3
and N-Ry- space then it is an N-Rs-space.

Proof. Consider that (X, 7) is an N-R3 and N-Ry-space. Take an N-point x4 g,
and an N-closed set F' in (X, 7) such that z, g ,GF. Since (X, 7) is an N-Ry-space,
TapqF. Since (X,7) is an N-Rs-space, there exist N-open sets G and H such
that To 5, C G, F C H and GGH. Hence, (X, 7) is an N-Ry-space. O

Corollary 5.9. Let (X,7) be an N-topological space. If (X,7) is an N-R3 and
N-Ry-space then it is an N-R-space.

Proof. 1t follows from Theorem [5.7] and Theorem O

Definition 5.3. An N-topological space (X, 7) is said to be an N-Ts-space iff, it is
both an N-Ry and N-T1-space.

Definition 5.4. An N-topological space (X, T) is said to be an N-Ty-space iff, it is
both an N-Rs3 and N-Tj-space.

Theorem 5.10. Consider that (X, 7) is an N-topological space. If (X,T) is an
N-Ty - space then it is an N-T5-space.
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Proof. Consider that (X, 7) is an N-Ty-space. Then, it is both N-R3 and N-T;.
From Theorem |4.1}, it is N-Ry. Take an N-point z, g, and an N-closed set F' such
that x4, g,,GF. This implies that T4 5,,¢F. Then, there exist N-open sets G and H
such that To 3, C G, F C H and GGH. Thus, (X,7) is N-Ry. Hence, we obtain
the result. |

Theorem 5.11. Consider that (X,7) is an N-topological space. If (X, T) is an
N-Ts-space then it is an N-Th-space.

Proof. Tt follows from Theorem and Theorem O
Theorem 5.12. An N-subspace (Y, 7y) of an N-Ts-space (X, 1) is N-T5.

Proof. Consider that (X, 7) is an N-T3-space, Y C X and (Y, 7y) is an N-subspace
as described in Definition Let x4, and yar 54 in (Y,7y) be N-points in
(Y,7y) such that x4 8~GYar,p',y- It is obvious that x4, and ya g 4 are also
N-points in (X, 7). Since (X, 7) is an N-Tj-space, there exists N-open sets F' and G
in (X, 7) such that x4 5~ € F, yar,5/, € G and FGG. Then, there exists N- open
sets H and K in (Y, 7y) such that H = FNY and K = GNY. Clearly, 2,54 € H,
Yar,p~ € K and HGK. This implies that (Y, 7y) is N-T;. Now, we must show
that (Y, 7y) is also an N-regular space. Let G be an N-closed set in (Y, 7y) and
Za. 8~ be an N-point in (Y, 7y) such that z, g ,GG. It is obvious that z, g is also
an N-point in (X, 7) and there exists a N-closed set F in (X,7), G = FNY. It
is obvious that x4 g,GF . Since (X, 7) is a N-regular space, there exists N-open
sets H and L in (X, 7) such that x4 3, € H, F C L and HGL. Then, there exists
N-open sets K and M in (Y, 7y ) such that K = HNY and M = LNY. Clearly,
Tap~y € K, G C M and KgM. This implies that (Y, 7y) is N-regular. Hence,
(Y, y) is a N-Ts-space. O

Theorem 5.13. An N-subspace (Y, 7y) of a N-Ty-space (X, 1) is N-Ty.
Proof. The proof is similar to that of Theorem O

6. CONCLUSION

Thus, we have brought a new perspective to the world of topology on separation
axioms in N-topological spaces. In addition, we have given a new definition for
N-subspace that we think will benefit the other mathematical studies especially in
topology. It is our wish that the new terms and concepts we offer will help other
scientists around the world to create new fields of work and make inventions that
will benefit people. Besides, among our expectations, this study will pave the way
for studies in the fields of statistics, medicine, economics, engineering and many
different sciences, and to minimize the problems people face in their daily lives.
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