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Abstract
In this study, we first introduced the definition A7 —statistical

convergence for sequences of fuzzy numbers using the
generalized difference operator A™. Furthermore, we defined
the strong N,ff (A™, g) —summable sequence set and the strong
Nﬁ(Am,f, q) —summable sequence set for fuzzy difference
sequences aided by a modulus function f. Subsequently, we
provided certain inclusion theorems between these sets and the
Sﬁ (A™) set.

Keywords Statistical covergence; Sequence of fuzzy numbers; Modulus
function; Difference sequence

Afyon Kocatepe Universitesi

Oz
Bu c¢alismada ilk olarak bulanik sayi icin A™
genellestirilmis fark operatoriini kullanarak p —istatistiksel

dizileri

yakinsakhk tanimini verdik. Ayrica bulanik fark dizileri igin
kuvvetli N,f.)(Am,q) —toplanabilir dizi kiimesini ve bir f modils
fonksiyonu yardimiyla tanimlanan kuvvetli
N}f(Am,f, q) —toplanabilir dizi kimesini tanimladik. Daha sonra
bu kiimelerle Sﬁ(Am) kimesi arasindaki bazi kapsama

teoremlerini verdik.

Anahtar Kelimeler Istatistiksel yakinsaklik; Bulanik sayi dizisi; Modiiliis
fonksiyonu; Fark dizisi

1. Introduction

The concept of statistical convergence was defined
independently by Fast (1951) and Steinhaus (1951).
Schoenberg (1959) redefined the concept of statistical
convergence and provided some of its properties.
Subsequently, statistical convergence has been used by
many researchers in statistical measurement theory,
summability theory, Banach spaces, trigonometric series,
and fuzzy set theory. Several researchers, including
(Altinok and Yagdiran 2017, Barlak 2022, Karakas et al.
2014, Sengil et al. 2020, Torgut and Altin 2020), have
conducted studies on this concept.

Zadeh (1965) first introduced fuzzy set theory. Matloka
(1986) provided the definition of fuzzy number sequences
and defined the
convergence for sequences of fuzzy numbers, along with

concepts of boundedness and
some properties. He showed that many properties valid
for real number sequences also hold for fuzzy number
sequences. Since then, numerous studies have been
conducted and continue to be conducted on sequences of
fuzzy numbers.

The concept of statistical convergence for sequences of
fuzzy numbers was introduced by Nuray and Savas (1995).
Nuray and Savas (1995) and Kwon (2000) examined the
relationship between statistical convergence,
convergence, lacunary statistical convergence and strong
Cesaro convergence in sequences of fuzzy numbers.
Gakalli (2017) defined p —statistical convergence for
sequences of real numbers. Subsequently, several
researchers, including ( Aral et al. 2020, Aral 2022, Aral et
al. 2022, Cakall et al. 2020, Gumus 2022, Kandemir 2022),
have conducted studies on this topic.

Kizmaz (1981) was firstly introduced the concept of the
difference operator in the sequence spaces. Additionally,
Et and Colak (1995) generalized the idea of difference
sequence spaces of Kizmaz. Besides this topic was studied
by many authors (Bektas et al. 2004, Et and Esi 2000,
Karakas 2023, Turan 2017). The aim of this study is to
generalize the concept of p —statistically convergence
with the help of a f modulus function by using the
generalized difference operator A™ defined as A™Z,, =

A1z — A1z, m=(1,2,3,...) and to fill the
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existing gaps in the generalized statistical convergence
theory of fuzzy number sequences in the literature.

2. Definitions and Preliminaries

In this section, we have discussed the fundamental
concepts that we will use throughout this study.

A fuzzy number is a fuzzy set that maps from the real
numbers R to the closed interval [0,1], satisfying the
following properties:

(i) Z is normal, which means there exists z, € R such that
Z(z) = 1.

(ii) Z is fuzzy convex, which means for z,t E R and 0 <
B < 1,wehave Z(Bz + (1 — B)t) = min[Z(2), Z(t)].
(i) Z is upper semi-continuous.

(iv) The support of Z, denoted by suppZ, is defined as the
closure of the set {Z € R:Z(z) > 0}, which is a compact
set.

An a-level set of a fuzzy number, denoted as [Z]%, is
defined as follows:

{zeR:Z(2) = a},
suppZz,

if a € (0,1]

[Z]a={ ifa=0

For a number Z to be a fuzzy number, the necessary and
sufficient condition is that for each a € [0,1], the set [Z]*
is a closed interval, and [Z]* # @ is obvious. We will
denote the space of all fuzzy numbers with real terms as
L(R).

The distance between fuzzy numbers Z and T is
calculated using the metric:

d(Z,T) = supg<q<1 du([Z]%, [T]%)

where dy is the Hausdorff metric and for Z% =
[Z% Z%] and T* = [T%, T%], itis defined as:

dy([Z]%,[T]%) = max{|Z% — T¢|, |Z* — T*|}.

The distance d is a metric on L(R) and it is complete.

A sequence Z = (Z;) of fuzzy number is a function Z
from the set N of all natural numbers into L(R) that is
Z:N - L(R) (Matloka 1986). In this case, each term of
the sequence (Z},) corresponds to a fuzzy number.

The natural density of a subset E, which is a subset of the
set of natural numbers N, is defined as follows:

1
6(E) = lim —|{k < n:k € E}|.
n-on

Here, the expression |{k < n:k € E}| represents the
number of elements in E that are not greater than n.

A sequence Z = (Z;) of fuzzy numbers is said to be
statistically convergent to a fuzzy number Z, if for every
>0,

1
lim — [{k < n:d(Zy,Z,) = }| = 0.

n-on

We denote the set of all statistically convergent
sequences of fuzzy numbers as S(F).

A sequence Z = (Z) of fuzzy numbers is said to be
A™ —statistically convergent to a fuzzy number Z, if for

every € > 0, the following condition holds:

Aﬂ%l{k <n:d(A™Z, Zy) = €}| = 0.

We denote the set of all A™ —statistically convergent
sequences of fuzzy numbers as Si(A™). In this case, it is
denoted as Sy (A™) — limZ, = Z,.

Let Z = (Zy) be a sequence of points in the fuzzy number
set L(R) and 0 < a < 1. If for every € > 0, there exists a
fuzzy number Z, such that

1
lim — |{k <n:d(Zy,Zy) =€} =0
TI.—?OOpn

the sequence Z = (Z;) is said to be p —statistically
convergent to the fuzzy number Z, Here, p = (p,) is an
non-decreasing sequence of positive real numbers that

approaches to oo, satisfying lim sup%" < oo, Ap, =

n-co
0(1) and Ap,, = pp41 — Pr, for every positive integer n.
In this case, it is denoted as Sg'(F) — limZ,, = Z,,.
Throughout this study, let p = (p,,) be a sequence as
given above.

Let (z;) is sequence of complex numbers and Az = (z;, —
Zr+1). The sequence spaces [ (A),c(A),co(A) are
defined by

Io(A) ={z = (z): Az € 1.},
c(A) ={z=(z): 0z €c},

co(A) ={z = (z,): Az € ¢}

Let w(F) be the set of all sequences of fuzzy numbers.
The difference operator order m is defined A™: w(F) —
w(F),A™Z, = A™"1Z, — A™" 17, ., for al mEN. It is
clear that the generalized difference operator A™ is a
linear operator.

The concept of modulus function was first introduced by
Nakano [23]. If a function f: [0, ) — [0, o) satisfies the
following properties:

(i) f(x) =0ifand only if x = 0,

(i) forevery x,y = 0, f(x + y) < f(x) + f(y),

(iii) f is right-continuous at, x = 0

(iv) f is increasing, then f is called a modulus function.
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Let (py) be a positive and bounded sequence of real
numbers with supp, = N. Let K = max(1,2¥"1) and
k

ay, by € C. The inequality

lax + bi|Pk < K(|ag|Px + |by|Px) (1)

given by Maddox [24] will be used throughout this study.

3. Main Results

In this section, we first introduced the definition
A" —statistical convergence for sequences of fuzzy
numbers using the generalized difference operator A™.
defined the
NfZ(A™,q) —summable sequence set and the strong
NZ(A™, f,q) —summable
difference sequences aided by a modulus function f.

Furthermore, we strong

sequence set for fuzzy
Subsequently, we provided certain inclusion theorems
between these sets and the S,f (A™) set.

Definition 3.1. Let Z = (Z}) be a sequence of points in
the fuzzy number set L(R), A™ be the generalized
difference operator and p = (p,) is an non-decreasing
sequence of positive real numbers that approaches to o,

satisfying  lim sup an <o, Ap, =0(1) and Ap, =

n—oo

Pn+1 — Pn for every positive integer n. If there exists a
fuzzy number Z, for each ¢ > 0 and m = 1,2,3, ... such
that

1

n-o Op

then the sequence Z = (Z;) is said to be A7 —statistically
convergent to Z, (or S,f (A™) — convergent to Zy). In this
case, we write or SF(A™) —limZ, = Z,. SF(A™) will
denote the set of all AZ1 —statistically convergent for
sequences of fuzzy numbers.

Definition 3.2. Let f be a modulus function, Z = (Z;,) be
a sequence of points in the fuzzy number set L(R), A™ be
the generalized difference operator and p = (p,) is an
non-decreasing sequence of positive real numbers that

approaches to oo, satisfying lim sup%” < oo, Ap, =

n-oo

0(1) and Ap,, = pn+1 — Pn Tor every positive integer n.
If there exists a fuzzy number Z;, foreache > 0 and m =
1,2,3, ... such that

1
lim —|{k < n: f[d(A™Z,,Zy)] = €}| =0
n=0 Pp

then the sequence Z = (Zy) is said to be Aj" —statistically
convergent to Z, by a modulus function f (or

SP(A™, f) — convergent to Z,). In this case, we write

SP(A™, f) — limZ, = Z,.SE(A™, ) will denote the set of
all Af" —statistically convergent of order a by modulus
function for sequences of fuzzy numbers.

Now let's define the strong le(Am,q) —summable
sequence set and the strong NZ(A™, f,q) —summable
sequence set, respectively.

Definition 3.3. Let Z = (Z;) be a sequence of points in
the fuzzy number set L(R), A™ be the generalized
difference operator and q > 0. If there exists a fuzzy
number Z, for each ¢ > 0 and m = 1,2,3, ... such that

n

1
lim —Z[d(Amzk,zo)]q —0
e pn k=1

then the sequence Z = (Z;) is said to be strongly
N,f(Am,q) —summable of to Z,. In this case, we write
NP (A™, q) — limZ,, = Z,. NJ (A™, q) will denote the set
of all strongly N,f(Am, q) summable for sequences of
fuzzy numbers.

Definition 3.4. Let f be a modulus function, Z = (Z;,) be
a sequence of points in the fuzzy number set L(R), A™
be the generalized difference operator and g = (q,,) be
a sequence of positive real numbers. If there exists a fuzzy
number Z, such that

1 n
lim — " [(d(A" 24, 20))]™ = 0
k=1

n=0 Py

then the sequence Z = (Z;) is said to be strongly
NP (A™, f,q) —summable to Z,. In this case, we write
NE(A™, f,q) —limZ, = Z,. NE(A™, £, q) will denote the
set of all strongly N,f(Am,f, q) summable for sequences
of fuzzy numbers.

In the following theorems, we will assume that g = (q;)
is a bounded sequence with 0 <r = irlzqu Sqp <

supqr =R < oo,

k
Theorem 3.1. Let (Z;,) and (T}) be two sequences of
points in the fuzzy number set L(R), A™ be the

generalized difference operator and p = (p,,) is a non-
decreasing sequence for each n € Z* tending to o such

that limsup%" < o, Ap, = 0(1) and Ap,, = Pni1 — Pn
for each nne Z*.Then

(i) Z, - Z, (Slff(Am)) and c €C implies (cZ,) -
cZy ( Sf (Am)),

(i) Zy = Zo (sﬁ(AM)) and T, > T, (sﬁ(Am)) implies
(Zic +Tio) = (Zo + To) (SE@™)).

Proof. (i) For ¢ = 0, the proofis clear. Let ¢ # 0, the proof
follows from the inequality
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1
p—l{k <n:d(cA™Zy,cZy) = €}
n

<k < ma@r .z =2

(i) Let Z, - Z, (Slf(Am)) and T}, - T, (Slf(Am)), we can

write

1

n
< Lfk < nia@nz, 2 =5

rllesmagrnn =)

for each £ > 0 and thus if Z,, - Z, (S}f(Am)) and T, —
Ty (s,f(Am)) then (Z, + Tp) = (Zo + Tp) (S;’(AM)).
Theorem 3.2. Let Z = (Z},) be a sequence of points in the
fuzzy number set L(R), A™ be the generalized difference
operator and p = (p,,) be as in Definition 3.1. If for each
n € N, lim inf(%") > 1, then Sp(A™) c SE(A™).

Proof. Suppose that Z, — Z,(Sp(A™)), the proof is
obtained from the following inequality, for every ¢ > 0,

1
;I{k S n:d(AmZk,Zo) 2 E}I

pn 1 m
= __I{k S nd(A Zk,Zo) 2 E}I
n pn

> pi|{k < n:d(A™Z,, Zy) = €}l

Another coverage theorem is as follows:

Theorem 3.3. Let Z = (Z},) be a sequence of points in the
fuzzy number set L(R), p = (p,,) and 7 = (t,,) be two
sequences such that p, < 1, for all n € N, A™ be the

generalized difference operator. If lim (i—") > 0, then
n

Sp(A™) c SE(a™).

Proof. Suppose that Z;, — ZOS,f(Am)), the proof is

obtained from the following inequality, for every ¢ > 0,

1
‘r_l{k <n:d(A™Zy,Zy) = €}

n
< ’;—”pi Kk < n:d(A™Z,, Z,) = €}

A corollary of Theorem 3.2 and Theorem 3.3 follows.

Corollary 3.1. Let Z = (Z},) be a sequence of points in the
fuzzy number set L(R), p = (p,) and t = (t,,) be two
sequences such that p, < 1, for all n € N, A™ be the

generalized difference operator. If lim (ﬂ) > 0, then

n
Sp(A™) € SE(A™) < SE(A™).
Theorem 3.4. Let f;, f, be any two modulus function, Z =
(Zy) be a sequence of points in the fuzzy number
set L(R), A™ be the generalized difference operator and
p = (pp) be as in Definition 3.1. Then

SE(A™, £) N SE(A™, ) S SP(A™, fL + ).

Suppose  that Z = (Z;) € SF(A™ f)Nn
SP(A™, f,), for each £ > 0, we can write

Proof.

lim i|{k <n: fild(A™Zy, Zy)] = €} =0

n—0 Py

and

1
lim — |{k < n: f,[d(A™Z,,Z,)] = €}| = 0.
n—-oo pn

Since (fs + fId(A™Zy, Zo)] = f1ld(A™Zy, Zo)] +

fold(A™Z,, Z,)], the following equation can be written:

B [k < i, + £l 2, 20)] = ) =0

So  (Z)€ SE(A™fi+f,) and

SE(A™, f,) € SE(A™, f, + f3) is obtained.
Theorem 3.5. Let f;, f, be any two modulus function such
that fi(u) < f,(u), for each u € [0,0), Z = (Z;) be a
sequence of points in the fuzzy number set L(R), A™ be

SE@™ f)n

the generalized difference operator and p = (p,,) be asin
Definition 3.1. Then SF(A™, f;) € SE(A™, f,).

Proof. Suppose that Z = (Z,) € SF(A™, f,), in this case,
there exists a fuzzy number Z, for each € > 0 such that

1
lim — |{k < n: f,[d(A™Z,,Z,)] = €}| = 0.
n-0 P

Since |{k < n: fi[d(A™Z,,Z)] = €}

< |tk < n: fo[d(A™Zy, Zo)] = €}

inequality is provided for any n € N, we can write

lim l|{k <n:fild(A™Z,,Zy)] = €}| = 0.
n=o Py

So (Z) € SP(A™, f)) and SP(A™, f,) € SE(A™, f,) is
obtained.

Theorem 3.6. Let f;, f, be any two modulus function, Z =
(Zi) be a sequence of points in the fuzzy number set
L(R), A™ be the generalized difference operatorand p =
(pn) be as in Definition 3.1. Then SZ(A™ f,)C

Sg(Am,fz 0 f1)-
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Proof. Let Z, € SF(A™, f,). Since f, is continuous, there
isa number § > 0 for each € > 0 such that f,(§) = &.0On
the other hand, for § > 0, there is exists fuzzy number Z,
such that

B |k < 7,87 20 20)] > 8} = 0
In this case,
f(ild(@™Zy, Zo)]) = £,(8) = ¢,

(fz0 fi) [d(A™Zy, Zy)] = ¢

can be written for k < n. Thus, since
lim -~ [{k < n: (f; 0 f)d(A™ 2, Zo)] 2 8} = 0,

Z = (Z,) € Sﬁ(Am,fz 0 f1). This requires S}f(Am,fl) c
Sﬁ(Am'fz 0 f1).

The following are the theorems regarding the strong
N,f(Am,q) —summable sequence set and the strong
N,f (A™, f,q) —summable sequence set.

Theorem 3.7. Let f be a modulus function Z = (Z) be a
sequence of points in the fuzzy number set L(R), A™ be

the generalized difference operator and g > 1. If
f@

lim infu_mT >0, for each wu€][0,0), then
NE(A™, f,q) € NE(A™, ).
Proof. When lim inf,,_,, G > 0, foru > 0, it means that

u
there exists a positive number ¢ such thatf(u) > cu

holds foru > 0.Let Z = (Z,) € Nf(A™, f,q). Therefore,
we have

n n
lZ[f(d(Amz z))]* = iZ[cd(A’"Z Z))4
Pn 0= py s

k=1 k=1
n
= - ) "z, Z0))
k=1

Consequently, we have obtained N}f(Am,f, q) c
NP (A™, q).
Theorem 3.8. Let f be a modulus function, Z = (Z;) be a
sequence of points in the fuzzy number set L(R), A™ be
the generalized difference operator and lim g, > 0. If the
sequence Z = (Z,) is strongly Nf (A™, f,q) —summable
to the fuzzy number Z,, then the limit is unique.
ispat. Let N2 (A™, f,q) —limZ,, = Z,,,
NE(A™, f,q) —limZ, = Z{ and lim g, =t > 0. In this
case, we can obtain the following:

1 n
lim — " [£(d(A" 2, 2))] " = 0
k=1

n—w p,

and

1 n
lim — " [£(d(4"2,, 2))] " = 0.
k=1

n—e pp

Thus, from the definition of f and (1), for sup g, = K,
k

0<a<pf <1veN =max(1,2%1), we can write:

n

1
- L@z, zp)]™

k=1

N < .
< Q) @@z, z9)]"
" k=1

+ ) [F(d@ 2, 2)] ™)
k=1

N < .
< p—n(;[f(dmmzk,zo))]" )
N < .
+p—n(kzﬂ[f(d(AmZk,Zé))]q )

Therefore, we have:

n
1 , q
— O [F(d@m 2, 2))|™) = 0
Pn £
Since limgq, =t, we can conclude that Z, —Z, = 0.
Thus, the limit is unique.

Theorem 3.9. Let Z = (Z},) be a sequence of points in the
fuzzy number set L(R), f be a modulus function, A™ be
the generalized difference operator and liminf g, > 0. If
the sequence Z = (Z},) is convergent to a fuzzy number
Z,, then the sequence Z = (Z,) s
NE(A™, f,q) —summable.

strongly

Proof. Let Sp(A™) — limZ;, = Z,. Since f is a modulus
function, f(d(A™Zy,Zy)) > 0. As
[£(d(a™Z,, Z,))]"* - 0. Thus, we have NfF(A™, f,q) —
limZ, = Z,. This is what we wanted to prove.

liminfq, > 0,

Theorem 3.10. Let Z = (Z,,) be a sequence of points in
the fuzzy number set L(R), f be a modulus function,
p = (py) and T = ( 1,,) be two sequences such that
Pn < T, foralln € N and A™ be the generalized

difference operator. If lim inf i—” > 0, then
NEQA™, f,q) € NP (A™, f, q).
Proof. Let Z = (Z,) € NE(A™, f,q) and lim inf i—" > 0.

In this case:
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1 X )
— O (a2, 2))™)
k=1

Pn 1 C m dk
> T—n;(;[f(d(A ZZ)]™)

Thus, if Z € NE(A™, f,q), then Z € NE (A™, f, ).
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