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1. INTRODUCTION  

The theory of smooth maps between Riemannian manifolds has been widely studied in Riemannian 

geometry. Such maps are useful for comparing geometric structures between two manifolds. In this point 

of view, the study of Riemannian submersions between Riemannian manifolds was initiated by O’Neill 

[12] and Gray [6], see also [5] and [19]. Riemannian submersions have several applications in mathematical 

physics. Indeed, Riemannian submersions have their applications in the Yang-Mills theory ([3], [18]), 

Kaluza-Klein theory ([4], [7]), supergravity and superstring theories ([8], [11]), etc. Later such submersions 

were considered between manifolds with differentiable structures, see [5]. Furthermore, we have the 

following submersions: semi-Riemannian submersion and Lorentzian submersion [5], Riemannian 

submersion [6], almost Hermitian submersion [17], contact-complex submersion [10], quaternionic 

submersion [9], etc. 

Recently, B. Şahin [14] introduced the notion of anti-invariant Riemannian submersions which are 

Riemannian submersions from almost Hermitian manifolds such that the vertical distributions are anti-

invariant under the almost complex structure of the total manifold and as a generalization of anti-invariant 

Riemannian submersions and almost Hermitian submersions, B. Şahin [15] introduced the notion of semi-

invariant Riemannian submersions when the base manifold is an almost Hermitian manifold. (For recent 

developments on the geometry of almost Hermitian manifolds, see also:[16]). He showed that such 

submersions have rich geometric properties and they are useful for investigating the geometry of the total 

space. On the other hand, as a generalization of semi-invariant submersions, Ali and Fatima [1] introduced 

the notion of generic Riemannian submersions. They showed that such submersions have rich geometric 

properties and they are useful for investigating the geometry of the total space. The present work, we define 

and study the notion of generic Riemannian submersion from almost product Riemannian manifolds. The 

paper is organized as follows. In Section 2 we recall some notions needed for this paper. In section 3 we 

define generic Riemannian submersions from an almost product Riemannian manifold onto a Riemannian 

manifold. We also investigate the geometry of leaves of the distributions. Finally, we give necessary and 

sufficient conditions for such submersions to be totally geodesic.  
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2. PRELIMINARIES  

In this section, we define almost product Riemannian manifolds, recall the notion of Riemannian 

submersions between Riemannian manifolds and give a brief review of basic facts of Riemannian 

submersions. 

Let M be a m-dimensional manifold with a tensor F of a type (1,1) such that  

).(,=2 IFIF   

 Then, we say that M is an almost product manifold with almost product structure F. We put  

).(
2

1
=),(

2

1
= FIQFIP   

 Then we get  

.=0,==,=,=,= 22 QPFQPPQQQPPIQP   

Thus P and Q define two complementary distributions P and Q. We easily see that the eigenvalues of F are 

+1 or -1. If an almost product manifold M admits a Riemannian metric g such that 

),(=),( YXgFYFXg       (1) 

for any vector fields X and Y on M. Then M  is called an almost product Riemannian manifold, denoted by

).,,( FgM Denote the Levi-Civita connection on M with respect to g by .
M

  Then, M is called a locally 

product Riemannian manifold [19] if  F is parallel with respect to ,
M

  i.e.,  

   = 0, ( )
M

X F X TM                  (2) 

Let ),( gM  and ),( 'gN  be two Riemannian manifolds. A surjective C map NM :  is a C

submersion if it has maximal rank at any point of .M  Putting ,= xx ker V  for any ,Mx  we obtain an 

integrable distribution ,V  which is called vertical distribution and corresponds to the foliation of M  

determined by the fibres of .  The complementary distribution H  of ,V  determined by the Riemannian 

metric ,g  is called horizontal distribution. A C submersion NM :  between two Riemannian 

manifolds ),( gM  and ),( 'gN  is called a Riemannian submersion if, at each point x  of ,M  x  preserves 

the length of the horizontal vectors. A horizontal vector field X  on M  is said to be basic if X  is 

related to a vector field 
'X  on .N  It is clear that every vector field 

'X  on N  has a unique horizontal lift 

X  to M  and X  is basic. 

We recall that the sections of ,V  respectively ,H  are called the vertical vector fields, respectively 

horizontal vector fields. A Riemannian submersion NM :  determines two (1,2)  tensor fields T  and 

A  on ,M  by the formulas:  

  FFFTFET
M

E

M

EE HVVH VV ==),(     (3) 

 and  

FFFAFEA
M

E

M

EE HHHV HH ==),(      (4) 
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for any ),(, TMFE   where V  and H  are the vertical and horizontal projections (see [5]). From (3) and 

(4), one can obtain  

  ;ˆ= WWTW VV

M

V       (5) 

    );(= XXTX
M

VV

M

V  H       (6) 

  ;)(= VAVV X

M

X

M

X  V       (7) 

 ),(= YYAY
M

XX

M

X  H       (8) 

for any ),)((, 

 kerYX  ).(,  kerWV  Moreover, if X  is basic then  

 .=)(=)( VAVX X

M

X

M

V  VH       (9) 

We note that for ),(,  kerVU  VTU
 coincides with the second fundamental form of the immersion of 

the fibre submanifolds and for ),)((, 

 kerYX  ],[
2

1
= YXYAX V  reflecting the complete 

integrability of the horizontal distribution .H  It is known that A  is alternating on the horizontal distribution: 

,= XAYA YX   for ))((, 

 kerYX  and T  is symmetric on the vertical distribution: ,= UTVT VU
 

for ).(,  kerVU  

We now recall the following result which will be useful for later. 

Lemma 2.1 (see [5],[12]). If NM :  is a Riemannian submersion and YX ,  basic vector fields on 

,M   related to 
'X  and 

'Y  on ,N  then we have the following properties 

    1.  ],[ YXH  is a basic vector field and ;],[=],[  '' YXYXH  

    2.  )( Y
M

XH  is a basic vector field  related to ),( 'N

'X
Y  where 

M

  and 
N

  are the Levi-Civita 

connection on M  and ;N  

    3.  ),(],[  kerUE  for any )(  kerU  and for any basic vector field .E   

Let ),( MgM  and ),( NgN  be Riemannian manifolds and NM :  is a smooth map. Then the second 

fundamental form of   is given by  

)(=),)(( YYYX XX  


                                                                                             (10) 

for ),(, TMYX   where we denote conveniently by   the Levi-Civita connections of the metrics Mg  

and .Ng  Recall that   is said to be harmonic if 0=)( trace  and   is called a totally geodesic map 

if 0=),)(( YX  for )(, TMYX   [2]. It is known that the second fundamental form is symmetric. 

Let g  be a Riemannian metric tensor on the manifold 21= MMM   and assume that the canonical 

foliations 
1

MD  and 
2

MD  intersect perpendicularly everywhere. Then g  is the metric tensor of a usual 

product of Riemannian manifolds if and only if 
1

MD  and 
2

MD  are totally geodesic foliations [13]. 
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3. GENERIC RIEMANNIAN SUBMERSIONS 

In this section, we define and study generic Riemannian submersions from an almost product Riemannian 

manifold onto a Riemannian manifold, investigate the integrability of distributions and obtain a necessary 

and sufficient condition for such submersions to be totally geodesic map. 

Definition 3.1  Let ),,( FgM  be an almost product Riemannian manifold and ),( 'gN  a Riemannian 

manifold. A Riemannian submersion ),(),,(:
'

gNFgM   is called a generic Riemannian submersion 

if there is a distribution  kerD1  such that  

,=)(,= 1121 DDFDDker   

where 2D  is the orthogonal complement of 1D  in ),( *ker  and is purely real distribution on the fibres 

of the submersion  .  

Now, we will give an example in order to guarantee the existence of generic Riemannian submersions in 

locally product Riemannian manifolds and demonstrate that the method presented in this paper is effective. 

Note that given an Euclidean space 
8R  with coordinates ),...,( 81 xx , we can canonically choose an almost 

product structure F  on 
8R  as follows:  

),,,,,,,,(
2

1
=),...,( 172835465364718281 aaaaaaaaaaaaaaaaaaF   

where .,..., 81 Raa  

Example 3.1 Let   be a submersion defined by  

).
2

,
2

(),...,(

:

3131
81

28

xxxx
xx


 RR

 

Then it follows that  

}=,=,=,=,=,={= 867564534221* xZxZxZxZxZxZspanker   

and  

}.
2

1

2

1
=,

2

1

2

1
={=)( 312311* xxHxxHspanker   

Hence we have  

,
2

1

2

1

2

1
=,

2

1

2

1

2

1
= 21322151 XXZFZXXZFZ   

,
2

1

2

1

2

1
=,

2

1

2

1
= 2134423 XXZFZZZFZ   

.
2

1

2

1

2

1
=and

2

1

2

1
= 2156615 XXZFZZZFZ   

Thus it follows that },{= 531 ZZspanD  and },,,{= 64212 ZZZZspanD . Also by direct computations, we 

get  

),,(=),(and),(=),( 2*2*22211*1*2111 HHgHHgHHgHHg   
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where 1g  and 2g  denote the standard metrics (inner products) of 
8R  and 

2R . This show that   is a 

Riemannian submersion. Thus   is a generic Riemannian submersion.  

Let   be a generic Riemannian submersion from an almost product Riemannian manifold ),,( FgM  onto 

a Riemannian manifold ),( 'gN . Then for )ker( *V , we write  

 VVFV  =      (11) 

where )( 1DV   and ))ker(( *

 V . We denote the complementary distribution to 2D  in 

)ker( *  by .  Then we have  

  

2* =)ker( D           (12) 

 and   is invariant under .F  Thus, for any ))ker(( *

 X , we have  

 XXFX CB =        (13) 

where )( 2DX B  and )(XC . From (11), (12) and (13) we have  

,=))ker((,0,=,= 2*22111 DDDDDD   B  

0.=0,=,=,= 22 BBCCBCB   idid  

Then by using (5), (6), (11) and (13) we get  

 VTVTV UU

M

U   B=)(              (14) 

  VTVTV UU

M

U   C=)(                 (15) 

for )ker(, *VU , where  

VVV UU

M

U  ˆˆ=)(   

and  

.ˆ=)( VUAV UV

M

U     

Next, we easily have the following lemma: 

Lemma 3.1 Let ),,( FgM  be a locally product Riemannian manifold and ),( 'gN  a Riemannian manifold. 

Let ),(),,(: 'gNFgM   be a generic Riemannian submersion. Then we have 

     1.   YAYYYA X

M

X

M

XX  CHCHB =  

,= YAYYAY X

M

XX

M

X  BHCBV  

    2.   VVTUAVT UUVU  ˆ=   C  

,ˆ=ˆ VVTVTV UUUU   B  

    3.    UUAVUA
M

XX

M

UX  VCH  =  

 ,= UUAUAU
M

XXX

M

X  VBV   
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for ))ker((, *

 YX  and )ker(, *VU .  

Theorem 3.1 Let   be a generic Riemannian submersion from a locally product Riemannian manifold 

),,( FgM  onto a Riemannian manifold ).,(
'

gN  Then the distribution 1D  is integrable if and only if we 

have  

)(=)ˆˆ( 1
1

1
1

1
1

1
1

VTUTUV UVVU  C  

for ).(, 111 DVU    

Proof. For )(, 111 DVU   and ),)(( 

 kerZ  since ),(],[ 11  kerVU  from (5), (11) and (13) we 

get  

),(=)],,[( 1
1

1
1

11 ZUFVFgZVUFg
M

V

M

U  ),ˆˆ(= 1
1

1
1

1
1

1
1

ZUFUFTVFVFTg VVUU   

                                                                  1
1

1
1

1
1

1
1

ˆˆ(= VVVTVTg UUUU  CB  

                                          ),ˆˆ
1

1
1

1
1

1
1

1
ZUUTUUT VVVV   CB  

                                                ).,ˆˆ(= 1
1

1
1

1
1

1
1

ZUUTVVTg VVUU   CC  

Hence, we have the result. 

Theorem 3.2 Let   be a generic Riemannian submersion from a locally product Riemannian manifold 

),,( FgM  onto a Riemannian manifold ).,(
'

gN  Then the purely real distribution 2D  is integrable if and 

only if we have  

)(ˆˆ
22

2
2

2
2

2
2

2
DUTVTUV VUVU    

for )(, 222 DVU  .  

Proof. We note that the purely real distribution 2D  integrable if and only if 

0=)],,([=)],,([ 22122 WVUgFZVUg  for )(),(, 1222 DZDVU   and ))ker(( *

 W . Since 

*ker  is integrable 0=)],,([ 22 WVUg . Thus 2D  integrable if and only if 0.=)],,([ 22 FZVUg  

Moreover, by using (1), (2) and (13) we have  

).),(()),((=)],,([ 2
2

2
2

2
2

2
2

22 FZUUFgFZVVFgFZVUg
M

V

M

V

M

U

M

U    

Using (5), (6) and (9), we get  

)((=)],,([ 2
2

2
2

2
2

2
2

22 VAUAUTVTgFZVUg UVVU  B  

                                ).),ˆˆ( 2
2

2
2

2
2

2
2

FZUTVTUV VVVU    

Since )()( 22
2

2
2

2
2

2
2

DVAUAUTVT UVVU  B ,  

),),ˆˆ(=)],,([ 2
2

2
2

2
2

2
2

(22 FZUTVTUVgFZVUg VUVU    

which proves assertion.  

Now, we investigate the geometry of the leaves of the distributitons 1D  and 2D . 



 

Mehmet Akif AKYOL / GU J Sci, 30(3):89-100(2017)     95 

Theorem 3.3  Let   be a generic Riemannian submersion from a locally product Riemannian manifold 

),,( FgM  onto a Riemannian manifold ).,(
'

gN  Then 1D  defines a totally geodesic foliation on 1M  if 

and only if  

)(),)(( 11*   FVU  

and  

)),,)(((=),ˆ( *11*1
1

XFVUgXFVg '

U CB   

for )(),(, 22111 DUDVU   and ))(( *

 kerX .  

Proof. From the definition of a generic Riemannian submersion, it follows that the distribution 1D  defines 

a totally geodesic foliation on M  if and only if 0=),( 21
1

UVg
M

U  and 0=),( 1
1

XVg
M

U  for 

)(),(, 22111 DUDVU   and ))(( *

 kerX . Since   is a generic Riemannian submersion, from 

(2), we get  

 ).),,)(((=),( 2*11*21
1

UFVUgUVg 'M

U     (16) 

On the other hand, by using (13) we have  

).,(),(=),( 1
1

11
1

11
1

XFVgXFVgXVg
M

U

M

U

M

U CB   

Since   is a generic Riemannian submersion, using (10) and (5) we get  

).),,)(((),ˆ(=),( *11*1
1

1
1

XFVUgXFVgXVg '

U

M

U CB   (17) 

Thus proof follows from (16) and (17).  

For the leaves of 2D  we have the following result. 

Theorem 3.4  Let   be a generic Riemannian submersion from a locally product Riemannian manifold 

),,( FgM  onto a Riemannian manifold ).,(
'

gN  Then 2D  defines a totally geodesic foliation on M  if 

and only if  

)(),)(( 12*   FVU  

and  

),(),(),ˆ(=)),,)((( 2
2

2
2

2
2

2*2* VXTgVXTgVXgVXUg UUU

'  CBBC   

for )( 11 DU  , )(, 222 DVU   and ))(( *

 kerX .  

 

Proof. The distribution 2D  defines a totally geodesic foliation on M  if and only if 0=),( 12
2

UVg
M

U  and 

0=),( 2
2

XVg
M

U  for )( 11 DU  , )(, 222 DVU   and ))(( *

 kerX . Since we have 

),(=),( 21
2

112
2

VUgUVg
M

U

M

U  , from (10) we have  

 ).),,)(((=),( 2*12*12
2

VFUUgUVg 'M

U     (18) 

In a similar way, by using (13) we obtain  
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).,(),(=),( 2
2

2
2

2
2

FVXgFVXgXVg
M

U

M

U

M

U CB   

Using (5), (6), (11) and if we take into account that   is a generic Riemannian submersion, we obtain  

 ),(),(),ˆ(=),( 2
2

2
2

2
2

2
2

VXTgVXTgVXgXVg UUU

M

U  CBB   (19) 

                                                    ).),,)((( 2*2* VXUg'  C  

Thus proof follows from (18) and (19).  

From Theorem 3.3 and Theorem 3.4, we have the following result. 

Theorem 3.5  Let ),(),,(: 'gNFgM   be a generic Riemannian submersion from a locally product 

Riemannian manifold ),,( FgM  onto a Riemannian manifold ),( 'gN . Then the fibers of   are the locally 

product Riemannian manifold of leaves of 1D  and 2D  if and only if  

)(),)(( *11*   FVU  

and  

)(),)(( *12*   FVU  

 

for any )(, 111 DVU   and )( 22 DU  .  

For the geometry of leaves of the horizontal distribution ))(( *

ker , we have the following theorem. 

Theorem 3.6  Let ),(),,(: 'gNFgM   be a generic Riemannian submersion from a locally product 

Riemannian manifold ),,( FgM  onto a Riemannian manifold ),( 'gN . Then the distribution 
)( *ker  

defines a totally geodesic foliation on M  if and only if  

)(),( 22
1

2
1

2
1

2
1

DXAXXXA X

M

X

M

XX  CBVCHB   

for any ))((, *21

 kerXX .  

Proof. Since M  is a locally product Riemannian manifold, from (1) and (2) we have 
2

1
2

1
= FXFX

M

X

M

X   

for ))((, *21

 kerXX . Using (13), (7) and (8)  

)(= 2
1

2
1

2
1

XXAFX
M

XX

M

X BVB  ).( 2
1

2
1

XAXF X

M

X CCH   

Then by using (11) and (13) we get  

                             
2

1
2

1
2

1
2

1
= XXAXAX

M

XXX

M

X BVBCBB    

                                         
2

1
2

1
2

1
XXX

M

X

M

X

M

X CCHCBHBV  .2
1

2
1

XAXA XX CC    

Hence, we have ))(( *2
1

 kerX
M

X
 if and only if  

0.=)()( 2
1

2
1

2
1

2
1

XAXXXA X

M

X

M

XX CBVCHBB    

Thus ))(( *2
1

 kerX
M

X
 if and only if  
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0,=)(0,=)( 2
1

2
1

2
1

2
1

XAXXXA X

M

X

M

XX CBVCHBB    

which completes proof.  

In the sequel we are going to investigate the geometry of leaves of the vertical distribution *ker . 

Theorem 3.7  Let ),(),,(: 'gNFgM   be a generic Riemannian submersion from a locally product 

Riemannian manifold ),,( FgM  onto a Riemannian manifold ),( 'gN . Then the distribution )( *ker  

defines a totally geodesic foliation on M  if and only if  

)(ˆ),( 12
1

2
1

21
2

2
1

DZTZDZAZT ZZZZ     

for any )(, *21 kerZZ  .  

Proof. For any )(, *21 kerZZ  , using (2), (5), (6) and (11) we get  

2
1

2
1

= FZFZ
M

Z

M

Z  )(= 2
1

2
1

ZZF
M

Z

M

Z   )ˆ(= 2
1

1
2

2
1

2
1

ZTZAZZTF ZZZZ     

                                                  2
1

2
1

2
1

2
1

ˆˆ= ZZZTZT ZZZZ  CB  

                                                    .2
1

2
1

1
2

1
2

ZTZTZAZA ZZZZ   CB  

From above equation, it follows that )( *ker  defines a totally geodesic foliation if and only if  

0.=)ˆ()( 2
1

2
1

1
2

2
1

ZTZZAZT ZZZZ   C  

Thus )( *2
1

kerZ
M

Z   if and only if  

0,=)ˆ(0,=)( 2
1

2
1

1
2

2
1

ZTZZAZT ZZZZ   C  

which completes proof.  

From Theorem 3.5 and Theorem 3.6, we have the following result. 

Theorem 3.8 Let ),(),,(: 'gNFgM   be a generic Riemannian submersion from a locally product 

Riemannian manifold ),,( FgM  onto a Riemannian manifold ),( 'gN . Then the total space M  is a 

generic product manifold of the leaves of 1D , 2D  and ,)( *

ker  i.e., ,=
)

*
(21


kerDD MMMM  if 

and only if  

),(),)(( *11*   FVU  

  

)(),)(( *12*   FVU  

and  

)(),( 22
1

2
1

2
1

2
1

DXAXXXA X

M

X

M

XX  CBVCHB   

for any )(, 111 DVU  , )( 22 DU   and ))((, *21

 kerXX , where 
1

DM , 
2

DM  and )
*

( ker
M  are 

leaves of the distributions 1D , 2D  and 
)( *ker , respectively.  

From Theorem 3.6 and Theorem 3.7, we have the following result. 
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Theorem 3.9 Let ),(),,(: 'gNFgM   be a generic Riemannian submersion from a locally product 

Riemannian manifold ),,( FgM  onto a Riemannian manifold ),( 'gN . Then the total space M  is a 

generic product manifold of the leaves of 
)( *ker  and ,*ker  i.e., ,=

*)
*

(  kerker
MMM   if and only 

if  

)(),( 22
1

2
1

2
1

2
1

DXAXXXA X

M

X

M

XX  CBVCHB   

and  

)(ˆ),( 12
1

2
1

21
2

2
1

DZTZDZAZT ZZZZ     

for any ))((, *21

 kerXX  and )(, *21 kerZZ  , where )
*

( ker
M  and 

*
kerM  are leaves of the 

distributions 
)( *ker  and *ker , respectively.  

Now, we give necessary and sufficient conditions for a generic Riemannian submersion to be totally 

geodesic. The Riemannian submersion map   is called totally geodesic map if the map *  is parallel with 

respect to  , i.e., 0=* . A geometric interpretation of a totally geodesic map is that it maps every 

geodesic in the total space into a geodesic in the base space in proportion to arc lengths. 

Theorem 3.10 Let ),(),,(: 'gNFgM   be a generic Riemannian submersion from a locally product 

Riemannian manifold ),,( FgM  onto a Riemannian manifold ),( 'gN .   is a totally geodesic map if and 

only if  

0,=ˆ
1

1
1

1
FVFVT UU C  

0,=)ˆ()( WTWVAWT VVWU   C  

0,=)ˆ()( XTXVAXT VVXV CBBC C    

for any )(, 111 DVU  , )( 2DW  , )( *kerU   and ))(( *

 kerX .  

Proof. For ),)((, 21



 kerXX  since   is a Riemannian submersion, from (10) we obtain  

0.=),)(( 21 XX  

For )(, 111 DVU  , using (2) and (10) we have  

).(=),)(( 1
1

*11* FVFVU U   

Then from (5) we arrive at  

)).ˆ((=),)(( 1
1

1
1

*11* FVFVTFVU UU    

Using (11) and (13) in above equation we obtain  

).ˆˆ(=),)(( 1
1

1
1

1
1

1
1

*11* FVFVFVTFVTVU UUUU   CB  

Since )(ˆ
*1

1
1

1
 kerFVFVT UU B , we derive  

).ˆ(=),)(( 1
1

1
1

*11* FVFVTVU UU   C  
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Then, since   is a linear isomorphism between 
)( *ker  and TM , 0=),)(( 11* VU  if and only if  

 0.=ˆ
1

1
1

1
FVFVT UU C      (20) 

For )(),( 2* DWkerU   , using (2), (10) and (11), we have  

)(=),)(( *** WWWU
M

UU    )(= * FWF
M

U )).((= * WWF
M

U    

Then from (6) we arrive at  

)).()ˆ((=),)(( ** WTVAFWWTFWU VWVU     

Using (11) and (13) in above equation we obtain  

)ˆˆ()((=),)(( ** WWWTWTWU VVUU   CB  

             )).()( WTWTVAVA VVWW   CB  

Thus 0=),)(( * WV  if and only if  

0.=)ˆ()( WTWVAWT VVWU   C     (21) 

On the other hand using (2), (5), (6) and (13) for any )( *kerV   and ))(( *

 kerX , we get  

)(=),)(( *** XXXV
M

VV    )(= * FXF
M

V ))((= * XXF
M

V CB   

                                                                                      XXXTXT VVVV BBBCBB  ˆˆ(= *   

                                                                           ).XTXTVAVA VVXX CCCB CC    

Thus 0=),)(( * XV  if and only if  

0.=)ˆ()( XTXVAXT VVXV CBBC C           (22) 

The result then follows from (20), (21) and (22).  
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