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On a General Non-Linear Difference Equation of Third-Order
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ABSTRACT. In this paper, we investigate the following general difference equations
Ah(x,_1) + Bh(x,_2)

Ch(x,-1) + Dh(x,22) )’
where the parameters A, B, C, D and the initial values x_g, for ® = 0, 2 are real numbers, A2 + B2 £ 0 £ C> + D, h

is a strictly monotone and continuous function, 4 (R) = R, #(0) = 0. In addition, we obtain closed-form solutions
of aforementioned difference equations. Finally, numerical applications are given.

Xn+1 = hil h(xn)

n € Ny,
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1. INTRODUCTION

Let N, Ny, Z, R, C, means the set of natural, non-negative integer, integer, real and complex numbers, respectively.
If®,¥Y €Z, ® <Y the notation a = (D,_‘Pstands for{a €eZ:® <a<¥}
The difference equations are of interest by many authors in these days [2,11-14,16,17,19,24-27,29-35].
Well-known important difference equation is

Xn+2 = YXps1 + 0xy, n € Ny, (1.1

where the parameter y, § and the initial conditions x, x| are real numbers. De Moivre solved the homogeneous linear
second-order difference equation (1.1) in [4]. The general solution of the sequence (x,),qy,, i given by
. (x1 = Aaxg) A} — (x1 = A1x0) 45
" A — Ay

, n € Ny, (1.2)

when ¢ # 0 and y% + 46 # 0,

X = (1 — Lixo)n+ Lixo) A7, n e Ny, (1.3)
when 6 # 0 and 2 + 46 = 0, where A; and A, are the roots of the polynomial P (1) = A2 —yA =6 = 0. Also, the roots

B

of characteristic equation are 1, = >
The difference equation, which transforms into equation (1.1) using the appropriate transformation is

ax, + 0
= , n € Ny, 1.4
o (1.4)

Xn+1
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for y # 0, ad # By, where the initial value x is real number. Equation (1.4) is called Riccati difference equation.
Similarly, the difference equation, which becomes equation (1.4) using the change of variable is

Xpa1 = L + ﬁ n € N, (1.5)
where the initial conditions x_,, x_1, Xy are positive real numbers and the parameters £, Y, ®, ¥ are positive constants.
The behavior of the solution of equation (1.5) is investigated in [10].

Type of difference equations in (1.5) have been generalized in various ways by lots of authors in [1,3,5-9,20-23,28].
The generalizations are increasing order, adding constant or periodic parameters, etc. The other way to expand is
increasing dimensional. There are difference equations systems which are the type of difference equations in (1.5) in
literature (see, e.g. [15, 18]).

A natural question is if equation (1.5) generalize by using different way. Here we give a positive answer. Another
way to generalize is the form of the following equation:

Ah (xn—l) + Bh (xn—2)
Ch (xp-1) + Dh (x,-2)
where the initial values x_g, for ® = ﬂ are real numbers, the parameters A, B,C, D € R, A*+B*#0+# C>+ D% his
a strictly monotone and continuous function, 42 (R) = R, 4 (0) = 0.

Our aim to show that equation (1.6) is solvable in closed form according to states of parameters by changing of the
variable. Also, we give numerical applications, which indicate some things in [10] are not correct.

Xps1 = h7! (h (x,) ) n € Ny, (1.6)

2. Crosep-ForMm Sorution or EQuation (1.6)
Theorem 2.1. Suppose that A> + B> # 0 # C> + D?. So, the equation (1.6) is solvable in closed form.

Proof. 1f at least one of the initial conditions x_g = 0, for 8 € {0, 1, 2}, then the solution of equation (1.6) is not defined.
Moreover, suppose that x,, = 0 for some ng € Ny. In addition, by using (1.6) we get x,,.1 = 0. These facts along with
(1.6) imply that x,, 3 is not defined. Hence, for every well-defined solution of (1.6) , we have

X, #0, n> -2, 2.1
From (2.1) we get
hix,) #0, n>-2.
Now, we investigate the solution of equation (1.6) for two cases.

2.1. Case 1. First, assume that AD # BC and C # 0. Let

_ h(x) B
e Tt L. (22)

From (1.6) and monotonicity of 4, we obtain
Ah (xn—l) + Bh (xn—Z)

h(x, =h(x, > No. 2.3
Cors) = 1) G ey + DIy " @3)
By using the change of variables (2.2) in (2.3) we get
Ayn—l + B
el = ———, No. 24
Y+l Cynr +D n € Ny (2.4)
Let .
Z%) = Yom+j» m € Ny, j€{-1,0}. (23)
Then, from (2.4) and (2.5) we obtain .
) Az +B
Zﬁ,ﬁl = (2.6)

ca)+ D’
for m € Ny, j € {—1,0}. The equation (2.6) is named a Riccati type difference equation in literature.
Let
W
=l e meN,, je{-1,0), 2.7
0
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for some g; € R, j € {-1,0}.
From (2.6)-(2.7) we obtain
()] ) )
um+2 um+1 um+1 _
( 0 +gj](C N +Cg;+ D] - (AW +Ag;+ B] =0,
m+1 m m
form e Ny, j € {-1,0}.
Let
D
gj = _Ea J € {_130}
Then, we have
C*ul? - C(A+D)u | +(AD - BO)uy) = 0, (2.8)
for m € Ny, j € {-1,0}.
Assume that A := (A + D)* — 4 (AD — BC) # 0. Then, by employing equality (1.2) we get
()] DY ym ()] DY ym
g o )47 - ) - ) 2.9)
" A=Ay
for m € Ny, j € {-1,0}, where 1, = %Z, is the general solution to (2.8).
By using (2.9) in (2.7), we get
o _ (u(]j) _ /12’/‘5)})) /llln+l _ (u(lj) _ /l]M(()J)) /13&'1+1 B 2
(u(l.l) _ /lzu(()j)) /v]n _ (u(l./) _ /llug)) /11211 C
(0 . D m+1 D, D m+1
B (2" + 2 = )+t = (2 + 2 — ) g D
(@ +2-n)ar-(f+2-1)1y €
for m € Ny, j € {—1, 0}, from the last equality with (2.5) we get
(j+2-) —(y+2-a) 4 p
Yomej = o TRl (2.10)
(j+ 2= )4 = (y; + 2= 1) 23
for m € Ny, j € {-1,0}.
From (2.2) and (2.10), we obtain
h(x-) D m+1 h(x_,-) D m+1
(i + -2 - (e + 2 - ) g™ )
h ()C2m+j) = -—=1h (x2m+j—1) s
h(x,') + D _ ) am = h(xj) + D _ PP L C
W) €T 2) N T ) e T )R
for m € Ny, j € {—1,0}.
From (2.2) we easily get
h <x2m+j1) = Yomsj Y2m+ji—1h (x2m+j1—2) ) (2.1D)
for m € Ny, j; € {0, 1}.
Hence,
h(xam) = h(x-2) 1_[ Y2i2i-1
i=0
h(xom+1) = h(x-1) 1_[ Y2i+1Y2i5
i=0
for m € Ny, and consequently
Yo = 7! [h @[] yz,~yzl~_1] : 2.12)
i=0
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Xome1 = (h (x-1) l—[hm)’zl\], 2.13)

for m € Ny, where

S {(fﬁgol)> FE ) - (S + 2 - )y D
(e + e - L) - (s g-u)yy €
[(Zii g2 - (g v 8 - ) ur _g] o1
(g +2-n)r-(jas+ 2-a)ay  C) '
[(Zii;i - )4 - (5 + 2 - ) 4 D]
Yom+1Y2m = - =
(g + 2 - - (Geg + 2 - )yt €
[(ﬁ%%—ﬂz)ﬂ?’“—(&&“s -yt p 015)
(e + @ - )y - (e + & - )y € '

for m € Ny. By using formulas (2.14)-(2.15) in equations (2.12)-(2.13), we acquire the solution to equation (1.6) if
A#0.
Suppose that A = (A + D)> — 4 (AD — BC) = 0. So, by employing equality (1.3) we have

) = ((u = ) m + u”) A7, (2.16)
for m € Ny, j = —1,0 where
1= A+D 40
DTS :

Note that equation (2.16) is the solution to the equation (2.8). From (2.7) and (2.16), we obtain

(6 = 20 om+ 1)+ A 4
(u(j) —/llu(j))m+/11u(j)

i (( o 4 /11)(m+ 1)+/11)/11 D 217

((” 2o )m+a C’ '

for m € Ny, j € {—1,0}. From (2.5) and (2.17) we obtain

(i +2-2)m+ 1D+ 2)4
(yj+§—/ll)m+/ll

for m € Ny, j € {—1,0}. From (2.2) and (2.18) we have

((h}é:_]l)) +2 —xh)(m +1) +,11)/11 b
C

) _

m =

D
C

D
Yomej = -5 (2.18)

h (x2m+j—1) ,

(xameg) = | -2

(i = 8 =)

for m € Ny, j € {-1,0}.
We also have

h(xg)
(h(xol)-i-——/ll)m-i-/ll C

[((ZE;‘ Sre-u)meh+a)h p

2mY2m—1

hG) . D _ C
(h(x7;)+c /ll)m+/11

) (2.19)
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(g +2-)me2+ )4 p
Yom+1Y2m (h(Xfl) + g _/11)(17’!+ 1) +/11 C

h(x-2)
[((hh(gmf)+g_41)(m+1)”])4, D (2.20)
(}fl(%)]))+%—/11)m+/11 C .
for m € Ny.
We offer the solution to equation (1.6) by using formulas (2.19)-(2.20) in equations (2.12)-(2.13), if A = 0.
Now, suppose that C = 0. So, D # 0 and equation (2.4) turns into
_4 + B eN
Y+l = Dyn—l D’ n 0-
Hence,
; Ay B
Gt = o + 35 M€ No, j € {=1,0} (2:21)
If A = D, then from (2.21) we obtain
. B )
W = om 2, meNy, jei{-1,0),
SO
B .
Yamej = 7 +y, m €Ny, je({-1,0},
from which along with (2.2) and (2.11) it follows that
B h(xo) \(B h(x_1)
h m) = | —<m+ —m+ h m—-2) »
(x2m) (Dm h(x_l))(Dm h(x_g)) (X2m-2)
B h(x_1)\(B h(xo)
h(xome1) =|=(m+ 1)+ —m+ ——— | h (xp-1) ,
(x2m+1) (D(m ) h(x_z))(Dm h(x_l)) (x2m-1)
where m € Ny. After some calculations in the last two equations, we get
“1(B . h(x) \(B. h(x)
h (xm) = h(x —j+ —Jj+ ,
(v2n) = h (x 2)1»_0[(0] h(x_l))(D h(x_z))
“1(B . h(x-)\(B . h(xp)
h(xome1) = h(x- —(+D+ —j+ ,
(Xame1) = h(x oE}[(D G+D h(x_z))(DJ h(x_l))
for m € Ny, and consequently
_ “1(B. h(xo)\(B. h(x))
=hh(x —j+ —j+ 2.22
Xom [ (x 2)1;[(DJ h(x_l))(DJ h(x_g))]’ (2.22)
_ “1(B . h(x-)\(B . h(xo)
i1 =B B —(+D+ —j+ . 2.23
o1 [ (x og(Du ) h(x_g))(D] h(x_l))] (2.23)
for m € Ny. Hence, the equalities in (2.22)-(2.23) are solutions of the equation (1.6) in this case.
Suppose that A # D. By using (2.21), we get
; AN B A"
) ()] .
=|— + — — —1, GN, G—I,O.
o (D) % A—D((D) ) m &€ No, j €10}
That is,
AN B A"
= (3] 225 (8T 1)

for m € Ny, j € {-1,0}.
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From (2.2), (2.11) and (2.24) we have

o 5] 155 25 (5 )
[ e 3 B (g)' o
=[5 55 2 (5 )
X [(%)m :((xx_ol)) + % ((%)m - 1)]h(x2m—l)
forgesclfo'

hCxm) = b (x- 2)1—[[( ) :((;COI)) * %((% - 1)]
<|(5) et 25

h(xame1) = h(x-1) 1_[ [(D)Hl ZE;S A igD ((%)Hl - 1)]

S h(xp) B (A)X
— =] -1
X[(D) h(x_1)+A—D(D :
for m € Ny, and consequently

o = h_l[h (x-2) ]—[ [(%) : ((xx_ol)) " A—LD ((%) - 1)]

+

s=0
3 s 55 )
) I e
R |

for m € Ny. Then, the solution of equation (1.6) is given by equations (2.25)-(2.26) in this case.

2.2. Case 2. Suppose that AD = BC. If A = 0, then B # 0. This means C = 0 and D # 0. In this case, from equation
(1.6), we obtain

Xy = ! (gh(x,,)), neNp. (2.27)
From (2.27) we easily get
B n
X, = ((B) h(xo)), (2.28)

for n € Ng.
If A # 0and B =0, then D = 0, from which it follows that C # 0. Thus,

A
Xy = B! (Eh(xn)>, neN,. (2.29)
From (2.29) we have
X, = h! ((/—‘)n h(xo)) (2.30)
n C ) .
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for n € Nj.

If D=0,s0C # 0. It means A # 0, B = 0. Then, we have equation (2.29). Moreover, equation (2.30) is a solution
of equation (2.29). Suppose that C = 0, so D # 0. It means A = 0, B # 0. So, we obtain equation (2.27). In addition,
(2.28) is a solution of equation (2.27).

Assume that ABCD # 0. It means A = %:. Then, we have equation (2.27). Similarly, it means B = ‘%D, then we get
equation (2.29). m|

3. NUMERICAL APPLICATIONS

Behaviour of solutions to equation (1.5) is mentioned in [10]. But we notice some wrong arguments in [10].
Equation (1.5) can be expressed as

{‘yxn—Z + (ch + T) Xn—1
n+l = Xn , n € Np. 3.1
el = X Dx,_1 +¥x,-» " 0 S
Firstly, the authors of [10] studied to obtain the equilibrium point of the equation. Then, using a great deal calculations,

they found x = 0. If

A-D@+Y¥Y)#T,
an unique equilibrium point of equation (1.5) is x = 0.
Suppose that an equilibrium point of equation (1.5) is X. So, we get the following equation

T ————. (3.2)

From (3.2), we see that it must be
(D®+Y¥Y)#0and x # 0.
This exterminates the probability X = 0.
Suppose that X # 0. Moreover, equation (3.2) means

_ T
x(l—g—q)ﬂl):o,

| T

¢ O +Y¥Y
From equation (3.3), the equilibrium point of the difference equation is x # 0. It implies that the idea in [10] Theorem
2.1, under the condition, the zero equilibrium point of equation (1.5) is local asymptotic stable is not correct, because
it is not an equilibrium point at all.

Moreover, Theorem 3.1 in [10] is expressed as:

so we have

=0. 3.3)

Theorem 3.1. The equilibrium point X of equation (1.5) is global attractor if ® (1 — () # .
The particular case of equation (1.6) is equation (3.1) with
h(x)=x, A={D+Y, B=(¥,C=d, D=VY.
Example 3.2. Keep in mind the equation (1.5) with
(=2, Y=-3,0=1, ¥ =4,
and then, we get the following equation

8Xn2 = Xt n e Ny. (3.4)

Xn+1 = Xp s
Xp—1 + 4)6”,2

Equation (3.4) is derived from equation (1.6) with 4 (x) = x and x € R,

A=-1,B=8,C=1, D=4 (3.5)
By using (3.5) in equation (2.8), we get the following characteristic polynomial to the corresponding linear equation in
(2.8)

) =2-31-12,



M. Kara, Turk. J. Math. Comput. Sci., 16(1)(2024), 126-136 133

and its roots are

3 57 3- V57
JEER [P REERS 1)

Then, we obtain
O(1-)-T=2%+0,

the restriction ® (1 — {) # Y in Theorem 3.1 is valid.
By using the parameters A, B, C, D are as in (3.5) and (2.12)-(2.15), where & (x) = x and x € R, we get

m
Xom = X l—l Y2iY2i-15 (3.6)
i=0
m
Xome1 = X_1 1—[)’2i+1y2i, 3.7
i=0

for m € Ny, where

(22 44— )4yt — (2 44— 2y) ap!
YomYam-1 = | = -4
(2 +4- )2 - ("0 +4- )2y
(2 +4- )+t — (2 +4-4) 15! ) s
X -4, .
(2 +da-n)ar— (2 +da-1)ay
[ LIl )i
2m+1)2m — M " - . -
(2 44— )+t — (2 +4- ) 15!
(ﬂ +4_/12)/1m+1 ( o +4—/11)/lm+l
X -4 (3.9)
(2 +4- )y — (2 +4-) 27
for m € Nj.
Note that
(22 +4— )+t — (2 44— ) 4!
lim |~ ~ -4
moe (2 d - ) A - (24— 1) Ay
X_1 m+1 X_ m+1
e [(7_2 A=) - (B 42 gt _4]
moe | (B - ) A - (24— y) Ay
-5 57
4= +T\/_ > 1,
when
-5- V57 —
¢/12—4=—\/_,p=0,1. (3.10)
X-(p+1) 2
By selecting positive initial conditions providing (3.10) and using equations in (3.6)-(3.9), we obtain
lim x,, = co.
Then, the solutions are not convergent. It is a counterexample to the claim in Theorem 3.1.
Example 3.3. Keep in mind the equation (1.5) with
[=T=0=¥=1,
and then, we get the following equation
=2 + 22X,
Xpel =xnu, n € Np. (3.11)

Xp-1 + Xp—2
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Equation (3.11) is derived from equation (1.6) with 2 (x) = xand x € R,
A=2,B=C=D=1. (3.12)

By using (3.12) in equation (2.8), we get the following characteristic polynomial to the corresponding linear equation
in (2.8)

() =22 -31+1,

and its roots are

3 5 3-+v5
/l] = +2\/_ and /12 = 2\/_

Then, we obtain
O(1-)-T=-1=0,

the restriction @ (1 — {) # Y in Theorem 3.1 is valid.

By using the parameters A, B,C, D are as in (3.12) and (2.12)-(2.15), where h(x) = x, x € R, we have that the
relations in (3.6)-(3.8) valid for m € Ny, where

YomYam-1 = [("x_‘o‘ 1 _/12)’ylwrl - (XTO +1 —/11)/131+1 ) 1]
(1=t — (5 +1-2) 2
X[(%H_ﬁz)ﬁl‘m‘(x—l“—ﬂl)ﬂ;”” —1] (3.13)
(Bri-b)y-(2ri-u)y ) .

P[RR (S CRE LA
(21— )t — (21— 2)agt!
X((;Tol+1—/12)/l'1"+1_(%+1—/11)/l'2"+1 _1] 3.14)
(2 + 1)y = (2 +1-2) 2y '
for m € Ny.
Note that
lim ((xx_ol +1- /12),1’1'“'1 - <;CT01 +1-= Al)/llznﬂ ]
1 —
e O e O L S W Ty L
; {(j—;+1—12)A;"+1—(§—;+1—41)A'2"+1 1]
= 1um —
moel (=) A - (21— )y
—A-1= 1+2\/§>1,
when
SCIPRIP E C ' (3.15)
X—(p+1) 2

By selecting positive initial conditions providing (3.15) and using equations in (3.13)-(3.14) we obtain

lim x,, = co.
nm—00

Since, the solutions are not convergent, which is a counterexample to the claim in Theorem 3.1 in the case min {{, T, @, ¥} >
0.
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4. CONCLUSION

In this study, we have solved general non-linear difference equation of third-order in closed form. The solutions are
found according to following states of parameters

(1) if AD # BC,
(a) if C #0, (A + D)> —4(AD - BC) # 0,
(b) if C # 0, (A + D)* —4(AD — BC) = 0,
(c) if C=0,A=D,
(d) if C=0,A # D,

(2) if AD = BC,
(a) if A =0,
(b) if A #0,
(c) if D=0,
(d) if D #0,
(e) if ABCD # 0.

Moreover, we have given an application.
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