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Lacunary statistical delta 2 quasi Cauchy sequences

Sebnem YILDIZ!
ABSTRACT

The notion of a lacunary statistical 8°-quasi-Cauchyness of sequence of real numbers is introduce and
investigated. In this work, we present interesting theorems related to lacunary statistically §%-ward
continuity. A function f, whose domain is included in R, and whose range included in R is called lacunary
statistical 8 ward continuous if it preserves lacunary statistical §° quasi-Cauchy sequences, i.e. (f(xx)) is a
lacunary statistically 8 quasi-Cauchy sequence whenever (xx) is a lacunary statistically §* quasi-Cauchy
sequence, where a sequence (xk) is called lacunary statistically & quasi-Cauchy if (A? xi) is a lacunary
statistically quasi-Cauchy sequence. We find out that the set of lacunary statistical 8 ward continuous
functions is closed as a subset of the set of continuous functions.

Keywords: summability, quasi Cauchy sequence, lacunary statistical convergence, continuity

Istatistiksel bosluklu delta 2 quasi Cauchy dizileri
0/

Bu makalede istatistiksel bosluklu &*-quasi-Cauchy dizisi kavrami tanimlanmis ve arastirilmistir. Bu
arastirmada istatistiksel bosluklu &*-siireklilik ile ilgili ilgi cekici teoremler ispatlanmistir. (A%xk)
istatistiksel bosluklu quasi Cauchy dizisi oldugunda (xx) dizisine istatistiksel bosluklu §2-quasi-Cauchy
dizisi dendigine gore, reel sayilar kiimesinin bir alt kiimesi tizerinde tanimli reel degerli bir f fonksiyonuna
eger terimleri A da olan istsatistiksel bosluklu &*-quasi-Cauchy dizilerini koruyor ise, yani (xx) dizisi
terimleri A da olan istatistiksel bosluklu &°-quasi-Cauchy dizisi oldugunda (f(xx)) dizisi de istatistiksel
bosluklu §%-quasi-Cauchy dizisi oluyor ise istatistiksel bosluklu &*-ward siireklidir denir. Istatistiksel
bosluklu 8*-ward siirekli fonksiyonlarmn kiimesinin siirekli fonksiyonlar uzaymmn kapali bir alt kiimesi
oldugu ortaya ¢ikarilmistir.

Anahtar Kelimeler: toplanabilme, quasi Cauchy dizisi, istatistiksel bosluklu yakinsaklik, stireklilik
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1. INTRODUCTION

Cakalli introduced a generalization of
compactness, a generalization of connectedness
via a sequential method in [2] and [3],
respectively. In [6] Fridy and Orhan introduced
the notion of lacunary statistical convergence in
the manner that a sequence (xx) of points in R is
called lacunary statistically convergent, or Se-
convergent, to an element L of R if

lim - |{k € L: | — L= &} = 0

r—ohr
for every positive real number € where

L = (kyr-1, kr]
and ko=0, h; : k¢ - kr.1 >0 asr—o0 and 6=
(kr) is an increasing sequence of positive integers
(see also [1], and [7]). In this case we write
Se-limxx = L. The set of lacunary statistically
convergent sequences of points in R is denoted by
Se. In this paper, we will always assume that lim
infr - > 1. A sequence (xx) in R is called lacunary
statistically quasi-Cauchy if So - lim Axx =0,
where Axk = Xk+1-Xk for each positive integer k.
The set of lacunary statistically quasi-Cauchy
sequences will be denoted by ASe.
The aim of this paper is to investigate the notion
of lacunary statistical 8 ward continuity.

2. MAIN RESULTS

A sequence (xx) in R is called lacunary statistically
0 quasi-Cauchy if
So - lim A%xx = 0, where A%Xk = Xx+2-2Xk+1 + Xk for
each positive integer k. The set of lacunary
statistically & quasi-Cauchy sequences of points in
R is denoted by ASe. If we put |A3x;,| instead of
|A*x,| in the above definition given in [5] we
have:
Definition 1. A sequence (xx) in R is called
lacunary statistically 8* quasi-Cauchy, or Se - &
quasi Cauchy if the sequence (A’xx) is lacunary
statistically quasi-Cauchy, i.e.

lim l|{k €L:|Ax, |= | =0

r—)oohr
for every positive real number &, where A>xx = xi+3
-3xx+2 +3xk+1 -Xk for each positive integer k.
We note that any Se-quasi Cauchy sequence is also
Se - &%-quasi Cauchy, so is a slowly oscillating
sequence, so is a Cauchy sequence, so is a
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convergent sequence, but the converses are not
always true. Thus the inclusions

C cA SecA® Se hold strictly, where A*> Se denotes
the set of Se - 8>-quasi-Cauchy equences, and C
denotes the set of Cauchy sequences of points in
R.

Proposition 1. If (xx) and (yx) are lacunary
statistically 8% quasi-Cauchy sequences, then  (xx
+ yk) is a lacunary statistically 8* quasi-Cauchy
sequence.

Proof. Let (xk) and (yx) be lacunary statistically &
quasi-Cauchy sequences. To prove that (xk + yi) is
a lacunary statistically & quasi-Cauchy sequence,
take any € > 0. Then we have

lim — |k € I,: |4 =}i=0
T—)oohr T k -2

and

lim = |{k € I,: |4y, [ 2} = 0

lim == |{k € [;: | 4"y |Z 511 = 0.
Hence

lim == | {k € L:|4*Cx, + i) 1= 8} = 0.

T —>oollyr

This completes the proof.

Definition 2. A real valued function f defined on a
subset A of R is called lacunary statistically &
ward continuous, or Se-5° ward continuous on A if
it preserves lacunary statistically 8* quasi-Cauchy
sequences in A.

The set of lacunary statistical > ward continuous
functions on A will be denoted

by A* CSe(A).

Proposition 2. If feA® CSe(A), geA® CSo(A),
then f+ geA® CSe(A).

Proof. Let feA® CSe(A), geA’ CSe(A). To prove
that the sum f + g is lacunary statistically &* ward
continuous on A, take any (xx) €A’ Se. Then
(f(xk)) €A’ So and (g(xx)) €A’ Se. Let &€ > 0 be
given. Since (f(xk))e A’ Se and (g(xx))e A* Se, we
have

lim — |k € L: | /*f (x )=2}=0
oy r 1= 2
and
lim = |{k € I: |4g(x) |2 5} = 0.
r—o0 Ry 2
Hence
.1
lim = {k € L |4*(f(6) + 9(0) |2 8] = 0.
This completes the proof.
On the other hand, the product of a constant real
number and f eA® CSp is an element of A® CSo
Thus A3 S is a vector space.

In connection with lacunary statistically 8°-quasi-
Cauchy sequences and convergent sequences the
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problem arises to investigate the following types
of continuity of functions on R:

(8% So &): (xn) €A’ Se=> (f(xn)) €A’ So

(&% Sec): (xn) €A’ So= (f(xn)) €c

(Se): (xn) €Se= (f(xn)) € Se

(ASe ): (xn) €A Se= (f(xn)) €A Se

(©): (xn) €ec= (f(xn)) €c

(cSeo 8%): (xn) ec=> (f(xn)) €A® Se

We see that (52 Se 8%) is lacunary statistically &°-
ward continuity of f, (Se) is Se-sequential
continuity of f, and (¢) is the ordinary continuity of
f. It is easy to see that (§? Sec) implies (5% So %),
and (8 Se &%) does not imply (8% Sec); and (52 Se
5%) implies (¢ Seo &%), and (c Se &%) does not imply
(8% Se 8%); (8% Sec) implies (c), and (c) does not
imply (8% Sec).

Now we give the implication (&° Se &) implies
(ASe).

Theorem 1. If feA®> CSe(A), then fe A CSo(A).
Proof. Suppose that feA® CSe(A). Let (xn)eA
Se(A). Then the sequence

(X1 ,X1,X1 ,X2 ,X2 ,X2 ,...,Xn-1 ,Xn-1 ,Xn-1 ,Xn,Xn ,Xn ...)
is in A Se(A), so is in A2 Se(A). Since f is in
A%CSe(A), the sequence

(Yn) =(f(x1),f(x1),f(x1),f(x2),f(x2),f(x2),. . .,f(Xn-
1)af(Xn'1)af(Xn' 1)af(Xn' 1)af(Xn)af(Xn)af(Xn) . )

is in A% Se(A). Then (f(xn)) €A So(A).

Corollary 1. If fe A*> CSe(A), then fis continuous.
Proof. The proof follows immediately from the
preceding theorem and [14, Corollary 2], so is
omitted.

We note that any lacunary statistically & ward
continuous function is G-sequentially continuous
for any regular subsequential sequential method G
(see [2]).

Theorem 2. If a real valued function f is uniformly
continuous on a subset A of R, then (f(xn)) is
lacunary statistically & quasi-Cauchy whenever
(xn) 1s a quasi-Cauchy sequence of points in A.
Proof. Let f be uniformly continuous on A. Take
any quasi-Cauchy sequence (xn) of points in A. Let
€ be any positive real number. Since f'is uniformly
continuous, there exists & > 0 such that |f(x) —
fy)| < E whenever |x — y| <.

As (xx) is a quasi-Cauchy sequence, for this 6 there
exists an no €N such that [xk+1 —Xk| <8 for k > no.
Therefore  [f(Xx4+1) — f(xp)] < % for n>ny, so
the number of indices k for which |f(xx,1) —
f(xp)| = E is less than no. Hence

1
lim — |(k € I+ |4 f ()| 8|
T —>00 r
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1
= }E}}oh_ |tk € I: | f (xk43) — 3f (Xka2)
+ 3f (1) — ()= &}

<lim = |{k € L: | f Gais) = f(er) |2 2

T —>oollr
Him = [{ € Lt | 21 (Ber) = 2 Gris) |2 5

r—oolir
Hlim = [k € L | f G = (00 [2 £

T —>oollyr
< Tim 2 +1im 2% + lim 22=0+0+0=0).

r>ohr 1o hr 00 Ry
This completes the proof of the theorem.
Theorem 3. The uniform limit of sequence of
lacunary statistically 8> ward continuous functions
is lacunary statistically 8° ward continuous.
Proof. Let (f.) be a sequence of lacunary
statistically &> ward continuous functions on a
subset A of R and (fu) is uniformly convergent to
a function f. To prove that fis lacunary statistically
& ward continuous on A, take a lacunary
statistically &> quasi-Cauchy sequence (xx) of
points in A, and let € be any positive real number.
By the uniform convergence of (fu), there exists a
positive integer ni such that |f(x) — fy ()| < %for

n>n; and every xe A. As f, is lacunary

statistically 8* ward continuous on A, it follows
that

1
llm h_ |{k € Ir: |fn1 (xk+3) - 3fn1 (xk+2)
-0 N,

+ 3y, Cirn) = fo (00 |2 £}

=0.
Now

1
lim - |{k € I;: | f (i) = 3f (Xper2)
+3f (k1) = fxi) |2 &)

1
= limh— Itk € Lo: | f(xpa3) — 3f (i 2)
T —0 r

+ 3f (xp41) — f(xp) — [fnl(xk+3)
- Bfnl (xk+2) + Bfnl (xk+1)

- fnl(xk)] + [fnl(xk+3)

- Bfnl (xk+2) + Bfnl (xk+1)

&
~ fo, 1|2 2}
1 &
< lim o [ € 121 Goers) = foy Goers) [2 5
1
Hlim = [{k € Iy: | = 3f (o)
r—o N,

+3 fo,(ts) [2

. 1
+lim == |{k € L2 |3f (Xica1) = 3fn, (i) [2 2}
r—>o0 Itr
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1 . :
-I;Lll;lh—r I{k € 17-- |f(xk) - fn1(xk) |2 g} I

1
+1imh_ I{k € Ir: | fn1 (xk+3) - Bfnl (xk+2)
r—o M,

+ 3y, Coirn) = fo (00 |2 £}
=0+0+0+0+0=0.
So f preserves lacunary statistically &% quasi-
Cauchy sequences. This completes the proof of the
theorem.
Theorem 4. The set of lacunary statistically &
ward continuous functions on a subset A of R is
closed as a subset of the set of continuous
functions on A.
Proof. Let f be an element in the closure of the set
of lacunary statistically & ward continuous
functions on A. Then there exists a sequence (fu)
of points in the set of lacunary statistically & ward
continuous functions such that rlllggo fn=f. To

show that f is lacunary statistically & ward
continuous, consider a lacunary statistically &?
quasi Cauchy-sequence (xx) of points in A. Since
(fk) converges to f, there exists a positive integer N
such that for all xe A and for all n > N, |f (X) —
f(x)] < 18—2 . As f is lacunary statistically §* ward

continuous on A, we have that
1
lim - |tk € I | fv Ciers) — 3w (i 2)
T —>0 r
}

+ 3fn (1) — v Oi) |2 g}
= 0.
Now
1
}E}}oh_ I{k € L:| f(xp43) — 3f (x42)
+ 3f (xk41) — ()= &}

1
= lim— |{k € Iy:| f (tiess) = 3f (xis2)
—>00 r

+ 3f (1) — f ) — [fv(Xka3)
— 3fn(xk42) + 3fn (Xpes1)

— fn ()] + [y (eress)

— 3fn(xXk42) + 3fn (Xpes1)

&
~ fuel |2 <}
o1 &
< lim o |{k € Lt |f Cois) = fuGeirs) |2 2
7o h, 5
1
Hlim o= |k € Lt | = 3f (vr2)
r—o Il

+3 fue) |2 2}
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1 g
Hlim o= |k € 1213 Coirn) = 3fwCres) |2 2|
e 5

1
-Ir_gglh_r |{k € L:|f (xx) — fv Cx) |2 g} |

1
+1imh— |{k € L:| fy(xp+3) — 3fn (xpe2)
T —>00 r

£
+ 3fn (1) — fiv (i) |2 g} |-
=0+0+0+0+0=0.
Thus f preserves lacunary statistically & quasi-
Cauchy sequences. This completes the proof of the
theorem.
Corollary 2. The set of lacunary statistically &
ward continuous functions on a subset A of R is
complete as a subset of the set of continuous
functions on A.
Theorem 5. The set of functions on a subset A of
R which map quasi Cauchy sequences to lacunary
statistically 8> quasi Cauchy sequences is closed as
a subset of the set of continuous functions on A.
Proof . It is easy to see that any function which
maps quasi Cauchy sequences to lacunary
statistically &° quasi Cauchy sequences is
continuous. Let f be an element in the closure of
the set of functions on A which map quasi Cauchy
sequences to lacunary statistically 8* quasi Cauchy
sequences. Then there exists a sequence (fn) of
points in the set of functions on a subset A of R
which map quasi Cauchy sequences to lacunary
statistically &* quasi Cauchy sequences such that
lim f,, = f. To show that f maps quasi Cauchy

n—>oo

sequences to lacunary statistically 8* quasi Cauchy
sequences, consider a quasi Cauchy-sequence (Xk)
of points in A. Since (fi) converges to f, there
exists a positive integer N such that for all xe A

and foralln>N, |fy(X) — f(®X)| < E . As fy maps

quasi Cauchy sequences to lacunary statistically &>
quasi Cauchy sequences, we have that

1
lggoh_ [{k € L2 | fu (xe3) — 3fn(Xia2)
+ 3fn (1) — fv (i) |2 g} |

= 0.
Now

1
}E}}oh_ Itk € L2 | f (Xk43) — 3f (Xpa2)
+ 3f (k1) — ()= &}
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1
= limh— [{k € L:| f(xp43) — 3f (Xp42)
T —>00 r

+ 3f (xp1) — f ) = [fw (kees)
— 3fn(Xk42) + 3fn (Xpes1)

— fn ()] + [y (xress)

— 3fn(xXk42) + 3fy (xpe41)

— fn ()] |2 g} |

o1 &
< lim o [{k € L 1f (ris) = fvGries) |2 2}
T —>00 r
1
Hlim = [{k € Iz | = 3f (i)
T —>0 r
&
+3 fuCaaa) [2 2}
o1 &
Hlim = |{k € [ 13f Gtess) = 3fi Ceeen) [ <}
r—o N,
o1 &
Hlim— | (k € L |f (xe) = (o) |2 2}
T —>0 hT 5
1
Hlim o= [k € I: | fy (i) = 3 (o)
T —>0 r
-}

+ 3fv Ceier1) — v () |2 g}
=0+0+0+0+0=0.
Corollary 3. The set of functions that map quasi
Cauchy sequences to lacunary statistically §* quasi
Cauchy sequences in A is complete in the set of
continuous functions on A.
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