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Laplacian spectral properties of nilpotent graphs over ring 7Z,,

Sezer Sorgun™!, H. Pmar Cantekin?

ABSTRACT

We consider a ring R with unity. The nilpotent graph of R is a graph with vertex set Vy(R)* = {0 # x €
R:xy € N(R) for some 0 #y € R }; and two distinct vertices x and y are adjacent iff xy € N(R),
where N(R) is the set of all nilpotent elements of R and it is denoted by Iy(R). In this paper we study

Laplacian spectral properties of the nilpotent graph over the ring Z,,.
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Z,, Halkasi iizerinde nilpotent graflarin laplasyan spektral 6zellikleri
(074
R birimli bir halka olsun. R' nin Ty(R) ile gosterilen nilpotent grafi, Vy(R)" = {0 # x € R:xy €
N(R) baz[1 0 # y € R i¢in} noktalar kiimesi ve N(R), R halkasinin biitin nilpotent elemanlarinin
kiimesi olmak tizere; “iki farkli x ve y noktalar1 komsudur < xy € N(R)” 6nermesini saglayan kenarlar
kiimesinden olusur. Bu makalede Z, halkasi iizerinde tanimlanan nilpotent grafin Laplasyan spektral

ozellikleri incelenmektedir.
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1. INTRODUCTION

Let G = (V,E) be a graph with vertex set V(G) =
{uq,uy,us, ..., u,} and edge set E(G). The degree
of a vertex u; is the number of vertices which
adjacent to u; and denoted by d,,. The set of

neighbors of wu; is denoted by N,. Let
max{dui} = A and 1m,in {du.} =¢§ . When G; =
<isn t

1<isn

(V,Ey) and G, = (V,,E,) are given graphs on
disjoint sets of vertices, their union is the graph
G, + G, = (V,UV,, E;UE,). The join, G; V G,, is
the graph obtained from G; + G, by adding new
edges from each vertex of G; to every vertex of
G,. A complete split graph is a graph on n vertices
consisting of a clique on n — a vertices and a
stable set on the remaining vertices a in which
each vertex of the clique is adjacent to each vertex
of the independent set and denoted by CS(n,n —
a).

The Laplacian matrix of a graph is denoted by
L(G) = D(G) — A(G), where D(G) =
diag(dy,d,, ...,d,) and A(G) are the diagonal
matrix of vertex degrees and (0,1) adjacency
matrix of G, respectively. It is well known that
L(G) is positive semidefinite symmetric and
singular. Its eigenvalues of L(G) are denoted by y;,
1 < i < n and these eigenvalues can be ordered by
U1 = = g = Uy = 0. The Laplacian
spectrum of the graph and the Laplacian
characteristic polynomial are defined by S(G) =

{ﬂl(G); .U-Z(G)l ,ﬂn(G)} and (DL(G)’
respectively.

Recently, one of the interesting research topic has
become the combination some algebraic structures
and graph. There can be found a lot of papers on
connecting a graph to a ring [1-7]. We consider a
ring R with unity. The nilpotent graph of a ring R
is introduced in [5]. That is; the nilpotent graph of
aring R is a graph with vertex set Vy(R)* = {0 #
X €ER:xy € N(R) forsome0+#y€R} such
that two distinct vertices x and y are adjacent iff
xy € N(R) and denoted by I'y(R).

When given the ring R = Z,, it is well known that
it has a nonzero nilpotent element if and only if n
is divisible by the square of some primes. From
this fact, Z,, does not have any non-zero nilpotent
element when n is prime or n = p;p, ... p;. Also,
it is easily seen that

N(Zn) = {6' ﬁ' 2}5, sy (pm—l - 1)?5} (1)
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whenn = p™,m > 1 and
NTZ,) = { (p1P2 P, 2(P1p2 - D) } )

,(Miz1pi — D (p1p2 - Pe)
when n = [[i_; p%, t = 2.

In literature, although there are a few studies
related to graph parameters such as diameter, girth,
etc. on the nilpotent graph, there is no study on the
(Laplacian) spectral properties of the nilpotent
graphs. In this paper we use the nilpotent graph
over the Z, ring for all n and examine Laplacian
spectral properties of it. We have seen that almost
all Laplacian eigenvalues of the graph are exactly
the degrees of the vertex (of course, integers).

2. MAIN RESULTS

Lemma 2.1. Let Z,, be integer ring, where n = p™

and p is a prime number. Then, the vertex set of
I'y(Zy) is

Vi (Zym)* = Lym 3)

Moreover, we have d; = p™ — 2 for i € N(Z,m)
andd; = p™ " —1fori & N(Zym).

Proof. We have

N(Z,m) ={0,p,2p,3p, ..., (p™ 1 — 1)p}, where
P is a prime number such that p?|n.

Leti € Z,m.

Then, i € Vy(Z,m)" since ij is nilpotent element
of Zyym for all j € N(Z,m), we get i € Vy(Zym)".
Hence Z,m © Vy(Zpm)*. 1Tt is clear that
Vy(Z,m)* C Z;;m from the definition of the vertex
set of a nilpotent graph. Hence, we get

Vy(Zpym)* = Lyym.

It is easy to see d; = p™ — 2 for i € N(Z,m) by
the same arguments above. Now let us show that
di=p™ ™ —1fori & N(Zym).

Let i € N(Z,m) and any j € Z,m. There are two
cases.

Case 1: j € N(Zym).

In this case, we say that ij is nilpotent (i ~ j) for
all j € Zym. Then, we have

N; = {j:] € N(Zym)}

ie.

d=p™?1-1.

Case 2: j & N(Zym).

Now we consider that ij € N(Z,m). Then, ij =
pk, where 1 < k < p™~! — 1. Hence pl|ij = pli
or p|j. If pli, then i € N(Z,m). But this is a
contradiction that i € N (Z;;m). Similarly, if p|j,
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then we get the same contradiction to j € N (Z;;m).
Therefore, we have ij & N(Z,m), that's; i + j.
Consequently, we get

Ni = {k k € N(Z;;m)}

ie.

di=p™1-1. 4)
for all i & N(Zym).

Remark 2.2. By Lemma 2.1, we see that [y (Z,m)
has two distinct degrees such that A = p™ — 2 and

§=pm1-1.

Theorem 2.3. If p is a prime number then

S (Tw(Zym)) = (0,(5)@9, (A + 1)%) (5)
where A=p™ —2 and§ = p™ 1 — 1.

T
Proof. Let X = (xg, ey Xy ey X35 ...,xm) be

eigenvector corresponding to any eigenvalue p for
L(Ty(Z,m)). We have

LX = uX 6)
ie.
px; = dix; — Xj.j~i X (7)

for i=1,..,p,..,p™—1. Now we consider
vectors x; = d; such that i € N(Z,m") and x; = 1
for all other j € Z,m" and hence we get (™1
1)-vectors as
(-1,..,-1,d5 —1,.., -7,

Ok
(-1,..,-1,dz, —1,.., -7,

@pyen
(—L..,-1 dm=5 — 1, e, =T

(pm—l_l)th
These vectors are the characteristic eigenvectors
corresponding eigenvalue p™ — 1 of L (FN (me))
and each provide the equality in (7). Since all
vectors above  are linear independent, the
algebraic multiplicity of the eigenvalue p™ — 1 is
(p™ 1 —1). By Remark 2.2, we get that A — § +
1 is the eigenvalue with § — 1 multiplicity.
Similarly, we consider vectors as x; = 1 such that
[ € N(Z,m) and x; = —1 foronly one j,j + i. We
get
Yiil=pm—pm -1
Therefore we choose (p™ —p
independent vectors as

T
<1,0, w0, ;1 ,0, ...,0) ,
Ok

T
(00 1,0,..,0, -1 ,0,...,0) (8)
(] —
Ok (Hth
Each vectors provide the equality in (7) and they
are also the characteristic eigenvectors

m=1 _ 1) — linear
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corresponding eigenvalue (™ 1t-1)
of L (FN (me)). By again Remark 2.2, we get that
A+1 1is the
multiplicity.
On the other hand, it is well known that vector e =
(1,1,..,1) is an eigenvector corresponding
eigenvalue 0. Hence we get the result of the
theorem.
Lemma 2.4. [8] Let G be a connected graph on n
vertices, then G has three distinct eigenvalues
0,7,..,7n,..,nand r, s with multiplicities p and
qif and only 1f

i. (m—-r- 1)Ip,

eigenvalue with A—-4§+1

. q+1= —
. G=K ., _» VGV..VG, where G is
n-r-1
n —r isolated vertices with multiplicity
14

n-r-1

Remark 2.5. The graph I'y (me) has three distinct

eigenvalues. Hence, by Lemma 2.4., we get

Ty(Zym) = CS(p™—1,p™ ! - 1).

Lemma 2.6. Let ['y(Z,)be graph , where n =
§=1 plslf t = 2.

i If s; = 1 for each i, then

VN(Zy)" = Uies Spi ©)

Spiz{pik:lskﬁi—l} and =

{1,2, ..., t}.

ii. If s; = 2 for at least i, then

Vn(Zyp)" =1y (10)
Proof.

1. Let s; = 1 for each i. In this case, there is
no non zero nilpotent element of 7Z,. That's;
N(Z,) = {0}. Let 0+ x € Vy(Z,)*. From the
definition of the vertices set for nilpotent graphs,

where

there is a non-zero element y € Z, such that
xy = 0.

ie.

Xy |p1p2 - Pt = X|p1D2 - Pe AYIP1D2 - Pr (11)
By (11) , we get X|p; and hence Vy(Z,)" C
Uier Sp,- It is also clear that U;e; Sp, © Viy(Zy)".

From these inclusions, we have the required result.
ii. If s; = 2 for at least i, then we have

N(Zy") = {(P1p2 --- Pe), 2(P1P2 - Pt), -

(P15 7't p St = D(p1p2 - Pe) pt)}

by (2). Then, it is easily shown that each non-zero
class of Z, is adjacent to any nilpotent element.
This completes the result.

Remark 2.7. From Lemma 2.6. (i)., we can easily
see that the number of vertices of I'y(Z,) is n —
1 — 7(n), where t(n) is the number of positive
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divisors of n. Particularly, Iy(Z,q) = Kp—1,4-1
for p, q primes and I'y(Z,) = K,, where K, is a
null graph.

Lemma 2.8. Let's consider the graph I'y(Z,),
where n = [[f_, p;%i, t = 2.
i. di=n-—2foralli € N(Z,)
ii. If [[=1py,]i for i € Vy(Z,)" such that
ly, .., A for 1<r<k and A=
{1,2, ..., k}, then we get

N, = {z, 2z,...,(§— 1) z} (12)
if': 1 (13)

VA

where z = [[;p; forevery j € A —{l;, ..., }; d;
and N; are the degree of vertex i and the set of
neighbors of i, respectively.

iii. If (i,pg) =1 forall 1 <k <t, then we

get
N; = N(Zn*) =
{0102 - P0), 20102 D), -, (i 2% =

D((P1Pz . De)} (14)
i.e.

di =[lfoip®7t =1 (15)
Proof.

i. By similar method in Lemma 2.1., for all
j € Vy(Z,), ij is also nilpotent element of

Z," such that i € N(Z,). Then; i~j for
every j. That is;
Ni={:j€ Zn'} (16)
ie.
dj=n—2 17)

1l. It is clear that i~z under the mentioned
conditions.

iii. If (i,px) = 1, x~i for any x € Z," if and
only if x € N(Z,,"). From this fact, we get the
result directly.

Theorem 2.9. Let Z, be a ring , where n =
p1°1p2°2 ... p St Then we have

oy @) = x(x = )" " (x
+ 2)“%:1 ptiTt-1
ay () az(x) ... ar—1 (x)f (x)

—-—n

where

@, () = [Ty (x — dy ) o,

az(x) = Hi:l,k-‘#l(x - dpkpl)kapl_la

at—l(x) = Hi=1,k¢l¢~-~(x - dpk_.pt_l)wpk...pt—l_l
and f(x) is any polynomial such that W, is the
cardinality of the set {v€Z,":d, =d,};
(q,p;) =1for 1 <i <t and ¢ is Euler's totient
function.

Proof.
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We consider at least s; > 2. Let X be eigenvector
corresponding to p for L(Ty(Z,m)). We have
LX = uX

ie.

px; = dix; = Xj.j~i X

fori € Vy(Z,)".

There are three cases for vertex i from Lemma 2.8.

(19)

Leti € N(Z,). We consider x; = —1 and x; = 1
for one j € N(Zy,). Hence these
(p,517 1p,5271 L pSt™t — 1)-vectors  are  the

characteristic vectors corresponding to eigenvalue
di=n—2 (by Lemma 2.8.(1).) and provide
equality in (19).

Let (i,pr) =1, 1<k <t. Then we get d; =
P15t 527 Lp St — 1 from Lemma 2.7.iii..
Similarly, if we consider vectors x; = 1 and x; =
—1 for one j € Vy(Zy)", such that d; = d; and
(j,pr) = 1. Since n = p;51p,2...p.5t, hence
there are ¢p(n)-class which are relative prime.
The other arguments can be shown by the same
methods.

APPENDICES

Now we give Laplacian spectrum of the nilpotent
graph over ring Z,,, for 4 < n < 100. As seen
below table, almost all Laplacian eigenvalues of
the graphs are the integers.

n  Laplacian Spectrum of Ty (Z,,)

4 {0,1, 3}
8 {0,33) 703
9 {0,201 8@

12 {0,1® 50 71 111

16 {0,715

18 {0,2© 55,8 111,17

20 {0, 1(8)’ 3(7)_9(1), 11(1), 19(1)}

24 {0,3® 7™, 113 151 236

25 {0,409 24

27 {0,807 268}

28 {0,102 301 131 151 27
32 {0,15(1%) 31015

36 {0,512 110D,176), 151,231, 35()}
40 {0,316 7(15) 19(3) 231 39()}
44 {0,120 3019 211 231 431y
45 {0,2@ 801 146) 201,44
48 {0, 7(18) 15015 237 311 47N}
49 {0,64D 48}

n  Laplacian Spectrum of Ty (Z,,)

50 {0,430 9019 24®) 291 49
54 {0,808 1707 26®) 351 53(8)}
56 {0,334 723) 2703 311 556)}
{0,119,
60  2.2,30%,44,57,93),117,13.3,193),23.6,29M,31.26,591
63 }{0, 2(36) 87 20, 261, 62(2)}
72 {0,11(3% 23@3) 3501 47(1) 71010}
75 {0, 4¢0) 1409 240) 3410 74}
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{0, 7GD 156D, 39(7) 471 78"
{0, 2565 80}
{0,367, 769 430) 471, 87()}

{0,2?%,3,94,523,7.16,801,14(,170D,20.45,29(, 36.04,

44 ,47.39,89@}

{0, 6(42) 13(41D), 48(®) 55(1) 97(6)}
{0, 2(69) g(29) 32(5) 38(1) 982}
{0, 9(40)_ 1939, 49 59(1) 99}
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