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Abstract
Manifold theory is an important topic in differential geometry. Riemannian manifolds are a wide class of
differentiable manifolds. Riemannian manifolds consist of two fundamental class, as contact manifolds and
complex manifolds. The notion of globally framed metric f -manifold is a generalization of these
fundamental classes. Almost S -manifolds which are globally framed metric f -manifold generalize some
contact manifolds carrying their dimension to (2n + s). On the other hand, classification is important for

Riemannian manifolds with respect to some intrinsic and extrinsic tools as well as all sciences. Moreover,
symmetric manifolds play an important role in differential geometry. There are a lot of symmetry type for
Riemannian manifolds with respect to different arguments. Under these considerations, in the present paper

we study some symmetry conditions on almost S -manifolds. We investigate weak symmetries and ¢ -

symmetries of these type manifolds. We obtain some necessary and sufficient conditions to characterize of
their structures. Firstly, we prove that the existence of weakly symmetric and weakly Ricci symmetric almost

S -manifolds under some special conditions. Then, we show that every ¢ -symmetric almost S -manifold
verifying the (K,,u)-nullity distribution is an 7-Einstein manifold of globally framed type. Finally, we get
some necessary and sufficient condition for a ¢ -Ricci symmetric almost S -manifold verifying the (K, ,u)
-nullity distribution to be an 1]-Einstein manifold of globally framed type.

Keywords —1] -Einstein Manifold, ¢ -Ricci Symmetric Manifolds, Almost S -Manifold, Globally Framed

Metric f -Manifold, S -Structure, Weakly Symmetric Manifold.

1 Introduction

An extensive research about contact geometry is done in re-
cent years. In the present paper, we are concerned with

weak symmetries and Ricci symmetries of almost S -ma-
nifolds. We recall the price definitions.

Let M bea (2n + s)-dimensional manifold and ¢ isa
non-null (1,1)-tensor field on M .If @ satisfies

¢ +9=0,

then @ iscalledan f -structureand M iscalledan f
-manifold [1].

657

Let M bea (2n + s)-dimensional manifold. If there are

givenon M an f -structure @, S global vector fields

e and 1-forms 771,...775 on M satisfying the
p’=-ld+> n'®¢&,
i1

following conditions @&, =0, 7' o =0,
”i(fj) 5,

]

forall i, j e {1,...s}, then ((D, & ,Ui) is called a glob-

1.1)
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(/
ally framed f -structure and M is called a globally fra-
med f -manifold [2]. Ona globally framed f -manifold

M | if there exists a Riemannian metric which satisfies
g(eX, oY )= g(X,Y)= 20" (X)n*(v),

k=1
g(X,&)=n"(X),

for all vector fiels X and Y on M, then M is called a
globally framed metric f -manifold [2]. On a globally fra-

med metric f -manifold, fundamental 2-form @ is defi-
ned by CD(X,Y)z g(X,(pY) for all vector fiels X,Y

[2]. For a globally framed metric f -manifold,

S
k
N, +>.dp* ®& =0,
k=1
is satisfied, then M is called normal globally framed met-

ric f -manifold, where N(p denotes the Nijenhuis torsion
tensor of ¢ [3].

A globally framed metric f -manifold is said to be an al-
most S -manifold if and only if dnp' =...=dn’ =®

and d® = 0. An almost S -manifold which is normal is
called S -manifold [4].

The study of globally framed metric f -manifold was star-
ted by Blair [4], Goldberg and Yano [5], Vanzura [6]. Al-
most S -structures were studied, without being precisely
named, by Cabrerizo et al. [7]. Then Duggal et al. [8] also
studied such manifolds and gave them the name almost S
-manifold.

On an almost S -manifold, we can define a (1,1) tensor
fields
1
h ==L
2
for 1 =1,...,5,where L denotes the Lie derivative in [7].

We use extensively the properties of these tensor fields in
the present paper. In particular, these operators are self-ad-
joint, traceless, anticommute with ¢ and, we have

h&; =0, n'ch; =0. (1.3)

for I, j € {1,...8} [7]. Moreover, the following identities
hold

ﬁfi¢’
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V& —oX —gh X,

Vop=0, V.5 =0,
V g 1
X eT(TM)and i, j € {L,...s} [8]. In 1995, Blair etal.
[9] studied contact metric manifolds such that the charac-

teristic vector field belongs to the (K‘, ,u)—nullity distribu-

tion. This concept was generalized by Cappelletti-Montano
and Di Terlizzi in [10].

(1.4)

where is the Levi Civita connection of

2 Preliminaries
In this section, we give some fundamental informations
which we use in the next part from [10].

Definition 2.1. Let M be an almost S -manifold and let
K, i be real constants. We say that M verifies the (/c,,u)

-nullity condition if and only if for each | {1,...,5} and
X,Y e [(TM ), the following identity holds

o |
] L

Lemma 2.1. Let M be an almost S -manifold verifying
the (K‘, ,u)—nullity condition. Then we have

i) h ohj = hj oh, foreach i, J € {1,...8},
i) x<1,
iii) if & <1 then for each i € {1,...8}, h has eigenva-

lues 0, 41—k

iv) h?=(x-1)p?.

S

> (X)p®Y =5 (Y )p* X

k=1

2.1)

S

ZUK(Y)hiX -7 (XY

k=1

Propositions 2.1. Let M be an almost S -manifold verif-
ying the (K, ,u)—nullity condition. Then
h =...=h,. (2.2)
Remark 2.1. Throughout all this paper whenever (2.1)
holds we put h:=h, =...=h,. Then (2.1) becomes
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R(X,Y

+ K
k

+ﬂ{i’7k

Proposition 2.2. Let M be an almost S -manifold verif-
ying the (/c,,u)-nullity condition. Then M is an S -ma-
nifold if and only if x =1.

n*(X)p?Y —n*(Y )gon} (2.3)

Y hX —n* (X )hy }

3 Weakly Symmetric Almost S -manifolds
Firstly, we recall the definition of weakly symmetric mani-
folds.

Definition 3.1. A non-flat n -dimensional differential ma-
nifold (M , g), n > 3, is called weakly symmetric if there

exists a vector field P and 1-forms «, 3,7,0 on M

such that

(VL RXY,ZW =a(X)R(Y,ZW
+BY)R(X,ZW + #(Z)R(Y, X W
+5W)R(Y,Z)X + g(R(Y,ZW, X)P,
holds for all vector fields X,Y,Z,W eF(TM). A
weakly symmetric manifold M is pseudo-symmetric if

,B=7/=5=£a P=A,

2
g(X , A)= a(A) and M is locally symmetric if
a=B=y=06=0 and P=0.A weakly symmetric

3.1)

and where

manifold is said to be proper if at least one of the 1-forms
a,fB,y,0 arenotzeroor P = 0[11, 12].

From (3.1), an easy calculation shows that if M is weakly
symmetric then we have

(V,SXZW)=a(X)S(z,W)
+BRIX,ZW)+#(Z)s(X, W)
+6W)s(X,Z)+P(R(X.W)Z)
where P is defined by p( ) (
field X e T(TM ) [11].

Now, we consider this definition for almost S -manifold
verifying the (K‘, y)-nullity condition.

(3.2

) for any vector

Theorem 3.1. There exists no weakly symmetric (2n + S)

Y.S. Bakan

-dimensional almost S -manifold M verifying the (K,,u)
-nullity condition, if
X (x)
e

a(X)+y(X)+8(X)=

X eF(TM), where x is a smooth function and
dim(M)> 3.

Proof. Assume that M is a weakly symmetric almost S -
manifold verifying the (K,,u)—nullity condition. Putting

W = £, in (3.2), then we get

(ViSXZ,&)=alX)s(2,¢)

+BR(X.Z)5 )+ (2)s(X, &) (33)
+6(5)8(X,2)+P(R(X,¢,)2)

By using Q¢; = 2nKZS: &, then we conclude

( S)(Z é‘ ZnKa Zs:nk

+ BR(X,Z)& )+ 2nxy(Z Z (3.4)

+5(§i)S(X,Z)+P( (x.502)

By the covariant differentiation of the Ricci tensor S, the
left side of the above equation can be written as

(VXS)(Z’EZi):VxS(Z’EZi)
—S(VXZ,fi)—S(Z,VX‘fi).
Using (1.4) and Q¢&, = 2nr<zs:§k and in view of the par-

k=L
allelity of the metric tensor g, then we derive

(V,S)Z,&)=2nX(x 277

~ 2n4g(Z,9X ) znkg(z,gmm
+S(Z, X )+S(Z,phX).
Comparing the right hand sides of the (3.4) and (3.5), we
see that

(3.5)

659
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2nX (x 277 —2n&g(Z,¢X)
—2an(Z ¢hX)+S(Z oX )

Zn

+ B(R(X,Z)& )+ 2nxp(Z 277

+déﬁO&ZP*K(XfJ)

+5(Z,¢hX ) = 2nxa(X (3.6)

Now, putting X =Z = ¢&; in (3.6) and using (1.1),

(1.2)and Q¢ = ZHKZ &, , then we get

k=1

2n¢; (K) = 2n1ca(§ )+ 2nK7/(§ )+ 2nK5(§ )
Since dimM > 3 and x # 0, then we have

al&)+y(&)+o(E)= @

Now, we will show that
a(X)+y(X)+68(X)=

for any vector field X on M .

(3.7)

X ()

Setting Z =&, in (3.2), similar to the previous calcula-

tions, it follows that

2nX (i 277
—2n/<g(W ¢hx)+ S(W,oX)
Zn
+M(X§WHM)(XW)
+2nxs(W 277 R(X,W)&).

Replacing W by &, in (3.8) and using (1.1) and
Q¢ = ZHKZ &, . then we obtain

k=1
2nX (K‘) = 2nKa(X )

+ AR(X,E)E )+ 2nsr(E)D 7 (X)

k=1

—2nxg(W, X))

+S(W, phX ) = 2nxa(X (3.8)

(3.9)

+zm<a<a>gnk<x>+P X, )z)
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Again choosing X = £, in (3.8) and by making use

of (1.1), (2.3) and Q&, = ZnKZ &, . then we deduce

20, ()37 W) = 20w )3 W)
+2nky(¢&, )ink W )+ 2nxs(W) (3.10)
+P(R (fi,vv)éi)-

Replacing W by X in (3.10) and taking summation with
(3.20), in view of (3.7)

2nX (x)+2né&, (x 277

ZnKa(X)

+ AR(X,E)E )+ 2nmr(E)> 7 (X)
k= (3.11)

+2n1c5 Zs:nk +2n1c05(§i )Zslnk(X)

k=1
+2nky (&) n* (X )+ 2nxs(X ).
k=1
Setting X = &; in (3.6), then we have

zngwc)kink(z): <a>ink<z>

)+ 2nxs(& Zn

2nka

"‘,B(R(fwz

+2nxy(Z).

By replacing Z with X in (3.12) and taking summation
with (3.11) and using (3.7), then we conclude

2nx{a(X )+ y(X)+ (X )} = 2nX (k).
Since dimM > 3 and x # 0, then we get
a(x)+y(x)+5(x):@,

which completes the proof.

(3.12)

Corollary 3.1. There exists no weakly symmetric almost
S -manifolds M verifying (x, £)-nullity distribution, if
a+y+6 #0,where x isaconstantand dimM >3

4 Weakly Ricci Symmetric Almost S -manifolds
Firstly, we recall the definition of weakly Ricci symmetric
manifold and then we consider this definition for almost S
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-manifolds.

Definition 4.1. An n-dimensional differential manifold
(M , g), n > 3, is called weakly Ricci symmetric if there

exist 1-forms &,0, p on M such that
(V,S)Y,Z)=e(X)s(Y,2)
+o(Y)S(X,Z)+ p(Z)S(X,Y)
holds for all vector fields X,Y,Z e T(TM ) [12, 13]. If

e=0=p,then M is called pseudo Ricci symmetric
[14, 15].

(4.1)

Theorem 4.1. There exists no weakly Ricci symmetric al-
most S -manifold M verifying the (K,y)—nullity condi-

tion,
X (x)
P

if £(X)+o(X)+p(X)=

X e F(TM ) where x is a smooth function and
dim(M)> 3.

Proof. Let M be a weakly Ricci symmetric almost S -
manifold verifying the (K,y)-nullity condition. Putting

Z=¢; in (41) and using Q& = ZHKZ/;k , then we
k=1

obtain

<vxs)<v,;>=zm«e<x>gnk<v>

S

+2nK0(Y)kZ:;77k(X)+ plg

Replacing Z by Y in (3.5) and comparing the right hand
sides of the equations (4.2) and (3.5), then we get

2nX (x 277 —2nxg(Y, X )
—2an(Y ¢hx)+ S(Y,X)

+S(Y,phX) 277

+2nK0(Y)kZ:/7k(X)+p(§ )s

Taking X =Z =¢&; in (4.3) and using (1.1), (1.2)

4.2)
)S(X,Y),

(4.3)
2nK‘6‘

(X,Y)

and Q¢&, = 2nKZS: &, then we have
2ncle(&)+ 0()+ (18 = 205 )

Y.S. Bakan
Since dimM > 3 and x # 0, we derive
(&) olé)+ olle )= 2 @

Putting X = &; in (4.3), then we get

2n§i(K)Zs:77k(Y)= (z:i)inkm

+ 2nKp Zn
Thus, from (4.4), this ylelds

2né, (K)kzsl:nk(Y) = ZHK{&‘
) ple)Sn )

which gives us

=a<§i>gnk(v)

Similarly, setting Y = &, in (4.3), we also obtain

2nke

+ 2n1<0

(&) 7 (Y)

k=1

(4.5)

2nX (x) = 2nxe(X)
EDWRE

S
+2nwp(& )" (X)
k=1
Applying (4.4) into the last equation, then we deduce

g(x)zﬂ_gnk(x%@_g(m} 45)

Takiing X =Y =¢, in (4.1), it follows that
D .n"(z)=
k=1
Zn’({g(fi )+ 0(§i )+ P(Z)}-
By making use of (4.4), the equation (4.7) reduces to

=37 2)le)

Replacing Y by X, Z by X in(4.5) and in (4.8), res-
pectively and taking summation with (4.6), then we have

)+ o (X)+ p(x)= X&)

for all vector field X . Hence, the proof is completed.

+2nKo

& (e 4.7)

(4.8)
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Corollary 4.1. There exists no weakly Ricci symmetric al-
most S -manifolds M verifying (K’, ,u)—nullity distribu-
tion, if £+o0+ p#0, where x is a constant and
dimM > 3.

5 @ -symmetric Almost S -manifolds

Definition 5.1. Analmost S -manifold M , which verifies
the (K,y)-nullity condition, is said to be locally ¢ -sym-
metric if the

»*(Vy,R(X,Y)Z)=0, (5.1)
for all vector fields X,Y,Z,W orthogonal to &, , for each
S {1 ..... S}. If the equation (5.1) is satisfied for arbitrary

vector fields X,Y,Z,W ,then M is said to be ¢ -sym-

metric.
These notions were introduced for Sasakian manifolds by
Takahashi in [11].

Theorem 5.1. A @ -symmetric almost S -manifold M
verifying the (K,,u)—nullity condition is an 77 -Einstein
manifold of globally framed type.

Proof. By using (1.1) and (5.1), then we get

~ (Vi RXX,Y)zZ
s (5.2
+ an ((Vw R)(X ' Y)Z)fk =0,
frorkr;lvvhich it follows that
-9((VwRXX.Y)Z,U)
(5.3

+ 21" (Vy RYX, Y)Z )" (U) =0,
k=1
for any vector field U on M . Let

{el’ 2n' 2n+l 51’ 2n+s = gs}

be an orthonormal basis of the tangent space at any point of
the manifold. Then putting X =U =g, in (5.3) and tak-

ing summation over 1 <i < 2n+ s, then we conclude

—(v S)Y, Z)

+Z’7 R)e;,Y)Z)'(e)=0.
The second term of (5.4) by putting Z = &; takes the form

' (Vo R)e, Y)E D (&)
=g((VuR)e, Y&, & o g))

which vanishes identically. On the other hand, we have

(5.4)

(5.5)

662

Y.S. Bakan
g((v R)(e.,Y)f,,é,)=
+9(VyRE, Y€
—9(R( VW e Y)E &) (5.6)
—g(Re,, VY ), ¢))
- g(R(e,. Y)Vué,.8))

at p € M . Since the basis is orthonormal, thus we have

V€ =0 at pe M. Using (1.1), (1.3) and (2.3), then
we get

g(R(e, Vi Y)E & )=0 (5.7)
Taking into account of (5.7) in (5.6), then we derive
g((vw R)(ei1Y)§jv§j):

+9(VuRE, V)& 59

_g<R(ei’Y)VW§j!§j ),
g(R(e,. V)&, &, )=-a(R(&, & ). e )=0

hence we get
g(VuRE,Y)E & )+ aRe, Y)E, V0E )=

Using the last equation in (5.8), then we have

a(VwRNe Y)E,.6 )= —a(R(e,, V)&, Vg, )
_g(R(ei’Y)vWé:jné:j)

From (1.4) and first Bianchi identity, we obtain
9((VuRNe Y2, £, )= o(Re, V), )

+ g(R(ei’Y)§j1¢hW)+ g(R(ei,Y)¢W,§j)
+9(R(e, Y)phW, £, )=0,

ie.,

g((vw R)(ei’Y)gjvfj): 0
Using (5.9) in (5.4), then we deduce
(VWS)(Y’ éj ):

It is well-known that

(sz)(Y' égj): VWS(Y' ‘fj)
~s(v,Y, & )-s(Y,vy&)
From (3.5), it follows that

(Vi SY,&)=2nW (x 277

—2nkg(Y,¢W)—2m<g(Y,<ohW)
+S(Y, W )+ S(Y,phW ).
Replacing Y by @Y in (5.11), then we have

Since

(5.9)

(5.10)

(5.11)
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S(Y\W)={s(2(n-1)+ u)x ~1)g (v, W)}

+4n/<ZS:77k(Y)77k(W
k=1

This completes the proof.

(5.12)

6 @ -Ricci symmetric Almost S -manifolds

Definition 6.1. An almost S -manifold M verifying the
(1(, y)-nullity condition is said to be ¢ -Ricci symmetric
if the Ricci operator Q satisfies

9> (V,Q) =0, (6.1) or
any vector fields X and Y on M and
S(X,Y): g(QX,Y). If X and Y are orthogonal to

& foreach iefl,...,
Ricci symmetric.

S}, then M is called locally ¢ -

Now, we give the definition of Einstein manifold of glo-
bally framed type.

Definition 6.2. An almost S -manifold M verifying the
(K‘, ,u)—nullity condition is said to be 77 -Einstein manifold
of globally framed type if its Ricci tensor S is of the form

S(X,Y)=Ag(X,Y)+ Bgnk(x (),

where A and B are smooth functionand X and Y are
vector fieldson M .

Theorem 6.1. An almost S -manifold M verifying the
(zc, y)-nullity condition is an 77 -Einstein manifold of glo-
bally framed type, if

U= 2(1—1 + Ej or the (1, 1) -tensor field h
n S

vanishes identically.
Proof. In view of the assumption, using (1.1) in (6.1), then
we have

S

=(VxQ) + 2 n*(VxQ)V 5, =0.
k=1

Taking the inner product of (6.2) with Z , then we obtain

-9((v,Q)v,2) Zn (VxQ)Y " (z)=0

which on simplifying glves us
—9(V«QY.Z)+5(V,Y.2)

2 (V,QN ) 2)=

(6.2)

(6.3)

Y.S. Bakan

Taking Y = &, in (6.3), then we derive
—g(V Qéi’z)"'s(vxgi’z)

+Zf7 (VxQ)em*(z)=0

Usmg (1.4) in (6.4), then we get
20X ()3 7*(2) + 2nag(Z, X))

k=1
—2nxg(Z, phX )= S(Z,¢X)
—-S(Z,phX) Zn (Vx Q)W (2)=0.
Replacing Z by goZ in (6.5) and using

S(eX,Z)=-5(X,Z)+ 2m<kzs_1:nk(x)nk(z),

then we conclude
S(X,Z2)=—{2nx —s(2(1-n)+ un)}g(hX,2)

—{2s(2(n—1)+ u)1—-x)+2nx}g(X,2)

+{4nz<+s(2(1—n)+yn)}gnk(x W (2)

Thus, we complete the proof.

(6.4)

(6.5)

7 Conclusion

Symmetric manifolds play an important role in differential
geometry. Thus, classification of manifolds with respect to
symmetry properties helps the researcher for their advanced
studies. We prove some existence theorems for some
weakly symmetric manifolds. We give a characterization of
@ -symmetric spaces.
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