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Abstract 
Manifold theory is an important topic in differential geometry. Riemannian manifolds are a wide class of 
differentiable manifolds.  Riemannian manifolds consist of two fundamental class, as contact manifolds and 
complex manifolds. The notion of globally framed metric f -manifold is a generalization of these 

fundamental classes. Almost S -manifolds which are globally framed metric f -manifold generalize some 
contact manifolds carrying their dimension to ( )sn +2 . On the other hand, classification is important for 
Riemannian manifolds with respect to some intrinsic and extrinsic tools as well as all sciences. Moreover, 
symmetric manifolds play an important role in differential geometry. There are a lot of symmetry type for 
Riemannian manifolds with respect to different arguments. Under these considerations, in the present paper  
we study some symmetry conditions on almost S -manifolds. We investigate weak symmetries and ϕ -
symmetries of these type manifolds. We obtain some necessary and sufficient conditions to characterize of 
their structures. Firstly, we prove that the existence of weakly symmetric and weakly Ricci symmetric almost 
S -manifolds under some special conditions. Then, we show that every ϕ -symmetric almost S -manifold 

verifying the ( )µκ , -nullity distribution is an η -Einstein manifold of globally framed type. Finally, we get 
some necessary and sufficient condition for a ϕ -Ricci symmetric almost S -manifold verifying the ( )µκ ,
-nullity distribution to be an η -Einstein manifold of globally framed type.      
Keywords —η -Einstein Manifold, ϕ -Ricci Symmetric Manifolds, Almost S -Manifold, Globally Framed 

Metric f -Manifold, S -Structure, Weakly Symmetric Manifold. 
 
 
1 Introduction 
An extensive research about contact geometry is done in re-
cent years. In the present paper, we are concerned with 
weak symmetries and Ricci symmetries of almost S -ma-
nifolds. We recall the price definitions. 

 
Let M  be a ( )sn +2 -dimensional manifold and ϕ  is a 

non-null ( )1,1 -tensor field on M . If ϕ  satisfies  

03 =+ϕϕ ,                                                                   

 then ϕ  is called an f -structure and M  is called an f
-manifold [1].  

 

Let M  be a ( )sn +2 -dimensional manifold. If there are 

given on M  an f -structure ϕ , s  global vector fields 

sξξ ,,1   and 1-forms 
sηη ,1

 on M  satisfying the 

following conditions

( ) ,

,0,0

,
1

2

i
jj

i

j
i

s

j
j

jId

δξη

ϕηϕξ

ξηϕ

=

==

⊗+−= ∑
=

          1.1)  

for all { }sji ,1, ∈ , then ( )i
i ηξϕ ,,  is called a glob-
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ally framed f -structure and M  is called a globally fra-
med f -manifold [2].  On a globally framed f -manifold 

M , if there exists a Riemannian metric which satisfies  

( ) ( ) ( ) ( )

( ) ( ),,

,,,
1

XXg

YXYXgYXg

k
k

s

k

kk

ηξ

ηηϕϕ

=

−= ∑
=           (1.2) 

 
for all vector fiels X  and Y  on M , then M  is called a 
globally framed metric f -manifold [2]. On a globally fra-

med metric f -manifold, fundamental 2 -form Φ  is defi-

ned by ( ) ( )YXgYX ϕ,, =Φ  for all vector fiels YX ,  
[2]. For a globally framed metric f -manifold,  

∑
=

=⊗+
s

k
k

kdN
1

0ξηϕ , 

 is satisfied, then M  is called normal globally framed met-
ric f -manifold, where ϕN  denotes the Nijenhuis torsion 
tensor of ϕ  [3]. 
 
A globally framed metric f -manifold is said to be an al-

most S -manifold if and only if Φ=== sdd ηη 1  
and 0=Φd . An almost S -manifold which is normal is 
called S -manifold [4]. 
 
The study of globally framed metric f -manifold was star-
ted by Blair [4], Goldberg and Yano [5], Vanzura [6]. Al-
most S -structures were studied, without being precisely 
named, by Cabrerizo et al. [7]. Then Duggal et al. [8] also 
studied such manifolds and gave them the name almost S
-manifold.    
 
On an almost S -manifold, we can define a ( )1,1  tensor 
fields  

ϕξi
Lhi 2

1:= , 

for si ,,1= , where L  denotes the Lie derivative in [7]. 
We use extensively the properties of these tensor fields in 
the present paper. In particular, these operators are self-ad-
joint, traceless, anticommute with ϕ  and, we have  

.0,0 == j
i

ji hh ηξ                                           (1.3)  

for { }sji ,1, ∈  [7]. Moreover, the following identities 
hold  

,0,0
,
=∇=∇

−−∇

j

iiX

ii

XhX
ξϕ

ϕϕξ

ξξ
                                          (1.4) 

where ∇  is the Levi Civita connection of g , 

( )TMX Γ∈  and { }sji ,1, ∈  [8]. In 1995, Blair et al. 
[9] studied contact metric manifolds such that the charac-
teristic vector field belongs to the ( )µκ , -nullity distribu-
tion. This concept was generalized by Cappelletti-Montano 
and Di Terlizzi in [10]. 
 
2 Preliminaries 
In this section, we give some fundamental informations 
which we use in the next part from [10]. 
 
Definition 2.1. Let M  be an almost S -manifold and let 

µκ ,  be real constants. We say that M  verifies the ( )µκ ,
-nullity condition if and only if for each { }si ,,1∈  and 

( )TMYX Γ∈, , the following identity holds  
( )

( ) ( )

( ) ( ) .

,

1

1

22









−+









−+

=

∑

∑

=

=

s

k
i

k
i

k

s

k

kk

i

YhXXhY

XYYX

YXR

ηηµ

ϕηϕηκ

ξ

                     (2.1) 

 
Lemma 2.1. Let M  be an almost S -manifold verifying 
the ( )µκ , -nullity condition. Then we have  

)i  ijji hhhh  =  for each { }sji ,1, ∈ , 

)ii  1≤κ , 

)iii  if 1<κ  then for each { }si ,1∈ , ih  has eigenva-

lues 0 , κ−± 1 . 

)iv  ( ) 22 1ϕκ −=ih . 
 
Propositions 2.1. Let M  be an almost S -manifold verif-
ying the ( )µκ , -nullity condition. Then  

shh ==1 .                                                            (2.2) 
 
Remark 2.1. Throughout all this paper whenever (2.1) 
holds we put shhh === 1: . Then  (2.1) becomes  
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( )

( ) ( )

( ) ( ) .

,

1

1
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







−+









−+

=

∑

∑

=

=

s

k

kk

s

k

kk

i

hYXhXY

XYYX

YXR

ηηµ

ϕηϕηκ

ξ

                   (2.3) 

 
Proposition 2.2. Let M  be an almost S -manifold verif-
ying the ( )µκ , -nullity condition. Then M  is an S -ma-
nifold if and only if 1=κ .   
 
3 Weakly Symmetric Almost S -manifolds   
Firstly, we recall the definition of weakly symmetric mani-
folds. 
 
Definition 3.1. A non-flat n -dimensional differential ma-
nifold ( )gM , , 3>n , is called weakly symmetric if there 
exists a vector field P  and 1-forms δγβα ,,,  on M  
such that  
( )( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( )( ) ,,,,

,,
,,

PXWZYRgXZYRW
WXYRZWZXRY

WZYRXWZYRX

++
++

=∇

δ
γβ

α
            (3.1)            

holds for all vector fields ( )TMWZYX Γ∈,,, . A 
weakly symmetric manifold  M  is pseudo-symmetric if 

αδγβ
2
1

===  and AP = , where 

( ) ( )AAXg α=,  and M  is locally symmetric if  

0==== δγβα  and 0=P . A weakly symmetric 
manifold is said to be proper if at least one of the 1-forms 

δγβα ,,,   are not zero or 0≠P [11, 12]. 
 

From (3.1), an easy calculation shows that if M  is weakly 
symmetric then we have  
( )( ) ( ) ( )

( )( ) ( ) ( )
( ) ( ) ( )( ),,,

,,
,,

ZWXRPZXSW
WXSZWZXR

WZSXWZSX

++
++

=∇

δ
γβ

α
                         (3.2 

where P  is defined by ( ) ( )PXgX ,=ρ   for any vector 

field ( )TMX Γ∈  [11]. 
Now, we consider this definition for almost S -manifold 
verifying the ( )µκ , -nullity condition. 
 
Theorem 3.1. There exists no weakly symmetric )2( sn +

-dimensional almost S -manifold M  verifying the ( )µκ ,
-nullity condition, if 

( ) ( ) ( ) ( )
κ
κδγα XXXX ≠++ ,  

( )TMX Γ∈ , where κ  is a smooth function and 

( ) 3dim >M . 
 
Proof. Assume that M  is a weakly symmetric almost S -
manifold verifying the ( )µκ , -nullity condition. Putting 

iW ξ=  in (3.2), then we get     

( )( ) ( ) ( )
( )( ) ( ) ( )

( ) ( ) ( )( ).,,
,,

,,

ZXRPZXS
XSZZXR

ZSXZS

ii

ii

iiX

ξξδ
ξγξβ

ξαξ

++
++

=∇
                        (3.3) 

By using ∑
=

=
s

k
ki nQ

1
2 ξκξ then we conclude 

( )( ) ( ) ( )

( )( ) ( ) ( )

( ) ( ) ( )( ).,,

2,

2,

1

1

ZXRPZXS

XZnZXR

ZXnZS

ii

s

k

k
i

s

k

k
iX

ξξδ

ηκγξβ

ηκαξ

++

++

=∇

∑

∑

=

=

                (3.4) 

 
By the covariant differentiation of the Ricci tensor S , the 
left side of the above equation can be written as   
( )( ) ( )

( ) ( ).,,
,,

iXiX

iXiX

ZSZS
ZSZS
ξξ
ξξ

∇−∇−
∇=∇

 

Using (1.4) and ∑
=

=
s

k
ki nQ

1
2 ξκξ and in view of the par-

allelity of the metric tensor g , then we derive  

( )( ) ( ) ( )

( ) ( )
( ) ( ).,,

,2,2

2,
1

hXZSXZS
hXZgnXZgn

ZnXZS
s

k

k
iX

ϕϕ
ϕκϕκ

ηκξ

++
−−

=∇ ∑
=

                        (3.5) 

Comparing the right hand sides of the (3.4) and (3.5), we 
see that 
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( ) ( ) ( )

( ) ( )

( ) ( ) ( )

( )( ) ( ) ( )

( ) ( ) ( )( ).,,

2,

2,

,,2

,22

1

1

1

ZXRPZXS

XZnZXR

ZXnhXZS

XZShXZgn

XZgnZnX

ii

s

k

k
i

s

k

k

s

k

k

ξξδ

ηκγξβ

ηκαϕ

ϕϕκ

ϕκηκ

++

++

=+

+−

−

∑

∑

∑

=

=

=

                (3.6) 

 
Now, putting iZX ξ==  in (3.6) and using (1.1), 

(1.2) and ∑
=

=
s

k
ki nQ

1
2 ξκξ , then we get      

( ) ( ) ( ) ( )iiii nnnn ξκδξκγξκακξ 2222 ++= . 

Since 3dim >M  and 0≠κ , then we have    

( ) ( ) ( ) ( )
κ
κξ

ξδξγξα i
iii =++ .                             (3.7) 

Now, we will show that 

( ) ( ) ( ) ( )
κ
κδγα XXXX =++  

for any vector field X  on M .  
Setting iZ ξ=  in (3.2), similar to the previous calcula-
tions, it follows that 

( ) ( ) ( )

( ) ( )

( ) ( ) ( )

( )( ) ( ) ( )

( ) ( ) ( )( ).,2

,,

2,

,,2

,22

1

1

1

i

s

k

k

ii

s

k

k

s

k

k

WXRPXWn

WXSWXR

WXnhXWS

XWShXWgn

XWgnWnX

ξηκδ

ξγξβ

ηκαϕ

ϕϕκ

ϕκηκ

++

++

=+

+−

−

∑

∑

∑

=

=

=

             (3.8) 

Replacing W  by iξ  in (3.8) and using (1.1) and 

∑
=

=
s

k
ki nQ

1
2 ξκξ , then we obtain  

( ) ( )

( )( ) ( ) ( )

( ) ( ) ( )( ).,2

2,

22

1

1

ii

s

k

k
i

s

k

k
iii

XRPXn

XnXR

XnnX

ξξηξκδ

ηξκγξξβ

κακ

++

++

=

∑

∑

=

=

              (3.9) 

Again choosing iX ξ=  in (3.8) and by making use 

of (1.1), (2.3) and ∑
=

=
s

k
ki nQ

1
2 ξκξ , then we deduce 

( ) ( ) ( ) ( )

( ) ( ) ( )

( )( ).,

22

22

1

11

ii

s

k

k
i

s

k

k
i

s

k

k
i

WRP

WnWnk

WnWn

ξξ

κδηξγ

ηξκαηκξ

+

++

=

∑

∑∑

=

==

        (3.10) 

Replacing W  by X  in (3.10) and taking summation with 
(3.10), in view of (3.7) 

( ) ( ) ( ) ( )

( )( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ).22

22

2,

222

1

11

1

1

XnXnk

XnXn

XnXR

XnXnnX

s

k

k
i

s

k

k
i

s

k

k
i

s

k

k
iii

s

k

k
i

κδηξγ

ηξκαηξκδ

ηξκγξξβ

καηκξκ

++

++

++

=+

∑

∑∑

∑

∑

=

==

=

=

   (3.11) 

Setting iX ξ=  in (3.6), then we have 

( ) ( ) ( ) ( )

( )( ) ( ) ( )

( ).2

2,

22

1

11

Zn

ZnZR

ZnZn

s

k

k
iii

s

k

k
i

s

k

k
i

κγ

ηξκδξξβ

ηξκαηκξ

+

++

=

∑

∑∑

=

==

         (3.12) 

By replacing Z  with X  in (3.12) and taking summation 
with (3.11) and using (3.7), then we conclude  

( ) ( ) ( ){ } ( )κδγακ nXXXXn 22 =++ . 
Since 3dim >M  and 0≠κ , then we get 

( ) ( ) ( ) ( )
κ
κδγα XXXX =++ , 

 which completes the proof. 
 
Corollary 3.1. There exists no weakly symmetric almost 
S -manifolds M  verifying ( )µκ , -nullity distribution, if 

0≠++ δγα , where κ  is a constant and 3dim >M
. 
 
4 Weakly Ricci Symmetric Almost S -manifolds 
Firstly, we recall the definition of weakly Ricci symmetric 
manifold and then we consider this definition for almost S
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-manifolds. 
 
Definition 4.1. An n -dimensional differential manifold 
( )gM , , 3>n , is called weakly Ricci symmetric if there 
exist 1-forms ρσε ,,  on M  such that  

( )( ) ( ) ( )
( ) ( ) ( ) ( )YXSZZXSY

ZYSXZYSX

,,
,,

ρσ
ε
++

=∇
                            (4.1) 

holds for all vector fields ( )TMZYX Γ∈,,  [12, 13]. If 
ρσε == , then M  is called pseudo Ricci symmetric 

[14, 15]. 
 

Theorem 4.1. There exists no weakly Ricci symmetric al-
most S -manifold M  verifying the ( )µκ , -nullity condi-
tion, 

if ( ) ( ) ( ) ( )
κ
κρσε XXXX ≠++ ,  

( )TMX Γ∈ , where κ  is a smooth function and 

( ) 3dim >M .  
Proof. Let M  be a weakly Ricci symmetric almost S -
manifold verifying the ( )µκ , -nullity condition. Putting 

iZ ξ=  in (4.1) and using ∑
=

=
s

k
ki nQ

1
2 ξκξ , then we 

obtain  

( )( ) ( ) ( )

( ) ( ) ( ) ( ).,2

2,

1

1

YXSXYn

YXnYS

i

s

k

k

s

k

k
iX

ξρηκσ

ηκεξ

++

=∇

∑

∑

=

=                 (4.2) 

Replacing Z  by Y  in (3.5) and comparing the right hand 
sides of the equations (4.2) and (3.5), then we get 

( ) ( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ).,2

2,

,,2

,22

1

1

1

YXSXYn

YXnhXYS

XYShXYgn

XYgnYnX

i

s

k

k

s

k

k

s

k

k

ξρηκσ

ηκεϕ

ϕϕκ

ϕκηκ

++

=+

+−

−

∑

∑

∑

=

=

=

                (4.3) 

Taking iZX ξ==  in (4.3) and using (1.1), (1.2) 

and ∑
=

=
s

k
ki nQ

1
2 ξκξ then we have      

( ) ( ) ( )( ){ } ( ).22 κξξρξσξεκ iiii nn =++  

Since 3dim >M  and 0≠κ , we derive 

( ) ( ) ( )( ) ( )
.

κ
κξ

ξρξσξε i
iii =++                           (4.4) 

Putting iX ξ=  in (4.3), then we get  

( ) ( ) ( ) ( )

( ) ( ) ( ).22

22

1

11

∑

∑∑

=

==

++

=

s

k

k
i

s

k

k
i

s

k

k
i

YnYn

YnYn

ηξκρκσ

ηξκεηκξ
   

Thus, from (4.4), this yields 

( ) ( ) ( ) ( )

( ) ( ) ( ) ,

22

1

11





++





=

∑

∑∑

=

==

s

k

k
i

s

k

k
i

s

k

k
i

YY

YnYn

ηξρσ

ηξεκηκξ
 

which gives us 

( ) ( ) ( ).
1
∑
=

=
s

k

k
i YY ηξσσ                                           (4.5) 

Similarly, setting iY ξ=  in (4.3), we also obtain 
 
 

( ) ( )

( ) ( )

( ) ( ).2

2

22

1

1

∑

∑

=

=

+

+

=

s

k

k
i

s

k

k
i

Xn

Xn

XnnX

ηξκρ

ηξκσ

κεκ

   

Applying (4.4) into the last equation, then we deduce 

( ) ( ) ( ) ( ) ( )






 −−= ∑

=
i

i
s

k

k XXX ξε
κ
κξ

η
κ
κε

1

.      (4.6) 

Takiing iYX ξ==  in (4.1), it follows that  

( ) ( )

( ) ( ) ( ){ }.2

2
1

Zn

Zn

ii

s

k

k
i

ρξσξεκ

ηκξ

++

=∑
=                                   (4.7) 

By making use of (4.4), the equation (4.7) reduces to  

( ) ( ) ( )i

s

k

k ZZ ξρηρ ∑
=

=
1

.                                         (4.8) 

Replacing Y  by X ,  Z  by X  in (4.5) and in (4.8), res-
pectively and taking summation with (4.6), then we have  

( ) ( ) ( ) ( )
κ
κρσε XXXX =++ ,  

for all vector field X . Hence, the proof is completed. 
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Corollary 4.1. There exists no weakly Ricci symmetric al-
most S -manifolds M  verifying ( )µκ , -nullity distribu-
tion, if 0≠++ ρσε , where κ  is a constant and 

3dim >M . 
 
5 ϕ -symmetric Almost S -manifolds  
Definition 5.1. An almost S -manifold M ,  which verifies 
the ( )µκ , -nullity condition, is said to be locally ϕ -sym-
metric if the  

( )( ) ,0,2 =∇ ZYXRWϕ                                         (5.1) 

for all vector fields WZYX ,,,  orthogonal to iξ , for each 

{ }si ,,1∈ . If the equation (5.1) is satisfied for arbitrary 
vector fields WZYX ,,, , then M  is said to be ϕ -sym-
metric.  
These notions were introduced for Sasakian manifolds by 
Takahashi in [11]. 

 
Theorem 5.1. A ϕ -symmetric almost S -manifold M  

verifying the ( )µκ , -nullity condition is an η -Einstein 
manifold of globally framed type. 

 
Proof. By using (1.1) and (5.1), then we get  
( )( )

( )( )( ) ,0,

,

1
=∇+

∇−

∑
=

k

s

k
W

k

W

ZYXR

ZYXR

ξη
                        (5.2) 

from which it follows that  
( )( )( )

( )( )( ) ( ) ,0,

,,

1
=∇+

∇−

∑
=

UZYXR

UZYXRg

k
s

k
W

k

W

ηη
                (5.3) 

for any vector field U  on M . Let 
{ }ssnnn eeee ξξ == ++ 211221 ,,,,,    
be an orthonormal basis of the tangent space at any point of 
the manifold. Then putting ieUX ==  in (5.3) and tak-

ing summation over sni +≤≤ 21 , then we conclude  
( )( )

( )( )( ) ( ) .0,

,
2

1
=∇+

∇−

∑
+

=
i

j
sn

j
iW

j

W

eZYeR

ZYS

ηη
                 (5.4) 

The second term of (5.4) by putting jZ ξ=  takes the form  

( )( )( ) ( )
( )( )( ) ( ),,,,

,

jijjiW

i
j

kiW
j

egYeRg
eYeR

ξξξ
ηξη

∇=
∇

                      (5.5) 

which vanishes identically. On the other hand, we have 

( )( )( )
( )( )

( )( )
( )( )
( )( ),,,

,,

,,

,,

,,

jjWi

jjWi

jjiW

jjiW

jjiW

YeRg
YeRg
YeRg
YeRg
YeRg

ξξ

ξξ

ξξ

ξξ

ξξ

∇−

∇−

∇−

∇+

=∇

                                       (5.6) 

at Mp∈ . Since the basis is orthonormal, thus we have 

0=∇ iW e  at Mp∈ . Using (1.1), (1.3) and (2.3), then 
we get 

( )( ) 0,, =∇ jjWi YeRg ξξ .                                     (5.7) 
Taking into account of (5.7) in (5.6), then we derive  
( )( )( )

( )( )
( )( ),,,

,,

,,

jjWi

jjiW

jjiW

YeRg
YeRg
YeRg

ξξ

ξξ

ξξ

∇−

∇+

=∇

                                      (5.8) 

Since ( )( ) ( )( ) 0,,,, =−= ijjjji eYRgYeRg ξξξξ  
hence we get   

( )( ) ( )( ) 0,,,, =∇+∇ jWjijjiW YeRgYeRg ξξξξ . 
Using the last equation in (5.8), then we have 
( )( )( ) ( )( )

( )( ).,,

,,,,

jjWi

jWjijjiW

YeRg
YeRgYeRg

ξξ

ξξξξ

∇−

∇−=∇
 

From (1.4) and first Bianchi identity, we obtain  
( )( )( ) ( )( )

( )( ) ( )( )
( )( ) ,0,,

,,,,

,,,,

=+

++

=∇

ji

jiji

jijjiW

hWYeRg
WYeRghWYeRg

WYeRgYeRg

ξϕ

ξϕϕξ

ϕξξξ

 

i.e., 
( )( )( ) 0,, =∇ jjiW YeRg ξξ .                                 (5.9) 

Using (5.9) in (5.4), then we deduce 
( )( ) 0, =∇ jW YS ξ .                                               (5.10)  
It is well-known that  
( )( ) ( )

( ) ( ).,,

,,

jWjW

jWjW

YSYS
YSYS

ξξ

ξξ

∇−∇−

∇=∇
 

From (3.5), it follows that  

( )( ) ( ) ( )

( ) ( )
( ) ( ).,,

,2,2

2,
1

hWYSWYS
hWYgnWYgn

YnWYS
s

k

k
iW

ϕϕ
ϕκϕκ

ηκξ

++
−−

=∇ ∑
=

                     (5.11) 

Replacing Y  by Yϕ  in (5.11), then we have  
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( ) ( )( )( ) ( ){ }

( ) ( ).4

,112,

1
∑
=

+

−+−=
s

k

kk WYn

WYgnsWYS

ηηκ

κµ
      (5.12) 

This completes the proof. 
 
6 ϕ -Ricci symmetric Almost S -manifolds 
Definition 6.1. An almost S -manifold M  verifying the 
( )µκ , -nullity condition is said to be ϕ -Ricci symmetric 
if the Ricci operator Q  satisfies 

( ) 02 =∇ YQXϕ ,                                                    (6.1) or 
any vector fields X  and Y  on M and 
( ) ( )YQXgYXS ,, = . If X  and Y  are orthogonal to 

iξ  for each { }si ,,1∈ , then M  is called locally ϕ -
Ricci symmetric. 

 
Now, we give the definition of Einstein manifold of glo-
bally framed type. 

 
Definition 6.2. An almost S -manifold M  verifying the 
( )µκ , -nullity condition is said to be η -Einstein manifold 
of globally framed type if its Ricci tensor S  is of the form  

( ) ( ) ( ) ( )∑
=

+=
s

k

kk YXBYXAgYXS
1

,, ηη ,   

where A  and B  are smooth function and X  and Y  are 
vector fields on M .       

 
Theorem 6.1. An almost S -manifold M  verifying the 
( )µκ , -nullity condition is an η -Einstein manifold of glo-
bally framed type, if  







 +−=

sn
κµ 112  or the ( )1,1 -tensor field h  

vanishes identically.   
Proof. In view of the assumption, using (1.1) in (6.1), then 
we have   

( ) ( )( ) 0
1

=∇+∇− ∑
=

k

s

k
X

k
X YQYQ ξη .                (6.2) 

Taking the inner product of (6.2) with Z , then we obtain 

( )( ) ( )( ) ( ) 0,
1

=∇+∇− ∑
=

ZYQZYQg k
s

k
X

k
X ηη ,  

which on simplifying gives us   
( ) ( )

( )( ) ( ) .0

,,

1
=∇+

∇+∇−

∑
=

ZYQ

ZYSZQYg

k
s

k
X

k

XX

ηη
                             (6.3) 

Taking iY ξ=  in (6.3), then we derive  

( ) ( )

( )( ) ( ) .0

,,

1
=∇+

∇+∇−

∑
=

ZQ

ZSZQg

k
s

k
iX

k

iXiX

ηξη

ξξ
                           (6.4) 

Using (1.4) in (6.4), then we get 

( ) ( ) ( )

( ) ( )

( ) ( )( ) ( ) .0,

,,2

,22

1

1

=∇+−

−−

+−

∑

∑

=

=

ZQhXZS

XZShXZgn

XZgnZnX

k
s

k
iX

k

s

k

k

ηξηϕ

ϕϕκ

ϕκηκ

       (6.5) 

Replacing Z  by Zϕ  in (6.5) and using  

( ) ( ) ( ) ( )∑
=

+−=
s

k

kk ZXnZXSZXS
1

2,, ηηκϕϕ , 

then we conclude 
( ) ( )( ){ } ( )

( )( )( ){ } ( )

( )( ){ } ( ) ( ).124

,21122
,122,

1
∑
=

+−++

+−+−−
+−−−=

s

k

kk ZXnnsn

ZXgnns
ZhXgnnsnZXS

ηηµκ

κκµ
µκ

   

Thus, we complete the proof. 
 
7 Conclusion 
Symmetric manifolds play an important role in differential 
geometry. Thus, classification of manifolds with respect to 
symmetry properties helps the researcher for their advanced 
studies. We prove some existence theorems for some 
weakly symmetric manifolds. We give a characterization of 
ϕ -symmetric spaces. 
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