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Abstract 

Gaussian curvature is commonly seen in the study of   differential geometry. Gaussian curvature of a surface at 
a point is the product of the principal curvatures. They measure how the surface bends by different amounts  in 
different directions at the point. Also, Gaussian curvature is given as the determinant of shape operator. In pure 
mathematics, differential equations are studied from different viewpoints. There are a lot of methods for solving 
differential equations in mathematics.  From the differential equations viewpoint, Gaussian curvature solves the 
differential equation to find the main curve. One of them is Chebsyshev expansion method by using Chebsyshev 
polynomials. Also, they are important study in approximation theory.  Chebyshev polynomials are a sequence 
of orthogonal polynomials and compose a polynomial sequence.The series solution is also used in surface of 
revolution.  A surface of revolution is a surface generated by  rotating a two-dimensional curve. In this study, 
our aim is to find the main curve by using Gaussian curvature. We substitute solution into the differential equa-
tion to find a relation for coeeficients of system. So, we use Chebsyshev polynomials for solutions to determine 
the curve and demonstrate our results on some well-known surfaces such as sphere, catenoid and torus.  
AnahtarKelimeler— Chebsyshev Polynomials, Gaussian Curvature, Differential Equations, Shape Operator,  
Surface of Revolution. 

 
 
1 Introduction 
In differential geometry, the Gaussian curvature κ of a sur-
face at a point is the product of the principal curvatures 
𝑘𝑘1and 𝑘𝑘2: 

𝜅𝜅 = 𝑘𝑘1𝑘𝑘2. 
 

 At a point 𝑝𝑝 on surface in 𝐼𝐼𝐼𝐼3, the Gaussian curvature is 
also given by 

𝜅𝜅(𝑝𝑝) = det 𝑆𝑆(𝑝𝑝), 
 

where𝑆𝑆 is the shape operator [2,3,4,6]. Also, Gaussian cur-
vature solves the differential equation to find the main 
curve.  
In mathematics, there are a lot of methods for solving dif-
ferential equations. One of them is Chebsyshev expansion 
method by using Chebsyshev polynomials. The Cheb-
syshev polynomials are polynomials of degree 𝑛𝑛 [1]. 
The Chebyshev polynomials of the first kind are defined by  

𝑇𝑇0(𝑥𝑥) = 1, 
𝑇𝑇1(𝑥𝑥) = 𝑥𝑥, 

 
𝑇𝑇𝑛𝑛+1(𝑥𝑥) = 2𝑥𝑥𝑇𝑇𝑛𝑛(𝑥𝑥) − 𝑇𝑇𝑛𝑛−1(𝑥𝑥). 

A surface of revolution can be obtained by rotating a curve 

in the xz-plane about the z-axis. Suppose that the curve is 
given by 

x= 𝜑𝜑(𝑡𝑡), z=𝛹𝛹(𝑡𝑡) 
with t lies in (a, b), and is parametrized by arclength, so that 

�̇�𝜑2+ �̇�𝛹2=1                                         (1) 
The coefficients of first fundamental form are given by 

𝐸𝐸 = 𝜑𝜑2, 
𝐹𝐹 = 0 , 

𝐺𝐺 = (𝜑𝜑)̇ 2  + ��̇�𝛹�. 
The coefficients of second fundamental form are given by 

𝑒𝑒 = 𝜑𝜑�̇�𝛹, 
𝑓𝑓 = 0 , 

𝑔𝑔 = �̇�𝛹�̈�𝜑 − 𝛹𝛹�̈̇�𝜑. 
Then, we obtain 

                𝜅𝜅(𝑡𝑡) =
𝑒𝑒𝑔𝑔 − 𝑓𝑓2

𝐸𝐸𝐺𝐺 − 𝐹𝐹2
  =

�̇�𝛹��̇�𝛹�̈�𝜑 − 𝛹𝛹�̈̇�𝜑�
𝜑𝜑

 

If we differentiate equation (1), we find 
 �̇�𝜑�̈�𝜑 = −�̇�𝛹�̈�𝛹(2) 

 
After some calculations, we get 

𝐾𝐾(𝑡𝑡) = − �̈�𝜑
𝜑𝜑

 .           (3) 
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Our aim is to find the curve 𝜑𝜑 by using Chebsyshev poly-
nomials. Then, we substitute solution into the differential 
equation to find relation for the coefficients. The results are 
applied on some well-known surfaces such as sphere, cate-
noid and torus. 
 
2 Method 

�̈�𝜑 + 𝐾𝐾(𝑥𝑥)𝜑𝜑 =0 .(4) 
 

If we substitute 𝜑𝜑 = ∑ 𝐴𝐴𝑛𝑛∞
𝑛𝑛=0 𝑇𝑇𝑛𝑛(𝑥𝑥), �̇�𝜑 =

∑ 𝐴𝐴𝑛𝑛∞
𝑛𝑛=1 (𝑇𝑇𝑛𝑛(𝑥𝑥))′and �̈�𝜑 = ∑ 𝐴𝐴𝑛𝑛∞

𝑛𝑛=2 (𝑇𝑇𝑛𝑛(𝑥𝑥))′′ into equation 
(4), we obtain 
 

∑ 𝐴𝐴𝑛𝑛∞
𝑛𝑛=2 (𝑇𝑇𝑛𝑛(𝑥𝑥))′′ + 𝐾𝐾(𝑥𝑥)∑ 𝐴𝐴𝑛𝑛∞

𝑛𝑛=0 𝑇𝑇𝑛𝑛(𝑥𝑥) = 0    (5) 
 
After some calculations [7,8,9], we obtain  

𝐴𝐴2 =
−𝜅𝜅(𝑥𝑥)𝐴𝐴0

4
, 

𝐴𝐴3 =
−𝜅𝜅(𝑥𝑥)𝐴𝐴1

24
, 

𝐴𝐴4 =
(2𝑥𝑥2 − 1)𝜅𝜅2(𝑥𝑥)𝐴𝐴0

4(96𝑥𝑥2 − 16)
, 

 
Hence, we can find the coefficients of 𝜑𝜑. 

𝜑𝜑 = 𝐴𝐴0𝑇𝑇0(𝑥𝑥) + 𝐴𝐴1𝑇𝑇1(𝑥𝑥) + 𝐴𝐴2𝑇𝑇2(𝑥𝑥) + 𝐴𝐴3𝑇𝑇3(𝑥𝑥) +
𝐴𝐴4𝑇𝑇4(𝑥𝑥) + ⋯.                      (6) 

 
Finally, we obtain    

𝜑𝜑 = 1
𝜋𝜋 ∫

𝜑𝜑(𝑥𝑥)𝑑𝑑𝑥𝑥
�1−𝑥𝑥2

1
−1    (1 −  𝜅𝜅(𝑥𝑥)

4
   +  (2𝑥𝑥2−1)𝜅𝜅2(𝑥𝑥)

4(96𝑥𝑥2−16)
+ ⋯ ) +

  2
𝜋𝜋 ∫

𝑥𝑥.𝜑𝜑(𝑥𝑥)𝑑𝑑𝑥𝑥
�1−𝑥𝑥2

1
−1  (𝑥𝑥 − 𝜅𝜅(𝑥𝑥)

24
+ (4𝑥𝑥2−3)𝜅𝜅2(𝑥𝑥)

320𝑥𝑥2−120
− ⋯ ). (7) 

 
3 Examples 
The Gaussian curvature of paraboloid which has radius 𝑎𝑎 
at height ℎ is  

           𝐾𝐾(𝑥𝑥) = 4ℎ2

(𝑎𝑎2+4ℎ𝑥𝑥)
.(8) 

 
We can find that  
𝜑𝜑 = 1

𝜋𝜋 ∫
𝜑𝜑(𝑥𝑥)𝑑𝑑𝑥𝑥
�1−𝑥𝑥2

1
−1    (1 −  ℎ2

(𝑎𝑎2+4ℎ𝑥𝑥)
   +  (2𝑥𝑥2−1)4ℎ2

(𝑎𝑎2+4ℎ𝑥𝑥)(96𝑥𝑥2−16)
+

⋯ ) +   2
𝜋𝜋 ∫

𝑥𝑥.𝜑𝜑(𝑥𝑥)𝑑𝑑𝑥𝑥
�1−𝑥𝑥2

1
−1  (𝑥𝑥 − ℎ2

6(𝑎𝑎2+4ℎ𝑥𝑥)
+

(4𝑥𝑥2−3)16ℎ2

(320𝑥𝑥2−120)(𝑎𝑎2+4ℎ𝑥𝑥)
−⋯ ).                                            (9) 

 

The Gaussian curvature of torus which has the radius from 
the center of the hole to the center of the torus tube and the 
radius of the tube be 𝑎𝑎 is 
 

 𝐾𝐾(𝑥𝑥) = 𝑐𝑐𝑐𝑐𝑐𝑐𝑥𝑥
𝑎𝑎(𝑐𝑐+𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐𝑥𝑥)

.                              (10) 
 
We can find that 
𝜑𝜑 = 1

𝜋𝜋 ∫
𝜑𝜑(𝑥𝑥)𝑑𝑑𝑥𝑥
�1−𝑥𝑥2

1
−1    (1 − 𝑐𝑐𝑐𝑐𝑐𝑐𝑥𝑥

4𝑎𝑎(𝑐𝑐+𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐𝑥𝑥)
   +

 (2𝑥𝑥2−1)𝑐𝑐𝑐𝑐𝑐𝑐2𝑥𝑥
4𝑎𝑎2(𝑐𝑐+𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐𝑥𝑥)2(96𝑥𝑥2−16)

+ ⋯ ) +   2
𝜋𝜋 ∫

𝑥𝑥.𝜑𝜑(𝑥𝑥)𝑑𝑑𝑥𝑥
�1−𝑥𝑥2

1
−1  (𝑥𝑥 −

𝑐𝑐𝑐𝑐𝑐𝑐𝑥𝑥
24𝑎𝑎(𝑐𝑐+𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐𝑥𝑥)

+ (4𝑥𝑥2−3)𝑐𝑐𝑐𝑐𝑐𝑐2𝑥𝑥
(320𝑥𝑥2−120)(𝑐𝑐+𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐𝑥𝑥)2

− ⋯ ).      (11) 
 
The Gaussian curvature of catenoid is [5] 

𝐾𝐾(𝑥𝑥) = − 1
𝑐𝑐2
𝑠𝑠𝑒𝑒𝑠𝑠4 𝑥𝑥

𝑐𝑐
.                             (12) 

 
We can find that 

𝜑𝜑 = 1
𝜋𝜋 ∫

𝜑𝜑(𝑥𝑥)𝑑𝑑𝑥𝑥
�1−𝑥𝑥2

1
−1    (1 + 

𝑐𝑐𝑠𝑠𝑐𝑐4𝑥𝑥𝑐𝑐
4𝑐𝑐2

   +  
(2𝑥𝑥2−1)𝑐𝑐𝑠𝑠𝑐𝑐8𝑥𝑥𝑐𝑐
4(96𝑥𝑥2−16)𝑐𝑐4

+ ⋯ ) +

  2
𝜋𝜋 ∫

𝑥𝑥.𝜑𝜑(𝑥𝑥)𝑑𝑑𝑥𝑥
�1−𝑥𝑥2

1
−1  (𝑥𝑥 +

𝑐𝑐𝑠𝑠𝑐𝑐4𝑥𝑥𝑐𝑐
24𝑐𝑐2

+
(4𝑥𝑥2−3)𝑐𝑐𝑠𝑠𝑐𝑐8𝑥𝑥𝑐𝑐

(320𝑥𝑥2−120)𝑐𝑐4
− ⋯ ).      (13) 
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