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Abstract 
This paper concentrates on studying convergence and data dependence of AK iteration for the class of maps 
which was introduced by Berinde.  Also, we will support our results with an example. 
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1. Introduction 
Fixed point theory has been built on the solutions of 𝑇𝑇𝑇𝑇 =
𝑇𝑇. One of most famous theorems of this theory is Banach 
contraction theorem. This theorem states that if 𝑇𝑇:𝑋𝑋 → 𝑋𝑋  
provides contraction condition such that 

 
𝑑𝑑(𝑇𝑇𝑇𝑇,𝑇𝑇𝑇𝑇) ≤ 𝑘𝑘𝑑𝑑(𝑇𝑇,𝑇𝑇) 

where 𝑘𝑘 ∈ (0, 1], then it is a unique fixed point in the comp-
lete metric space. Successive approximations method called 
iteration which used in the proof of this theorem has inspi-
red many researchers to approach the fixed point of maps 
classes with different properties. Finding the iterations that 
converge to the fixed point of a map has turned into a re-
markably interesting field in the fixed point theory (see [6-
14]). 

 
On the other hand, it is not always possible to find fixed 
point of a map analytically. In such situations, fixed point 
of a approximate operator of 𝑇𝑇 can be regarded as the app-
roximate solution of  𝑇𝑇𝑇𝑇 = 𝑇𝑇. In this context, estimating the 
distance between the fixed points of 𝑇𝑇 and its a approximate 
operator is an important problem. There exist many papers 
on this subject in the literature. Some of them can be listed 
as [15-19]. 

 
Let's give some preliminary informations to understand our 
purpose in this article. 

 
Definition 1 [5] Let (𝑋𝑋,𝑑𝑑)

 
be a metric space. 𝑇𝑇  is called a 

Zamfirescu map if there exist 𝑎𝑎1 ∈ (0,1),  𝑎𝑎2, 𝑎𝑎3 ∈
�0, 1

2
� such that at least one of the followings is true for each 

𝑇𝑇,𝑇𝑇 ∈ 𝑋𝑋. 
i) 𝑑𝑑(𝑇𝑇𝑇𝑇,𝑇𝑇𝑇𝑇) ≤ 𝑎𝑎1𝑑𝑑(𝑇𝑇, 𝑇𝑇) 
ii) 𝑑𝑑(𝑇𝑇𝑇𝑇,𝑇𝑇𝑇𝑇) ≤ 𝑎𝑎2[𝑑𝑑(𝑇𝑇,𝑇𝑇𝑇𝑇) + 𝑑𝑑(𝑇𝑇,𝑇𝑇𝑇𝑇)] 
iii) (𝑇𝑇𝑇𝑇,𝑇𝑇𝑇𝑇) ≤ 𝑎𝑎3[𝑑𝑑(𝑇𝑇,𝑇𝑇𝑇𝑇) + 𝑑𝑑(𝑇𝑇,𝑇𝑇𝑇𝑇)] 

 
In [5], it was shown that Picard iteration related with Zam-
firescu map is convergent to a unique fixed point of 𝑇𝑇.  
Zamfirescu's theorem is very important since it generalizes 
Banach contraction theorem to non-continuous map. Then, 
in [1], Berinde proved that Ishikawa iteration for Zamfi-
rescu map is convergent to its fixed point. In the proof, he 
showed that a Zamfirescu map can be written as the fol-
lows: 

 
𝑑𝑑(𝑇𝑇𝑇𝑇,𝑇𝑇𝑇𝑇) ≤ 𝛿𝛿𝑑𝑑(𝑇𝑇,𝑇𝑇) + 2𝛿𝛿𝑑𝑑(𝑇𝑇,𝑇𝑇𝑇𝑇).             (1.1) 

 
We can write (1.1) as (1.2) in the normed spaces: 

‖𝑇𝑇𝑇𝑇 − 𝑇𝑇𝑇𝑇‖ ≤ 𝛿𝛿‖𝑇𝑇 − 𝑇𝑇‖ + 2𝛿𝛿‖𝑇𝑇 − 𝑇𝑇𝑇𝑇‖.        (1.2) 
 
If you pay attention, the class of maps satisfying (1.2) is 
more general than the class of contraction maps. 

 
Recently, Ullah and Arshad [4] introduced the following 
new iteration process known as AK iteration process to app-
roximate fixed point of contraction maps: 

 

�
𝑇𝑇𝑛𝑛+1 = 𝑇𝑇𝑇𝑇𝑛𝑛  

𝑇𝑇𝑛𝑛 = 𝑇𝑇�(1 − 𝛼𝛼𝑛𝑛)𝑧𝑧𝑛𝑛 + 𝛼𝛼𝑛𝑛𝑇𝑇𝑧𝑧𝑛𝑛� 
𝑧𝑧𝑛𝑛 = 𝑇𝑇�(1 − 𝛽𝛽𝑛𝑛)𝑇𝑇𝑛𝑛 + 𝛽𝛽𝑛𝑛𝑇𝑇𝑇𝑇𝑛𝑛�

              (1.3) 

 
Our first target in this article is to approach the fixed point 
of the class of maps satisfying (1.2) by means of AK itera-
tion method. The second is to estimate distance between the 
fixed points of a map satisfying (1.2) and its any app-
roximate operator with the help of AK iteration. In addition, 
we will give an example that illustrate our results. 

 
2. Main Results 
In this section, we give the convergence and data results of 
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iterative sequence (1.3) in the normed space. Furthermore, 
we will concretize our results with an examples. First, let's 
give the following lemma to shorten proofs of our theorems. 
 
Lemma 1 Let 𝑋𝑋 be a normed space,

 
𝑇𝑇:𝑋𝑋 → 𝑋𝑋 be an opera-

tor satisfying (1.2) with fixed point 𝑇𝑇∗. Then  
 

‖𝑇𝑇𝑇𝑇 − 𝑇𝑇∗‖ ≤ 𝛿𝛿‖𝑇𝑇 − 𝑇𝑇∗‖.                     (2.1) 
 
 Proof It is easly seen that 

 
‖𝑇𝑇𝑇𝑇 − 𝑇𝑇∗‖ ≤ 𝛿𝛿‖𝑇𝑇 − 𝑇𝑇∗‖ + 2𝛿𝛿‖𝑇𝑇∗ − 𝑇𝑇𝑇𝑇∗‖ = 𝛿𝛿‖𝑇𝑇 − 𝑇𝑇∗‖. 
 
Theorem 1 Let 𝑇𝑇:𝑋𝑋 → 𝑋𝑋  be an operator satisfying (1.2) 
and {𝑇𝑇𝑛𝑛}𝑛𝑛=0∞

 
be the iterative sequence (1.3) with real sequ-

ences {𝛼𝛼𝑛𝑛}𝑛𝑛=0∞  and {𝛽𝛽𝑛𝑛}𝑛𝑛=0∞  in [0,1] satisfying ∑ 𝛽𝛽𝑘𝑘∞
𝑘𝑘=0 =

∞. Then {𝑇𝑇𝑛𝑛}𝑛𝑛=0∞  converges strongly to unique fixed point 
𝑇𝑇∗ of 𝑇𝑇.  

 
Proof Using (1.2), (1.3) and (2.1), we obtain that 

 
‖𝑇𝑇𝑛𝑛+1 − 𝑇𝑇∗‖ = ‖𝑇𝑇𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖ ≤ 𝛿𝛿‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖ ,          (2.2) 
 
‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖ = �𝑇𝑇�(1 − 𝛼𝛼𝑛𝑛)𝑧𝑧𝑛𝑛 + 𝛼𝛼𝑛𝑛𝑇𝑇𝑧𝑧𝑛𝑛� − 𝑇𝑇∗� 
≤ 𝛿𝛿‖(1 − 𝛼𝛼𝑛𝑛)𝑧𝑧𝑛𝑛 + 𝛼𝛼𝑛𝑛𝑇𝑇𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖                      (2.3)

≤ 𝛿𝛿(1 − 𝛼𝛼𝑛𝑛)‖𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖
+ 𝛿𝛿𝛼𝛼𝑛𝑛‖𝑇𝑇𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖
≤ 𝛿𝛿(1 − 𝛼𝛼𝑛𝑛)‖𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖
+ 𝛿𝛿2𝛼𝛼𝑛𝑛‖𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖
≤ 𝛿𝛿�1 − 𝛼𝛼𝑛𝑛(1 − 𝛿𝛿)�‖𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖, 

And 
 
‖𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖ = �𝑇𝑇�(1 − 𝛽𝛽𝑛𝑛)𝑇𝑇𝑛𝑛 + 𝛽𝛽𝑛𝑛𝑇𝑇𝑇𝑇𝑛𝑛� − 𝑇𝑇∗�           (2.4)

≤ 𝛿𝛿‖(1 − 𝛽𝛽𝑛𝑛)𝑇𝑇𝑛𝑛 + 𝛽𝛽𝑛𝑛𝑇𝑇𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖  
≤ 𝛿𝛿(1 − 𝛽𝛽𝑛𝑛)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖
+ 𝛿𝛿𝛽𝛽𝑛𝑛‖𝑇𝑇𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖
≤ 𝛿𝛿(1 − 𝛽𝛽𝑛𝑛)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖
+ 𝛿𝛿2𝛽𝛽𝑛𝑛‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖
= 𝛿𝛿�1 − 𝛽𝛽𝑛𝑛(1 − 𝛿𝛿)�‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖. 

 
Substituting (2.4) and (2.3) in (2.2), we obtain  

 
‖𝑇𝑇𝑛𝑛+1 − 𝑇𝑇∗‖                                                                   (2.5) 
≤  𝛿𝛿3�1 − 𝛼𝛼𝑛𝑛(1 − 𝛿𝛿)��1 − 𝛽𝛽𝑛𝑛(1 − 𝛿𝛿)�‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖.  

 
By using the fact that 1 − 𝛼𝛼𝑛𝑛(1 − 𝛿𝛿) < 1,  we re-write (2.5) 
as follows: 

 
‖𝑇𝑇𝑛𝑛+1 − 𝑇𝑇∗‖  ≤ 𝛿𝛿3�1 − 𝛽𝛽𝑛𝑛(1 − 𝛿𝛿)�‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖.    (2.6) 

  
Considering (2.6), we have 

 
‖𝑇𝑇𝑛𝑛+1 − 𝑇𝑇∗‖ ≤ 𝛿𝛿3�1 − 𝛽𝛽𝑛𝑛(1 − 𝛿𝛿)�‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖      (2.7) 

 
≤ 𝛿𝛿3�1 − 𝛽𝛽𝑛𝑛(1 − 𝛿𝛿)�𝛿𝛿3�1 − 𝛽𝛽𝑛𝑛−1(1 − 𝛿𝛿)�‖𝑇𝑇𝑛𝑛−1 − 𝑇𝑇∗‖  

 
≤ ⋯         
≤ 𝛿𝛿3(𝑛𝑛+1) ∏ [1 − 𝛽𝛽𝑘𝑘(1 − 𝛿𝛿)]𝑛𝑛

𝑘𝑘=0 ‖𝑇𝑇0 − 𝑇𝑇∗‖.  
 
It is well-known from the classical analysis that 1 − 𝑇𝑇 ≤
𝑒𝑒−𝑥𝑥  for all 𝑇𝑇 ∈ [0,1]. Taking into account these facts toget-
her with (2.7), we obtain 

 
‖𝑇𝑇𝑛𝑛+1 − 𝑇𝑇∗‖ ≤ 𝛿𝛿3(𝑛𝑛+1)𝑒𝑒−(1−𝛿𝛿)∑ 𝛽𝛽𝑘𝑘

𝑛𝑛
𝑘𝑘=0 ‖𝑇𝑇0 − 𝑇𝑇∗‖.     (2.8) 

 
Taking the limit of both sides of inequality (2.8) yields 
lim
𝑛𝑛→∞

‖𝑇𝑇𝑛𝑛+1 − 𝑇𝑇∗‖ = 0, i.e. 𝑇𝑇𝑛𝑛 → 𝑇𝑇∗ for 𝑛𝑛 → ∞, as required. 
 

Now, we show that 𝑇𝑇∗ is unique fixed point of 𝑇𝑇.  Assume 
that 𝑇𝑇1∗ is another fixed point of 𝑇𝑇. If we write 𝑇𝑇 ≔ 𝑇𝑇1∗  in 
Lemma 1, we obtain 

 
‖𝑇𝑇1∗ − 𝑇𝑇∗‖ = ‖𝑇𝑇𝑇𝑇1∗ − 𝑇𝑇∗‖ ≤ 𝛿𝛿‖𝑇𝑇1∗ − 𝑇𝑇∗‖.        (2.9) 

 
(2.9) is only possible in the case of 𝑇𝑇∗ = 𝑇𝑇1∗ . This means 
that 𝑇𝑇∗ is unique fixed point of 𝑇𝑇. 

 
Remark 1 Indeed, Theorem 1 is also true while only one of 
control sequences  {𝛼𝛼𝑛𝑛}𝑛𝑛=0∞  and {𝛽𝛽𝑛𝑛}𝑛𝑛=0∞  in iterative sequ-
ence (1.3) satisfies  ∑ 𝛼𝛼𝑘𝑘∞

𝑘𝑘=0 = ∞ or ∑ 𝛽𝛽𝑘𝑘∞
𝑘𝑘=0 = ∞.  

 
Definition 2 [2] Let 𝑇𝑇,𝑇𝑇� :𝑋𝑋 → 𝑋𝑋 be operators. 𝑇𝑇�  is called an 
approximate operator for 𝑇𝑇 if there exist some 𝜖𝜖 > 0 such 
that  

�𝑇𝑇𝑇𝑇 − 𝑇𝑇�𝑇𝑇� < 𝜖𝜖,∀𝑇𝑇 ∈ 𝑋𝑋.                      (2.10) 
 
Lemma 2 [3] Let  {𝜇𝜇𝑛𝑛}𝑛𝑛=0∞  ,  {𝜈𝜈𝑛𝑛}𝑛𝑛=0∞   and  {𝜉𝜉𝑛𝑛}𝑛𝑛=0∞  be non-
negative real sequences with 𝜈𝜈𝑛𝑛 ∈ (0,1)   for all 𝑛𝑛 ∈
ℕ,  ∑ 𝜈𝜈𝑛𝑛 = ∞∞

𝑘𝑘=0 . Suppose there exists 𝑛𝑛0 ∈ ℕ such that for 
all 𝑛𝑛 ≥ 𝑛𝑛0 one has the inequality 

𝜇𝜇𝑛𝑛+1 ≤ (1 − 𝜈𝜈𝑛𝑛)𝜇𝜇𝑛𝑛+𝜈𝜈𝑛𝑛𝜉𝜉𝑛𝑛. 
 

 Then the following inequality holds: 
 

0 ≤ limsup
𝑛𝑛→∞

𝜇𝜇𝑛𝑛 ≤ limsup
𝑛𝑛→∞

𝜉𝜉𝑛𝑛.  

 
Theorem 2 Let 𝑇𝑇: X → X be an operator satisfying (1.2) 
with the fixed point 𝑇𝑇∗ ,  𝑇𝑇�:𝑋𝑋 → 𝑋𝑋  be an approximate ope-
rator of 𝑇𝑇 for given 𝜖𝜖, and 𝑇𝑇�  be the fixed points of 𝑇𝑇� . As-
sume that {𝑇𝑇𝑛𝑛}𝑛𝑛=0∞   is the sequence in (1.3) and {𝑇𝑇� 𝑛𝑛}𝑛𝑛=0∞  is 
a sequence defined by 

�
𝑇𝑇� 𝑛𝑛+1 = 𝑇𝑇�𝑇𝑇� 𝑛𝑛  

𝑇𝑇� 𝑛𝑛 = 𝑇𝑇� �(1 − 𝛼𝛼𝑛𝑛)�̂�𝑧 𝑛𝑛 + 𝛼𝛼𝑛𝑛𝑇𝑇��̂�𝑧 𝑛𝑛 � 

�̂�𝑧 𝑛𝑛 = 𝑇𝑇�((1 − 𝛽𝛽𝑛𝑛)𝑇𝑇� 𝑛𝑛 + 𝛽𝛽𝑛𝑛𝑇𝑇�𝑇𝑇� 𝑛𝑛)

          (2.11) 
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where  {𝛼𝛼𝑛𝑛}𝑛𝑛=0∞  and  {𝛽𝛽𝑛𝑛}𝑛𝑛=0∞  are real sequences in [0,1]  
satisfying lim

𝑛𝑛→∞
𝛼𝛼𝑛𝑛 = lim

𝑛𝑛→∞
𝛽𝛽𝑛𝑛 = 0 and ∑ 𝛼𝛼𝑘𝑘∞

𝑘𝑘=0 = ∞ or 
∑ 𝛽𝛽𝑘𝑘∞
𝑘𝑘=0 = ∞. If  {𝑇𝑇𝑛𝑛}𝑛𝑛=0∞  converges to 𝑇𝑇� , then we have  

 
‖𝑇𝑇∗ − 𝑇𝑇�‖ ≤ 𝜖𝜖

1−𝛿𝛿
. 

 
Proof Using (1.2), (1.3), (2.1) and (2.10), we get  
 
‖𝑇𝑇𝑛𝑛+1 − 𝑇𝑇� 𝑛𝑛+1‖ = �𝑇𝑇𝑇𝑇𝑛𝑛

− 𝑇𝑇�𝑇𝑇� 𝑛𝑛�                                              (2.12)
≤ ‖𝑇𝑇𝑇𝑇𝑛𝑛 − 𝑇𝑇𝑇𝑇� 𝑛𝑛‖ + �𝑇𝑇𝑇𝑇� 𝑛𝑛 − 𝑇𝑇�𝑇𝑇� 𝑛𝑛�
≤ 𝛿𝛿‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖ + 2𝛿𝛿‖𝑇𝑇𝑇𝑇𝑛𝑛 − 𝑇𝑇𝑛𝑛‖ + 𝜖𝜖
≤ 𝛿𝛿‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖ + 2𝛿𝛿‖𝑇𝑇𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖
+ 2𝛿𝛿‖𝑇𝑇∗ − 𝑇𝑇𝑛𝑛‖ + 𝜖𝜖
≤ 𝛿𝛿‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖ + 2𝛿𝛿2‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖
+ 2𝛿𝛿‖𝑇𝑇∗ − 𝑇𝑇𝑛𝑛‖ + 𝜖𝜖 
= 𝛿𝛿‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖ + (2𝛿𝛿2 + 2𝛿𝛿)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖

+ 𝜖𝜖 
and 

‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖ = �
𝑇𝑇((1 − 𝛼𝛼𝑛𝑛)𝑧𝑧𝑛𝑛 + 𝛼𝛼𝑛𝑛𝑇𝑇𝑧𝑧𝑛𝑛)

−𝑇𝑇�((1 − 𝛼𝛼𝑛𝑛)�̂�𝑧 𝑛𝑛 + 𝛼𝛼𝑛𝑛𝑇𝑇��̂�𝑧 𝑛𝑛) 
�

≤ �
𝑇𝑇((1 − 𝛼𝛼𝑛𝑛)𝑧𝑧𝑛𝑛 + 𝛼𝛼𝑛𝑛𝑇𝑇𝑧𝑧𝑛𝑛)

−𝑇𝑇 �(1 − 𝛼𝛼𝑛𝑛)�̂�𝑧 𝑛𝑛 + 𝛼𝛼𝑛𝑛𝑇𝑇��̂�𝑧 𝑛𝑛�
�

+ �
𝑇𝑇((1 − 𝛼𝛼𝑛𝑛)�̂�𝑧 𝑛𝑛 + 𝛼𝛼𝑛𝑛𝑇𝑇��̂�𝑧 𝑛𝑛)
−𝑇𝑇� �(1 − 𝛼𝛼𝑛𝑛)�̂�𝑧 𝑛𝑛 + 𝛼𝛼𝑛𝑛𝑇𝑇��̂�𝑧 𝑛𝑛�

�                                (2.13) 

≤ 𝛿𝛿 �
(1 − 𝛼𝛼𝑛𝑛)𝑧𝑧𝑛𝑛 + 𝛼𝛼𝑛𝑛𝑇𝑇𝑧𝑧𝑛𝑛

−(1 − 𝛼𝛼𝑛𝑛)�̂�𝑧 𝑛𝑛 − 𝛼𝛼𝑛𝑛𝑇𝑇��̂�𝑧 𝑛𝑛
�

+ 2𝛿𝛿 �𝑇𝑇�
(1 − 𝛼𝛼𝑛𝑛)𝑧𝑧𝑛𝑛 + 𝛼𝛼𝑛𝑛𝑇𝑇𝑧𝑧𝑛𝑛�

−(1 − 𝛼𝛼𝑛𝑛)𝑧𝑧𝑛𝑛 − 𝛼𝛼𝑛𝑛𝑇𝑇𝑧𝑧𝑛𝑛
� + 𝜖𝜖 

≤ 𝛿𝛿[(1 − 𝛼𝛼𝑛𝑛)‖𝑧𝑧𝑛𝑛 − �̂�𝑧 𝑛𝑛‖ + 𝛼𝛼𝑛𝑛�𝑇𝑇𝑧𝑧𝑛𝑛 − 𝑇𝑇��̂�𝑧 𝑛𝑛�]

+ 2𝛿𝛿 ��𝑇𝑇�
(1 − 𝛼𝛼𝑛𝑛)𝑧𝑧𝑛𝑛 + 𝛼𝛼𝑛𝑛𝑇𝑇𝑧𝑧𝑛𝑛� − 𝑇𝑇∗�

+‖𝑇𝑇∗ − (1 − 𝛼𝛼𝑛𝑛)𝑧𝑧𝑛𝑛 − 𝛼𝛼𝑛𝑛𝑇𝑇𝑧𝑧𝑛𝑛‖
�

+ 𝜖𝜖 

≤ 𝛿𝛿 �
(1 − 𝛼𝛼𝑛𝑛)‖𝑧𝑧𝑛𝑛 − �̂�𝑧 𝑛𝑛‖

+𝛼𝛼𝑛𝑛‖𝑇𝑇𝑧𝑧𝑛𝑛 − 𝑇𝑇�̂�𝑧 𝑛𝑛‖ + 𝛼𝛼𝑛𝑛�𝑇𝑇�̂�𝑧 𝑛𝑛 − 𝑇𝑇��̂�𝑧 𝑛𝑛�
�

+ 2𝛿𝛿 �𝛿𝛿
‖(1 − 𝛼𝛼𝑛𝑛)𝑧𝑧𝑛𝑛 + 𝛼𝛼𝑛𝑛𝑇𝑇𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖

+‖𝑇𝑇∗ − (1 − 𝛼𝛼𝑛𝑛)𝑧𝑧𝑛𝑛 − 𝛼𝛼𝑛𝑛𝑇𝑇𝑧𝑧𝑛𝑛‖
�

+ 𝜖𝜖 

≤ 𝛿𝛿 �
(1 − 𝛼𝛼𝑛𝑛)‖𝑧𝑧𝑛𝑛 − �̂�𝑧 𝑛𝑛‖

+𝛼𝛼𝑛𝑛‖𝑇𝑇𝑧𝑧𝑛𝑛 − 𝑇𝑇�̂�𝑧 𝑛𝑛‖ + 𝛼𝛼𝑛𝑛�𝑇𝑇�̂�𝑧 𝑛𝑛 − 𝑇𝑇��̂�𝑧 𝑛𝑛�
�

+ 2𝛿𝛿(𝛿𝛿 + 1)‖𝑇𝑇∗ − (1 − 𝛼𝛼𝑛𝑛)𝑧𝑧𝑛𝑛
− 𝛼𝛼𝑛𝑛𝑇𝑇𝑧𝑧𝑛𝑛‖ + 𝜖𝜖 

≤ 𝛿𝛿 �
(1 − 𝛼𝛼𝑛𝑛)‖𝑧𝑧𝑛𝑛 − �̂�𝑧 𝑛𝑛‖

+𝛼𝛼𝑛𝑛(𝛿𝛿‖𝑧𝑧𝑛𝑛 − �̂�𝑧 𝑛𝑛‖ + 2𝛿𝛿‖𝑇𝑇𝑧𝑧𝑛𝑛 − 𝑧𝑧 𝑛𝑛‖) + 𝛼𝛼𝑛𝑛𝜖𝜖
�

+ 2𝛿𝛿(𝛿𝛿 + 1)[(1 − 𝛼𝛼𝑛𝑛)‖𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖
+ 𝛼𝛼𝑛𝑛‖𝑇𝑇∗ − 𝑇𝑇𝑧𝑧𝑛𝑛‖] + 𝜖𝜖 

≤ 𝛿𝛿 �
(1 − 𝛼𝛼𝑛𝑛)‖𝑧𝑧𝑛𝑛 − �̂�𝑧 𝑛𝑛‖ + 𝛼𝛼𝑛𝑛𝛿𝛿‖𝑧𝑧𝑛𝑛 − �̂�𝑧 𝑛𝑛‖

+2𝛼𝛼𝑛𝑛𝛿𝛿‖𝑇𝑇𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖ + 2𝛼𝛼𝑛𝑛𝛿𝛿‖𝑇𝑇∗ − 𝑧𝑧 𝑛𝑛‖) + 𝛼𝛼𝑛𝑛𝜖𝜖
�

+ 2𝛿𝛿(𝛿𝛿 + 1)[(1 − 𝛼𝛼𝑛𝑛)‖𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖
+ 𝛼𝛼𝑛𝑛𝛿𝛿‖𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖] + 𝜖𝜖 

≤ 𝛿𝛿 �
(1 − 𝛼𝛼𝑛𝑛)‖𝑧𝑧𝑛𝑛 − �̂�𝑧 𝑛𝑛‖ + 𝛼𝛼𝑛𝑛𝛿𝛿‖𝑧𝑧𝑛𝑛 − �̂�𝑧 𝑛𝑛‖

+2𝛼𝛼𝑛𝑛𝛿𝛿2‖𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖ + 2𝛼𝛼𝑛𝑛𝛿𝛿‖𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖+𝛼𝛼𝑛𝑛𝜖𝜖
�

+ 2𝛿𝛿(𝛿𝛿 + 1)[(1 − 𝛼𝛼𝑛𝑛) + 𝛼𝛼𝑛𝑛𝛿𝛿]‖𝑧𝑧𝑛𝑛
− 𝑇𝑇∗‖ + 𝜖𝜖 

≤ 𝛿𝛿(1 − 𝛼𝛼𝑛𝑛(1 − 𝛿𝛿)‖𝑧𝑧𝑛𝑛 − �̂�𝑧 𝑛𝑛‖

+ � 2𝛿𝛿2𝛼𝛼𝑛𝑛 + 2𝛿𝛿𝛼𝛼𝑛𝑛
+2𝛿𝛿(𝛿𝛿 + 1)(1 − 𝛼𝛼𝑛𝑛) + 2𝛿𝛿(𝛿𝛿 + 1)𝛼𝛼𝑛𝑛𝛿𝛿

� ‖𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖

+ 𝛼𝛼𝑛𝑛𝜖𝜖𝛿𝛿 + 𝜖𝜖 
≤ 𝛿𝛿(1 − 𝛼𝛼𝑛𝑛(1 − 𝛿𝛿)‖𝑧𝑧𝑛𝑛 − �̂�𝑧 𝑛𝑛‖

+ � 2𝛿𝛿2𝛼𝛼𝑛𝑛 + 2𝛿𝛿𝛼𝛼𝑛𝑛 + (2𝛿𝛿2 + 2𝛿𝛿)
−2𝛿𝛿2𝛼𝛼𝑛𝑛 − 2𝛿𝛿𝛼𝛼𝑛𝑛 + 2𝛿𝛿(𝛿𝛿 + 1)𝛼𝛼𝑛𝑛𝛿𝛿

� ‖𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖ + 𝛼𝛼𝑛𝑛𝜖𝜖𝛿𝛿

+ 𝜖𝜖 
= 𝛿𝛿(1 − 𝛼𝛼𝑛𝑛(1 − 𝛿𝛿)‖𝑧𝑧𝑛𝑛 − �̂�𝑧 𝑛𝑛‖

+ 2𝛿𝛿(𝛿𝛿 + 1)(1 + 𝛼𝛼𝑛𝑛𝛿𝛿)‖𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖
+ 𝛼𝛼𝑛𝑛𝜖𝜖𝛿𝛿 + 𝜖𝜖 

and 

 ‖𝑧𝑧𝑛𝑛 − �̂�𝑧 𝑛𝑛‖ = �
𝑇𝑇((1 − 𝛽𝛽𝑛𝑛)𝑇𝑇𝑛𝑛 + 𝛽𝛽𝑛𝑛𝑇𝑇𝑇𝑇𝑛𝑛)

−𝑇𝑇� �(1 − 𝛽𝛽𝑛𝑛)𝑇𝑇� 𝑛𝑛 + 𝛽𝛽𝑛𝑛𝑇𝑇�𝑇𝑇� 𝑛𝑛�
� 

≤ �
𝑇𝑇((1 − 𝛽𝛽𝑛𝑛)𝑇𝑇𝑛𝑛 + 𝛽𝛽𝑛𝑛𝑇𝑇𝑇𝑇𝑛𝑛)

−𝑇𝑇 �(1 − 𝛽𝛽𝑛𝑛)𝑇𝑇� 𝑛𝑛 + 𝛽𝛽𝑛𝑛𝑇𝑇�𝑇𝑇� 𝑛𝑛�
�                                 (2.14)  

+ �
𝑇𝑇((1 − 𝛽𝛽𝑛𝑛)𝑇𝑇� 𝑛𝑛 + 𝛽𝛽𝑛𝑛𝑇𝑇�𝑇𝑇� 𝑛𝑛)
−𝑇𝑇� �(1 − 𝛽𝛽𝑛𝑛)𝑇𝑇� 𝑛𝑛 + 𝛽𝛽𝑛𝑛𝑇𝑇�𝑇𝑇� 𝑛𝑛�

� 

≤ 𝛿𝛿 �
(1 − 𝛽𝛽𝑛𝑛)𝑇𝑇𝑛𝑛 + 𝛽𝛽𝑛𝑛𝑇𝑇𝑇𝑇𝑛𝑛

−(1 − 𝛽𝛽𝑛𝑛)𝑇𝑇� 𝑛𝑛 − 𝛽𝛽𝑛𝑛𝑇𝑇�𝑇𝑇� 𝑛𝑛
�

+ 2𝛿𝛿 �𝑇𝑇�
(1 − 𝛽𝛽𝑛𝑛)𝑇𝑇𝑛𝑛 + 𝛽𝛽𝑛𝑛𝑇𝑇𝑇𝑇𝑛𝑛�

−(1 − 𝛽𝛽𝑛𝑛)𝑇𝑇𝑛𝑛 − 𝛽𝛽𝑛𝑛𝑇𝑇𝑇𝑇𝑛𝑛
� + 𝜖𝜖 

≤ 𝛿𝛿 �
(1 − 𝛽𝛽𝑛𝑛)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖
+𝛽𝛽𝑛𝑛�𝑇𝑇𝑇𝑇𝑛𝑛 − 𝑇𝑇�𝑇𝑇� 𝑛𝑛�

�

+ 2𝛿𝛿 ��𝑇𝑇�
(1 − 𝛽𝛽𝑛𝑛)𝑇𝑇𝑛𝑛 + 𝛽𝛽𝑛𝑛𝑇𝑇𝑇𝑇𝑛𝑛� − 𝑇𝑇∗�

+‖𝑇𝑇∗ − (1 − 𝛽𝛽𝑛𝑛)𝑇𝑇𝑛𝑛 − 𝛽𝛽𝑛𝑛𝑇𝑇𝑇𝑇𝑛𝑛‖
� + 𝜖𝜖          

≤ 𝛿𝛿 �
(1 − 𝛽𝛽𝑛𝑛)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖

+𝛽𝛽𝑛𝑛‖𝑇𝑇𝑇𝑇𝑛𝑛 − 𝑇𝑇𝑇𝑇� 𝑛𝑛‖ + 𝛽𝛽𝑛𝑛�𝑇𝑇𝑇𝑇� 𝑛𝑛 − 𝑇𝑇�𝑇𝑇� 𝑛𝑛�
�    

+ 2𝛿𝛿 �𝛿𝛿
‖(1 − 𝛽𝛽𝑛𝑛)𝑇𝑇𝑛𝑛 + 𝛽𝛽𝑛𝑛𝑇𝑇𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖

+‖𝑇𝑇∗ − (1 − 𝛽𝛽𝑛𝑛)𝑇𝑇𝑛𝑛 + 𝛽𝛽𝑛𝑛𝑇𝑇𝑇𝑇𝑛𝑛‖
�

+ 𝜖𝜖 

≤ 𝛿𝛿 �
(1 − 𝛽𝛽𝑛𝑛)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖

+𝛽𝛽𝑛𝑛(𝛿𝛿‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖ + 2𝛿𝛿‖𝑇𝑇 𝑛𝑛 − 𝑇𝑇𝑇𝑇 𝑛𝑛‖) + 𝛽𝛽𝑛𝑛𝜖𝜖
�

+ 2𝛿𝛿(𝛿𝛿 + 1)‖𝑇𝑇∗ − (1 − 𝛽𝛽𝑛𝑛)𝑇𝑇𝑛𝑛
− 𝛽𝛽𝑛𝑛𝑇𝑇𝑇𝑇𝑛𝑛‖ + 𝜖𝜖 

≤ 𝛿𝛿 �
(1 − 𝛽𝛽𝑛𝑛)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖ + 𝛽𝛽𝑛𝑛𝛿𝛿‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖

+2𝛽𝛽𝑛𝑛𝛿𝛿‖𝑇𝑇∗ − 𝑇𝑇𝑇𝑇 𝑛𝑛‖ + 2𝛽𝛽𝑛𝑛𝛿𝛿‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖ + 𝛽𝛽𝑛𝑛𝜖𝜖
�

+ 2𝛿𝛿(𝛿𝛿 + 1) �
(1 − 𝛽𝛽𝑛𝑛)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖

+𝛽𝛽𝑛𝑛𝛿𝛿‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖ � + 𝜖𝜖 
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≤ 𝛿𝛿 �
(1 − 𝛽𝛽𝑛𝑛)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖ + 𝛽𝛽𝑛𝑛𝛿𝛿‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖

+2𝛽𝛽𝑛𝑛𝛿𝛿2‖𝑇𝑇∗ − 𝑇𝑇 𝑛𝑛‖ + 2𝛽𝛽𝑛𝑛𝛿𝛿‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖ + 𝛽𝛽𝑛𝑛𝜖𝜖
�

+ 2𝛿𝛿(𝛿𝛿 + 1) �
(1 − 𝛽𝛽𝑛𝑛)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖

+𝛽𝛽𝑛𝑛𝛿𝛿‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖ � + 𝜖𝜖 

≤ [𝛿𝛿(1 − 𝛽𝛽𝑛𝑛) + 𝛽𝛽𝑛𝑛𝛿𝛿2]‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖

+ �
2𝛽𝛽𝑛𝑛𝛿𝛿3 + 2𝛽𝛽𝑛𝑛𝛿𝛿2

+2𝛿𝛿(𝛿𝛿 + 1)(1 − 𝛽𝛽𝑛𝑛)
+2𝛿𝛿(𝛿𝛿 + 1)𝛽𝛽𝑛𝑛𝛿𝛿

� ‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖

+ 𝛽𝛽𝑛𝑛𝜖𝜖 𝛿𝛿 + 𝜖𝜖 
≤ 𝛿𝛿�1 − 𝛽𝛽𝑛𝑛(1 − 𝛿𝛿)�‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖

+ � 2𝛿𝛿2𝛽𝛽𝑛𝑛 + 2𝛿𝛿𝛽𝛽𝑛𝑛 + (2𝛿𝛿2 + 2𝛿𝛿)
−2𝛿𝛿2𝛽𝛽𝑛𝑛 − 2𝛿𝛿𝛽𝛽𝑛𝑛 + 2𝛿𝛿(𝛿𝛿 + 1)𝛽𝛽𝑛𝑛𝛿𝛿

� ‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖ + 𝛽𝛽𝑛𝑛𝜖𝜖𝛿𝛿

+ 𝜖𝜖 
= 𝛿𝛿�1 − 𝛽𝛽𝑛𝑛(1 − 𝛿𝛿)�‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖

+ 2𝛿𝛿(𝛿𝛿 + 1)(1 + 𝛽𝛽𝑛𝑛𝛿𝛿)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖
+ 𝛽𝛽𝑛𝑛𝜖𝜖𝛿𝛿 + 𝜖𝜖 

 
Substituting (2.14) in (2.13), we have 
 
‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖                                                                          (2.15)

≤ 𝛿𝛿 � 1
−𝛼𝛼𝑛𝑛(1 − 𝛿𝛿)��

𝛿𝛿�1 − 𝛽𝛽𝑛𝑛(1 − 𝛿𝛿)�‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖
+2𝛿𝛿(𝛿𝛿 + 1)(1 + 𝛽𝛽𝑛𝑛𝛿𝛿)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖

+𝛽𝛽𝑛𝑛𝜖𝜖𝛿𝛿 + 𝜖𝜖
�

+ 2𝛿𝛿(𝛿𝛿 + 1)(1 + 𝛼𝛼𝑛𝑛𝛿𝛿)‖𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖ + 𝛼𝛼𝑛𝑛𝜖𝜖𝛿𝛿 + 𝜖𝜖   
Now, substitute (2.15) in (2.12), we get  
 
‖𝑇𝑇𝑛𝑛+1 − 𝑇𝑇� 𝑛𝑛+1‖  

≤ 𝛿𝛿

⎝

⎜
⎛𝛿𝛿�1 − 𝛼𝛼𝑛𝑛(1 − 𝛿𝛿)��

𝛿𝛿(1 − 𝛽𝛽𝑛𝑛(1 − 𝛿𝛿)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖
+2𝛿𝛿(𝛿𝛿 + 1)(1 + 𝛽𝛽𝑛𝑛𝛿𝛿)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖

+𝛽𝛽𝑛𝑛𝜖𝜖𝛿𝛿 + 𝜖𝜖
�

+2𝛿𝛿(𝛿𝛿 + 1)(1 + 𝛼𝛼𝑛𝑛𝛿𝛿)‖𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖ + 𝛼𝛼𝑛𝑛𝜖𝜖𝛿𝛿 + 𝜖𝜖 ⎠

⎟
⎞

 

+(2𝛿𝛿2 + 2𝛿𝛿)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖ + 𝜖𝜖                           (2.16) 
≤ 𝛿𝛿3(1 − 𝛼𝛼𝑛𝑛(1 − 𝛿𝛿)�1 − 𝛽𝛽𝑛𝑛(1 − 𝛿𝛿)�‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖ 

+2𝛿𝛿3(𝛿𝛿 + 1)(1 − 𝛼𝛼𝑛𝑛(1 − 𝛿𝛿)(1 + 𝛽𝛽𝑛𝑛𝛿𝛿)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖ 
+𝛿𝛿3�1 − 𝛼𝛼𝑛𝑛(1 − 𝛿𝛿)�𝛽𝛽𝑛𝑛𝜖𝜖𝛿𝛿 + 𝛿𝛿2�1 − 𝛼𝛼𝑛𝑛(1 − 𝛿𝛿)�𝜖𝜖 
+2𝛿𝛿2(1 + 𝛿𝛿)(1 + 𝛼𝛼𝑛𝑛𝛿𝛿)‖𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖ + 𝛼𝛼𝑛𝑛𝜖𝜖𝛿𝛿2 + 𝜖𝜖𝛿𝛿

+ (2𝛿𝛿2 + 2𝛿𝛿)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖ + 𝜖𝜖 
Since 𝛿𝛿3 ∈ (0,1), there exists a real number 𝜌𝜌 ∈ (0,1)  such 
that 
 

𝛿𝛿3 = 1 − 𝜌𝜌 .                                 (2.17) 
Regarding (2.17) and using the facts of 1 − 𝛼𝛼𝑛𝑛(1 − 𝛿𝛿) < 1 
and 1 − 𝛽𝛽𝑛𝑛(1 − 𝛿𝛿) < 1, we can re-write (2.16) as 
‖𝑇𝑇𝑛𝑛+1 − 𝑇𝑇� 𝑛𝑛+1‖
≤ (1 − 𝜌𝜌)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇� 𝑛𝑛‖                                                     (2.18)

+ 𝜌𝜌⎝

⎜
⎛

2𝛿𝛿3(𝛿𝛿 + 1)(1 + 𝛽𝛽𝑛𝑛𝛿𝛿)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖
+(2𝛿𝛿2 + 2𝛿𝛿)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖

+2𝛿𝛿2(1 + 𝛿𝛿)(1 + 𝛼𝛼𝑛𝑛𝛿𝛿)‖𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖
+𝛼𝛼𝑛𝑛𝜖𝜖𝛿𝛿2 + 𝜖𝜖𝛿𝛿 + 𝛽𝛽𝑛𝑛𝜖𝜖𝛿𝛿3 + 𝜖𝜖𝛿𝛿2 + 𝜖𝜖⎠

⎟
⎞

𝜌𝜌
. 

Denote 

𝜇𝜇𝑛𝑛 = ‖𝑇𝑇𝑛𝑛+1 − 𝑇𝑇� 𝑛𝑛+1‖, 
𝜈𝜈𝑛𝑛 = 𝜌𝜌, 

𝜉𝜉𝑛𝑛 =

⎝

⎜
⎛

2𝛿𝛿3(𝛿𝛿 + 1)(1 + 𝛽𝛽𝑛𝑛𝛿𝛿)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖
+(2𝛿𝛿2 + 2𝛿𝛿)‖𝑇𝑇𝑛𝑛 − 𝑇𝑇∗‖

+2𝛿𝛿2(1 + 𝛿𝛿)(1 + 𝛼𝛼𝑛𝑛𝛿𝛿)‖𝑧𝑧𝑛𝑛 − 𝑇𝑇∗‖
+𝛼𝛼𝑛𝑛𝜖𝜖𝛿𝛿2 + 𝜖𝜖𝛿𝛿 + 𝛽𝛽𝑛𝑛𝜖𝜖𝛿𝛿3 + 𝜖𝜖𝛿𝛿2 + 𝜖𝜖⎠

⎟
⎞

. 

It is now easy to check that (2.18) provide the requirements 
in Lemma 2 and so, we have 

 
‖𝑇𝑇∗ − x�‖ ≤ ϵ

1−δ
. 

 
Example 1 Let 𝑋𝑋 = [0,1] and consider abso absolute value 
norm on [0,1].   Let 𝑇𝑇:𝑋𝑋 → 𝑋𝑋  be the map defined by 

𝑇𝑇𝑇𝑇 =

⎩
⎨

⎧−0.5 + 𝑒𝑒−𝑥𝑥 +
𝑠𝑠𝑠𝑠𝑛𝑛𝑇𝑇2

2
, 𝑇𝑇 ∈ [0,

1
2
�

𝑐𝑐𝑐𝑐𝑠𝑠𝑇𝑇3

7
+
𝑇𝑇2

6
, 𝑇𝑇 ∈ �

1
2

, 1�
 

Fixed point of 𝑇𝑇  is 𝑇𝑇∗ = 0.2901809. 𝑇𝑇 satisfies condition 
(1.2) with δ = 0.69509. So, from Theorem 2, we say that 
(1.3) iterative sequence is convergent to 𝑇𝑇∗ = 0.2901809.  
Now, define 𝑇𝑇� :𝑋𝑋 → 𝑋𝑋  by 
𝑇𝑇�𝑇𝑇

=

⎩
⎪⎪
⎪
⎨

⎪⎪
⎪
⎧
�

0.25 + 0.056656𝑒𝑒𝑠𝑠𝑠𝑠𝑛𝑛𝑥𝑥 + 0.002351√𝑇𝑇

−
3.97105𝑇𝑇3

105 +
3.18243𝑐𝑐𝑐𝑐𝑠𝑠ℎ𝑇𝑇

1021716
� , 𝑇𝑇 ∈ [0,

1
2�

⎝

⎜
⎛−0.13 + 0.68197𝑒𝑒−𝑥𝑥 +

7.30137𝑇𝑇
5
2

1013

−
3.21895𝑠𝑠𝑠𝑠𝑛𝑛ℎ(1.5708𝑇𝑇)

1034111 ⎠

⎟
⎞

, 𝑇𝑇 ∈ �
1
2 , 1�

 

 
By using Wolfram Mathematica 9 software package, we get 
 

�𝑇𝑇𝑇𝑇 − 𝑇𝑇�𝑇𝑇� < 0.193344 
 
for all 𝑇𝑇 ∈ 𝑋𝑋. This means that is 𝑇𝑇�  is an approximate oper-
ator of 𝑇𝑇 for a fixed 𝜖𝜖 = 0.193344. On the other hand, fixed 
point of 𝑇𝑇�  is 𝑇𝑇� = 0.329663.  Indeed, if we put 𝛼𝛼𝑛𝑛 = 1

𝑛𝑛+10
 , 

𝛽𝛽𝑛𝑛 = 1
𝑛𝑛2+3

  for all 𝑛𝑛 ∈ ℕ  in (2.11), then we have  

⎩
⎪
⎨

⎪
⎧ 𝑇𝑇� 𝑛𝑛+1 = 𝑇𝑇�𝑇𝑇� 𝑛𝑛 ,

𝑇𝑇� 𝑛𝑛 = 𝑇𝑇� ��1 −
1

𝑛𝑛 + 10
� �̂�𝑧 𝑛𝑛 +

1
𝑛𝑛 + 10

𝑇𝑇��̂�𝑧 𝑛𝑛� ,

 �̂�𝑧 𝑛𝑛 = 𝑇𝑇�(�1 −
1

𝑛𝑛2 + 3
� 𝑇𝑇� 𝑛𝑛 +

1
𝑛𝑛2 + 3

𝑇𝑇�𝑇𝑇� 𝑛𝑛) 
   

         (2.18) 

 
The following table shows that the sequence {𝑇𝑇� 𝑛𝑛}𝑛𝑛=0∞  gen-
erated by (2.18) converges to the fixed point 𝑇𝑇� =
0.329663 ∈ 𝑋𝑋 . 
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𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑒𝑒𝑁𝑁 𝑐𝑐𝑜𝑜 𝐼𝐼𝐼𝐼𝑒𝑒𝑁𝑁𝑎𝑎𝐼𝐼𝑠𝑠𝑐𝑐𝑛𝑛𝑠𝑠 𝐼𝐼𝐼𝐼𝑒𝑒𝑁𝑁𝑎𝑎𝐼𝐼𝑠𝑠𝐼𝐼𝑒𝑒 𝑁𝑁𝑒𝑒𝐼𝐼ℎ𝑐𝑐𝑑𝑑 (2.18) 
0 0.4 
1 0.329834 
2 0.329663 
3 0.329663 
4 0.329663 
⋮ ⋮ 
⋮ ⋮ 

Hence, we obtain  
 
‖𝑇𝑇∗ − 𝑇𝑇�‖ = 0.0394821. 
Actually, without knowing and computing the fixed point  
x�, we find the following estimate via Theorem 2, 
‖𝑇𝑇∗ − 𝑇𝑇�‖ ≤ 𝜖𝜖

1−𝛿𝛿
= 0.63410186. 
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