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Abstract

To date, many authors in the literature have worked on special arrays in various computational systems. In this
article, Lucas type bihyperbolic numbers were defined and their algebraic properties were examined. Bihyperbolic
Lucas numbers were studied by Azak in 2021. Therefore, we only examined bihyperbolic Jacobsthal-Lucas
and Pell-Lucas numbers. We also gave properties of bihyperbolic Jacobstal-Lucas and bihyperbolic Pell-Lucas
numbers such as recursion relation, derivation function, Binet formula, D’Ocagne identity, Cassini identity and
Catalan identity.
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1. Introduction

In 1843, Hamilton [1] discovered quaternions. After Hamilton’s discovery of real quaternions Cockle [2] revealed the
tessarine numbers in 1848. The difference between Tessarine numbers and quaternions is that they have the property of change.
The quaternions are not commutative. After Cockle’s work on Tessarines in 1892, Segre [3] obtained bicomplex numbers
by replacing the quaternions found by Hamilton and Clifford with complex numbers with real coefficients and formed an
isomorphic algebra with Tessarine numbers. With the discovery of bicomplex numbers, a new number system has been found
which is called a system of real Tesssarines and defined as follows

{a+jcla,ceR, 2 =1,j¢ R}

The real Tessarine numbers are called hyperbolic numbers [6]. These new numbers are called generalized commutative
hypercomplex numbers as follows

{g=qo+iqi+jq+kq3| 90.91,92,93 € R}

where

P=P=a =1,ij=ji=k
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These new numbers are called elliptic, parabolic, or hyperbolic commutative quaternion, respectively, according to which alpha
is ¢ <0, =0or o > 0. In particular, bicomplex numbers are the & = —1 case. The bicomplex numbers are generalized by
Catoni et al.[4].

In [5], Price introduced the set of bicomplex numbers, which can be represented as

BC={q=(q1+iq2)+j(q3+iqa) | q1,92,93,94 €R}

where

P=—1, ?=—1,ij=ji

Recently, many authors have considered special number sequences with different number systems.

The bihyperbolic numbers are numbers that can be written as a linear combination of pairs of hyperbolic number. These
numbers allow to establish a connection between bicomplex numbers and Euclidean 4-space. In 2008, Pogorui et al.[6]
bihyperbolic numbers set is defined by as follows

PBh={q=ao+aiji +arjr+a3j3 | ao,a1,a2,a3 € R; j1, j», j3 ¢ R}

where ji, j» and j3 satisfy the conditions

R=3=A=1 jij2=jaj1 = Js J1Js = j3j1i = j2s j2j3 = j3j2 = J1-

The addition and subtraction of two bihyperbolic numbers can be expressed as follows:

gtr= (ao+aiji+azjr+azjz) £ (bo+b1ji+brjo+b3j3)
= (aoztbo)—l—j](al :|:b1)—|—j2(a2 :I:bz) +j3(a3:|:b3)

The multiplication of two bihyperbolic numbers can be expressed as follows:

gxr= (ao+aiji+azjr+azjz) x (bo+biji+brj2+b3j3)
= (aobo +ai1b; +axbs —|—a3b3) +Jj1 (a0b1 +ai1bg+ arbs —|—a3b2)
+ja(aoby +a1bs +azxbo +azby) + jz(aobs +aiby +axby + azbo)

Bihyperbolic numbers have three different conjugations and represented as follows:
' =ao+ jra — prar— jzas,
7 =ao— jrai+ jraz— jzaz,
G* =ag—jra1— pax+ jzas.

In 2002, Olariu [7] introduced commutative hypercomplex numbers of different dimensions, and in his book he called these
numbers in 4-dimensional circular fourcomplex numbers or hyperbolic fourcomplex numbers if & = —1 or o = 1, respectively.
In 2008, hyperbolic fourcomplex numbers are called bihyperbolic numbers by Pogorui et al.[6] and they studied the roots
of bihyperbolic polynomials. In 2020, the algebraic properties of these numbers were studied by Bilgin and Ersoy [8]. In
2021, Giirses et al. have studied dual-generalized complex and hyperbolic generalized complex numbers. Moreover, for J = j
and p = 1, they have obtained bihyperbolic numbers [9]. In 2021, [10] Brod et al. have introduced identities and summation
formulas of bihyperbolic Fibonacci, Pell and Jacobsthal numbers as follows:

BhE, = Fy+Fo1 j1+Fo o +Fags 3,

BTy =Ty + Tyt j1 +Ins2 o+ i3 J3,

%hpn :Pn+P;1+1j1+Pn+2j2+Pn+3j37

where ji, j» and j3 satisfy the conditions

R=E=A=1 jija=joji = j3, 13 = j3j1 = Jos joj3 = j3j2 = Jji -
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and in [11] Brod et al. were studied on a new generalization of bihyperbolic Pell numbers.
In 2021,[12] Azak defined bihyperbolic Lucas and bihyperbolic generalized Fibonacci numbers and given some new identities
of these numbers as follows:
BhL, = Ly + Lyt1 j1+ Lov2 j2 + Lat3 j3
where ji, j» and j3 satisfy the conditions
=3 =3 =1, juj2 = joj1 = Js, jujs = jaj1 = J2. o = J3j2 = -

In 2022, Szynal-Liana et al.[13] introduced on certain bihypernomials related to Pell and Pell-Lucas numbers. In 2023, Gokbag
[24] introduced Gaussian-bihyperbolic numbers containing Pell and Pell-Lucas numbers.

In 1996, Horadam [14] introduced the Jacobsthal and Jacobsthal-Lucas sequences recurrence relation {J,} and {j,} are
defined by the recurrence relations

Jo=0, J1:17 Jn:Jn71+2Jn72v forn22,,

j0:2a j] = 17 jn:jnfl+2jn727 f0rn22 (11)

respectively.

In 1996, [14] Horadam studied on the Jacobsthal and Jacobsthal-Lucas sequences and in 1997, [15] he gave Cassini-like
formulas as follows

Jnirdn1 —Jp2 = (=1)". 2", (1.2)

Jstin—1 — ju® = 3% (=1)m2m L

The first eleven terms of Jacobsthal sequence {J,,} are {0,1,1,3,5,11,21,43,85,171,341}.
This sequence is given by the formula

2 (—1)

Jn = (1.3)

The first eleven terms of Jacobsthal-Lucas sequence {j, } are {2,1,5,7,17,31,65,127,257,511,1025}.
This sequence is given by the formula

Jn=2"+(=1)"

Besides the n-th Jacobsthal and Jacobsthal-Lucas number are formulized as J, = O‘;%gn and j, = o+ ", where o = 2,

B=—1.
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Also, for Jacobsthal and Jacobsthal-Lucas numbers the following properties hold:

Jn +Jjn= 2-’11+1a

3+ jn = 2",

jan = Jo,

ijn +Jnjm = 2Jm+n7

]mjn _Jnjm = (_])n 2n+1 Jm—n;

Jnt1+ jn = 3(Jn+l +Jn) =327

jnJm+l + 2].1171 I = jm+na

Jnt1— Jn = 3(Jn+1 _Jn) +4(_1)n+1 =2" _~_2(_1)n+17
jnJrr - jnfr = 3(Jn+r —],1,,,) =2"" (er - 1)’

jn+r +jn7r = 3(-’n+r +Jn7r) +4(71)n7r.

and summation formulas

+2— 3
Z J — 112

Z J Jn+2 5

In 2018, [16] Torunbalc1 Aydin were studied on the generalizations of the Jacobsthal sequence. In 2018, [17] gave a new
generalization for Jacobsthal and Jacobsthal-Lucas sequences. In 2019, [18] Al-Kateeb gave a generalization of the Jacobsthal
and Jacobsthal-Lucas numbers. In 2022, [19] Brod et al. were studied on generalized Jacobsthal and Jacobsthal-Lucas numbers.

In 1971, [20] Horadam studied on the Pell P, and Pell-Lucas p, sequences and Pell identities. The n-th Pell and n-th
Pell-Lucas numbers is defined by respectively as follows

P11:2Pn71+Pn727P0:07P1 :15

Pn=2pn-1+Pn-—2,p0=2,p1 =2.
In 1985, Horadam and Mahon obtained some Pell P, and Pell-Lucas p, identities and summation formulas respectively as
follows [21]

Bu—1Pn+ By Pnst = Pmin
Pn+1pn—1—l?%:8(_1)n+l
Pmpn_Perrpnfr:S(_ )n r+1Pm+r nPr.

n

E’l pr= (Pn+1+217n*4) 7
Besides the n-th Pell and Pell-Lucas number are formulized as P, = _ﬁ " and pn=0"+ ", whereaa =1+ V2, p=1- V2.

In 2006, some properties of sums involving Pell numbers were studied by Santana Falcon [22]. In 2018, Torunbalc1 Aydin
introduced bicomplex Pell and Pell-Lucas numbers [25].

Our subject of study is the combinatorial properties of bihyperbolic numbers of Lucas type, but since the article on
bihyperbolic Lucas numbers was previously reviewed by Azak [6], only bihyperbolic Jacobsthal-Lucas and bihyperbolic
Pell-Lucas numbers were examined in this study.

2. The Bihyperbolic Jacobsthal-Lucas Numbers

In this section, we define the bihyperbolic Jacobsthal-Lucas numbers. Then, we obtain the generating function, Binet’s
formula, d’Ocagne’s identity, Cassini’s identity, Catalan’s identity and Honsberger identity.
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Definition.2.1. For n > 1, the n-th bihyperbolic Jacobsthal-Lucas number %h, are defined by using the Jacobsthal-Lucas

numbers as follows
%hjn = ]n + jn+1 jl + jn+2 j2 + jn+3 j3a
where ji, j» and j3 satisfy the conditions
A=R=3=1 jih=joji = Js, jrjs = j3j1 = jo, j2j3 = jsj2 = jr.
Theorem 2.1. Let Bhj, be the n-th bihyperbolic Jacobsthal-Lucas number. For any integer n > 0,
Bhjn = Bhjn1+2PBhj, >
Proof. (2.2): By using Eq.(1.1) in Eq.(2.1) we obtain that,
%hjn = JntJnt1 1t Jnt2 2+ Jut3 J3
= (jnfl + 2jn—2) +J1 (]n +2jn71)
+j2 (jn+1 + 2]n) + j3 (jn+2 + 2jn+1)
= (jn—l + jl jn + j2 jn+1 + j3 jn+2)

+2 (jn—Z +j1 jn—l +j2 jn +j3 jn+1)
= PBhj,—+2Bhj,—»

Also, initial values are Bhjo =2+ j1+5j2+7j3, Bhji =1+5j1+7j»+17 j3.

Let Bhj, and Bhj,, be two bihyperbolic Jacobsthal-Lucas numbers such that
Bhijn = jn+ 1 Jn+1+ j2 Jn+2 + J3 Jnt3
and
Bhjm = jm+ J1 Jmi1 + j2 Jmi2 + J3 JBM i3
Then, the addition and subtraction of two bihyperbolic Jacobsthal-Lucas numbers are defined in the obvious way,

<%hjn:b@hjm = (jn"’jl Jnrl + J2 Jnt2+J3 jn+3)
i(]m 1 Jme1+j2 jmi2 +J3 jm+3)
= (]n :tjm) +J1 (jn+1 :l:jerl)
+72 (n2 & jmi2) + 73 (3 £ jm+3)-

The multiplication of two bihyperbolic Jacobsthal-Lucas numbers is defined by

%h]n 2 %hjm = (Jn +j1in+t1 2 in2 3 jn+3)
(jm + jl jm+1 + j2 jm+2 + j3 jm+3)
= (jnjm + jr1+1jm+1 + jn+2jm+2 + jn+3jm+3)
+j1 (jn+1jm + jnjm+1 + jn+3jm+2 + jn+2jm+3>
+j2 (jn+2jm + jlzjm+2 + jn+3jm+l + jn+ljm+3)
+J3 (jn+3jm + Jndm+3 + Jnt1Jme2 + jn+2jm+l)
= PBhjy x Bhj,.

2.1)

2.2)

2.3)

Three kinds of conjugation can be defined for bihyperbolic numbers [6]. Therefore, conjugation of the bihyperbolic Jacobsthal-

Lucas number is defined in three different ways as follows

BRI = ju+ j1 jui1 = JoJni2 — J3 Jnids
Bhj} = Ju— J1 st + 2 Jns2 — J3 Jnt3s

Bh]y = jn— j1 jni1 — 2 Jni2 + J3 Jnis

2.4)

2.5)

In the following theorem, some properties related to the conjugations of the bihyperbolic Jacobsthal-Lucas numbers are given.
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Theorem 2.2. Let $h j,jl'l, PBh jf;z and $Bh jf, be three kinds of conjugation of the bihyperbolic Jacobsthal-Lucas number
PBhj,. In this case, we can give the following relations:

%h]n%h]le :J5+J5+1 _jr%+2_jﬁ+3
+2j1 (jnjn+l - jn+2jn+3)a
BhjnBhj,. = JF— 2 = Jaa i3
+2 j2 (JnJnt2 = Jnt1Jn+3)s
BhjnBhj, = JF— 2~ Jaa 2
+2j3 (jnjn+3 - jn+1jn+2)‘
Proof. The proof can be easily done using equations Eq.(2.4-2.5) .

In the following theorems, some properties related to the bihyperbolic Jacobsthal-Lucas numbers are given.

Theorem 2.3. Let Bhj, be the n-th bihyperbolic Jacobsthal-Lucas number. For any integer n > 0, summation formula as
follows:

n
Y Bhji =
k=0

Proof. (2.6): Using the summation formula Eq.(1.3), we obtain

(Bhjnia — Bhja) . (2.6)

| =

n n n n n
Y Bhjr =(L k+71 L1+ X lke2+73 X lis3)
k=1 k=1 k=1 k=1 k=1

jni2—3 N . psa—1 . juss—31
= (2524 (5 + () s (250
= 3 [Bhjuia— (5+7j1+17 jo+31j3)]
= 3 [Bhjuir— (Bhj2)].

where Bhj, = (547 j1+ 17 j2+31j3).

Theorem 2.4. (Generating function)

Let Bhj, be the n-th bihyperbolic Jacobsthal-Lucas number. For the generating function of the bihyperbolic Jacobsthal-Lucas
numbers is as follows:

1—1-212

(24145 jo+7 j3)+t (=144 j1 +2 j»+10 j3)
1—t—212

g, (1) = )"5 Bhjot" = Bhjo+(Bhji—Bhjo)t
o n
n=0

Proof. (2.8): Using the definition of generating function, we obtain
ggghjn(l‘)zl%)hjo-i-(%)hjlt-i-...—|-<%hjnl‘n—‘r.... 2.7
Multiplying (1 — —2¢?) both sides of Eq.(2.7) and using Eq.(2.2), we have

(1—1=20%) g, (1) = Bhjo+(Bhji—Bhjo)t
+(Bhjs — Bhj, —2 Bhjo)t*
+(Bhjs — Bhjr —2 Bhj)t> + ...
+(Bhjir1 — Bhjy —Z@hjkfl)tlﬁrl + ...

where Bhj| — Bhjo=—14+4j1+2j+10j3, Bhjs— Bhj —2Bhjo=0 and $Bhj; — Bhj,—2%Phj =0...=0.
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Theorem 2.5. (Binet’s formula) Let JBhj, be the n-th bihyperbolic Jacobsthal-Lucas number. For any integer n > 0, the
Binet’s formula for these numbers is as follows:

Bhj, =0 o+ B B". 2.8)
where
a=1+ja+po’+jpa’, a=2,
B=1+jiB+iB*+j3p3 B=-1,
ap=pa.
Proof. Using the Binet’s formula of Jacobsthal-Lucas number [15] and Eq.(2.1) we obtain that,

Bhjn = Jn+ J1int1+ J2 jnt2 + J3 Jnt3
= (a"+B")+ji (o + B
+j2 (a}’H-Z +ﬁn+2)+j3 (an+3 _’_ﬁ71+3)
= o"(I1+j1o+ jp0?+ j30°)
+B"(1+ji B+ 2 B> +ij3B?)
= aa"+p B

Here, Binet’s formula of the Jacobsthal-Lucas number sequence, j, = " + " is used.

Theorem 2.6. (D’Ocagne’s identity) Let Bhj, be the n-th bihyperbolic Jacobsthal-Lucas number. For m > n+ 1, the
following equality holds:
e%hjm f%hjnJrl - e@hjm+1 %h]n = (_z)n (A_9) Jmfn [_5 + 5jl -5 j2 + 5j3]
= =3(ap)(=2)"(@«=B)JImn-
Proof. (2.9): Considering Eq.(2.3), using the commutative property of bihyperbolic numbers and d’Ocagne’s identity of
Jacobsthal-Lucas numbers [16], we obtain that

@hjm ‘%thH’l *:@hjer] %}Un = [(jmjn+1 *jerljn)
+(Jmt1Jn2 = jmy2Jns1)

2.9)

+(jm+2jn+3 - jm+3jn+2)
+(Jm+3Jnta = jm+ajn+3)]
+ 1 [(Gmin+2 = Jm+1Jn+1)
+(jm+1jn+1 - jm+2jn)
+(jm+2jn+4 - jm+3jn+3)
+(m+3nt3 = jmrajni2) ]
+ 72 [(Jmin+3 = Jm+1Jn+2)
+(jm+2jn+1 - jm+3jn)
+(jm+1 jn+4 - jm+2jn+3)
+(jm+3jn+2 - jm+4jn+l )]
+ 73 [(Jminta = jm+1Jns3)
+(jm+3jn+1 - jm+4jn)
+(m+1Jn+3 = jmt2Jn+2)
+( .m+2jn+2 - jm+3jn+l )]
= (=2)"(=9DIm-n =51 = j1+j2—J3).

where &} =B & and the identities jiju1 — jm1n = (=2)" (=) jm-n- ~4jn-2=jni2=—5jn ~8Jjn-3+ jus3 =7 jnand
4ju_1—2jur1 = —2j, are used [16].
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Theorem 2.6.A. Now let’s prove this identity using the Binet’s formula:
Bhji Bhjnit — Bhjmet Bhjn = (& ™+ B ™) (& ot 4 f pril)

_(& o1 + B an+1)(a o+ B Bn)
=apBlamp" (—a+p)+a" B (a—p)]
ap(ap) (a—p)Bm"—om]

)(=2)" (e = B) [0 = "]
B)(=2)" (0= B)Jm-n

_5(1_j1+j2_j3) and 3Jy—n=Q o Bm .

—(ap
3(a

(s}
=

where

Theorem 2.7. (Cassini’s identity) Let Shj, be the n-th bihyperbolic Jacobsthal-Lucas number. For n > 1, the following
equality holds:
Bhjn Bhjniy — Bhju Bhjn  =9(=2)"" [=5(1—ji+j2—J3)]
=9(-2y""(ap).
Proof. (2.10): By (2.3) and using the commutative property of bihyperbolic numbers and Cassini’s identity of Jacobsthal-Lucas
numbers [16], we obtain that

%hjnfl (@hjnJrl *%h.]n%h.]n = [(jnfljnJrl *jnjn)

(2.10)

+(jnjn+2 - jn+1jn+1)
+(]n+1]n+3 - ]n+2]n+2)
+(nt2Jn+a = Jn+3jn+3) ]
+ 1 [(Jn=1Jn42 = Jnin+1)
+(nn+1 = Jnt1jn)
+(nt1n+a = Jn+2Jn+3)
+( Jn42Jn+3 — ]n+3]n+2)]
+72 [(n—1Jn+3 = Jnin+2)
+(Jnt1Jnsr1 = Jns2Jn)
+(jnjnta = Jnt1Jn+3)
+( Jn+2Jn+2 = Jn+3Jn+1 )}
+73 [(n—1Jn+4 = jnin+3)
+(]n+2]n+1 - ]n+3]n>
+(Jn]n+3 - ]n+1]n+2)
F(Jnt1Jnt2 = Jns2jnt1)]

= 9(=2)" " [=5(1—j1+ja—j3)]

where the identity of the Jacobsthal-Lucas numbers j,_1jnt1 — jnjn = 9(—=2)""" is used [16].

Theorem 2.7.A. Now let’s prove this identity using the Binet’s formula:
Bhjuy Bhjur = Bhju Bhjn = (Ga™" + ) (@ amt! + f )

—(aa"+Bpr)(aar+pp)

= (=2 (a—-p)(ah)
=9(=2)""(aB).
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wheredﬁ =-5(l—j1+jp—Jj3)-

Theorem 2.8. (Catalan’s identity) Let 9Bhj, be the n-th bihyperbolic Jacobsthal-Lucas number. For n > 1, the following
equality holds:

(= 2) (&[3 ) [4(c 13)2 —(a"+B")?].

Proof. (2.11): By (2.3) and using the commutative property of bihyperbolic numbers Catalan’s identity of Jacobsthal-Lucas
numbers [16], we obtain that

<%hjn ﬂh]n - %hjnfr ghjnJrr = [(]n]n - jnfrjnﬁ»r)
+(jn+ljn+l *jn r+1jn+r+l)
(]n+2]n+3 — Jn— r+2]n+r+2)
+(]n+2]n+3 — Jn— r+3]n+r+3)]
+J1 [(]n]n+1 Jn—r]n+r+1)
(Jnt1Jn = Jn—r+1jn+r)
(Jn+2Jn+3 = Jn—r+2Jntr+3)
(J
(U
(J
(J

4
4
+(Un+3Jnt+2 — ]n7r+3]n+r+2)]
+]2[(]n]n+2 ]n—rjn+r+2)
Jn2dn = Jjn— r+2jn+r)
Jnt1in3 = Jnr1jntr+3)
Jnt3dnt1 = Jn—r+3Jntr+1)]
+Jj [(]n]n+3 ]nfrjn+r+3)
+(]n+3]n Jn— r+3jn+r)
+(nt1n+2 = Jnr+1jntr+2)
+(J

Jnt2Jn+1 = jn— r+2]n+r+l)]
= (=27 = (=251 = i+ 2 = j3)]-

where the identities of the Jacobsthal-Lucas numbers

]'nfr jn+r - jn jn = (_z)n—r []3 - (_2)r+2]

+
+
+
3

is used [16].

Theorem 2.8.A. Now let’s prove this identity using the Binet’s formula:
Bhju Bhju— Bhju—s Phjusr = (@0 + ") (@ "+ )
(& T+ B BTY (@ a4 B BT
=&f (B2 (5) ~(§)]
= (=27 (&p)[4(aB)* — (" +B")].
where 0" + B —2(aB)" = j2 — (—2)*.

3. The Bihyperbolic Pell-Lucas Numbers

In this section, we define the bihyperbolic Pell-Lucas numbers. Then, we obtain the generating function, Binet’s formula,
d’Ocagne’s identity, Cassini’s identity, Catalan’s identity and Honsberger identity.

Definition 3.1. For n > 1, the n-th bihyperbolic Pell-Lucas number B¢ P L, are defined by using the Pell-Lucas numbers
as follows

@hpn:pn‘i’jl pn+l+j2pn+2+j3pn+3- (31)
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where ji, jo and j3 satisfy the conditions
R=RA=RA=1 jih=joj1=js j1js = jsj1 = jo, jojs = jja = j1.
Theorem 3.1. Let Bhp, be the n-th bihyperbolic Pell-Lucas number. For any integer n > 0,
PBhp, = 2PBhpy_1+ Bhpu—» (3.2)
Proof. (3.2): By placing Eq.(1.2) in Eq.(3.1) we obtain that,
PBhpn = pn+ J1 Pnt1 + J2 P2 + J3 Pnt3
= (an,1 +pn72) +J1 (an +pn71)
+j22pns1+pn) + J3 2pus2+ put1)
=2 (pn—l +J1gn+ j2Pnt1 + 13 pn+2)

+(pn—2 + P11+ japntJ3 Pn+1)
=2%Bhpy_ + PBhp, 2

Also, initial values are Zhpg =2+2j1+6j2+ 14 j3, Bhpy =246+ 14 j,+34 js.
Let ZBhp,, and Bhp,, be two bihyperbolic Pell-Lucas numbers such that
PBhpn = Ppu+ j1 Pnv1 + j2 Put2 + J3 Py

and

Bhpm = Pm + J1 Pmt1 + J2 Pm2 + J3 Pmi3

Then, the addition and subtraction of two bihyperbolic Pell numbers are defined in the obvious way,

Bhpp+ Bhpm = (Pnt pm)+ j1 (Pns1 £ Pmr1)
+72 (Pnt2 £ Pmt2) + J3 (Pni3 £ Pm+3)-

Multiplication of two bihyperbolic Pell-Lucas numbers is defined by

Bhpn x Bhpm = (PnPm+ Pnt1Pm+1
+Pnt2Pm+2 + Pnt3Pm+3)
+j1 (pn+1pm + PnPm+1
+Pnt3Pm+2 + Pnt2Pm+3)
+Jj2 (pn+2pm + PnPm+2
+Put3Pmi1 + Pt 1Pmt3)
+Jj3 (pn+3pm + PnPm+3
+Pn+1Pm+2 + pn+2pm+1)
= PBhpy, x Bhp,.

Three kinds of conjugation can be defined for bihyperbolic numbers [6]. Therefore, conjugation of the bihyperbolic Pell-Lucas
number is defined in three different ways as follows

%hp,’l' = Pn+J1Pnt1 — J2 Pnv2 — J3 Pnt3,

BIPY = Pu— J1 Pus1 + J2 Prta — J3 Put3s

e@hpf =Dn—J1 Pn+1 — j2pn+2 +J3 Pn+3-
In the following theorem, some properties related to the conjugations of the bihyperbolic Pell-Lucas numbers are given.

Theorem 3.2. Let z%’hpjl %hpf and 93hpf;3 , be three kinds of conjugation of the bihyperbolic Pell-Lucas number $Bhp,,. In

n
this case, we can give the following relations:

PBhpy %hp:zl = P% + piJrl - Pﬁ+2 - P%+3 +2j1 (PuPns1 — Pni2Pns3)- (3.3)

PBhpn Bhpy, = p2— P2t — Prin +Pris+ 22 (PuPnt2 — Pus1Pns3),

Bhpn Bhp,, = p2—papy — Prin+ Priz+ 23 (PuPni3 — Puy1Pns2). (3.4)
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Proof. The proof can be easily done using equations Eq.(3.3-3.4).
In the following theorems, some properties related to the bihyperbolic Pell-Lucas numbers are given.

Theorem 3.3. Let Bhp, be the bihyperbolic Pell-Lucas number. For any integer n > 0, summation formulas as follows:

i 1

Y Bhpi= 5 [Bhprar+ Bhpa+ (Bhpi — Bhps)), (3.5)
k=0

" 1

Y Bhpy = 3 [Bhpani1 — Bhpt ], (3.6)
=0

L 1

Y Bhpri- = 3 (Bhpr, — PBhpo). 3.7)
k=0

n
Proof. (3.5): Using the summation formula Y p, = M in Eq.(1.3) , we obtain
r=1

n n n n n
Y PBhpr =(X pk+j1 L pkri+i2 ¥ P2+ 3 L Pis3)
k=1 k=1 k=1 k=1 k=1

_ (Pn+1-i2-pn—4) + i (Pn+2+§n+l_8)+j2 (Pn+3+l72n+2_20) + j3 (pn+4+172n+3_48)

3 [Bhpusi+ Bhp, — (4+8 j1 +20 j2+48 j3)]
= % [Bhpni1 + Bhp,+ (PBhpy — Bhp,)].
where Bhp, = (6+ 14 j1 +34 j, +82 j3).

n
(3.6): Using the summation formula Y, p,, = w in Eq.(1.3) , we obtain

r=

n n n n n
kzl PBhpy = (k):l P2+ 1 k):1 D2kt1+ J2 kZl Prus2+J3 kZl P2k+3)

=28 paia—by e pamia—ldy . ponia—34
:(P2+21 )+]1(P2+22 )+J2(P2+§ )+J3(172+§t )
= 1[Bhponi1 — (2461 + 14 jo +34 j3)]

= 3 [Bhponi1 — Bhp1].

n
(3.7): Using the summation formula Y, po,—1 = % in Eq.(1.3) , we obtain

=
n n . n X n . n
kZl PBhpry— = (k):l Pau—1+ Ji k):] P+ o k):] P11+ J3 k):] P2+2)

-2 , ntl—2 . n+2—6 . ni3—14
:(P2r12 )+11(P24§1 )+]2(P2+22 )+]3(P2+2% )

= L[ Bhpay— (2421 +6j2+14j3)]

= L [Bhpon — Bhpo).

Theorem 3.4. (Generating function)
Let Bhp,, be the n-th bihyperbolic Pell-Lucas number. For the generating function for the bihyperbolic Pell-Lucas numbers is
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as follows:
) _ v n_ Bhpy+(Bhp1—2Bhpy)t
g,%hp,, ([) N ngl %hpnt B =212 (3 8)
_ (2+2j|+6J'2+14j3)+f(*22+2j1+2j2+61'3)
1-21—t ’

where Bhpyg =2+2j1+6jr+ 14 j3, Bhpy =246+ 14 j, +34 j3 and PBhpy =6+ 14 j;1 +34 j> + 82 js.

Proof. (3.8): Using the definition of generating function, we obtain
8Bhp, (1) = Bhpo+ Bhpit + ... + Bhp,t" + ... 3.9)
Multiplying (1 — 27 —#?) both sides of Eq.(3.9) and using Eq.(3.2), we have

(1 —2t —tz)g@hpn (t) = %hpo + (%hpl — Z%hpo)t
+(Bhpy —2 Bhp, — Bhpo)t*
+(Bhps —2Bhp, — f%/’lp])l3 + ...
+(Bhpii1 — 2 Bhpr — Bhpr_1) 1+ ..

where Bhp) —2PBhpy=—2+42j1+2jo+6j3, Bhpy—2PBhp, — Bhpy=0, and Bhp3 —2 Bhp, — Bhp; =0...=0.

Theorem 3.5. (Binet’s formula) Let Php, be the n-th bihyperbolic Pell-Lucas number. For any integer n > 0, the Binet’s
formula for these numbers is as follows:

Bhp, =0 "+ B B". (3.10)
where
a=1+ja+po?+ji0’, a=1+2,
B=1+jB+pB>+j3p B=1-2.
Proof. Using the Binet’s formula of Pell-Lucas number [20, 21] and Eq.(3.1) we obtain that,
PBhpn = Pn+ J1 Pnt1 + J2 P2 + J3 Pnt3
— (an‘Fﬁn)‘Fjl (an+1 +ﬁn+1)
—i—jz(OC"Jrz +ﬁn+2) +j3 (an+3 +ﬁn+3)
= o"(1+j1a+jpa®+jza)
+B"(1+j1 B+ j2 B> +ij3 )

= aa"+ppB".

Here, Binet’s formula of the Pell-Lucas number sequence, p, = " + 3" is used.

Theorem 3.6. (D’Ocagne’s identity) Let Bhp, be the n-th bihyperbolic Pell-Lucas number. For m > n+ 1, the following
equality holds:

Bhpm Bhppi1 — Bhpmi1 Bhpn = (_1)”_1663 (a—pB)[am"—pm"]. G.11)
Proof. (3.11): let’s prove this identity using the Binet’s formula Eq.(3.10):
%hpm %hp}’kkl —%I’lp”H,] %hpn = (& Otm + B\ ﬁm)(& OC'HI + B ﬁn+1)

*(&am+l+BBm+l)(d O‘n+Bﬁn)
=af(ap) [ (B—a)+p"" (a—PB)]
= (=1)"1ap (a—p)lamm—pmn].
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Theorem 3.7. (Cassini’s identity) Let Bhp, be the n-th bihyperbolic Pell-Lucas number. For n > 1, the following equality
holds:

Bhpn_1 Bhppy1 — Bhp, Bhp, = (71)’1_1 &B(a2+ﬁ272aﬁ)

=8(—-1)""'ap. 612

Proof. (3.12): let’s prove this identity using the Binet’s formula Eq.(3.10):
PBhpn—1 Bhpp1 — Bhp, Bhp, = (& a !+ B ﬁ”il)(& a4 B ﬁnJrl)
—(aa"+ppr)(aar+pp)
=ap(ap)(z+§-2]
= (1) 'ap (o +B—2ap)
=8(-1)"1ap.
Theorem 3.8. (Catalan’s identity) Let Bhp, be the n-th bihyperbolic Pell-Lucas number. For n > 1, the following equality
holds:
Bhpt — Bhp,_, Bhp,er = (=10 B[(0—B)2]. (3.13)
Proof. (3.13): Let’s prove this identity using the Binet’s formula Eq.(3.10):
Bhpy Bhpy — Bhpy—r Bhpnyy = (60’ + BB (& o’ + B B")

7(& o B ﬁn—r)(& ot 4 B ﬁz1+r)

= (D" aplla-p)).

4. Conclusion

In this paper, we introduced some properties of Lucas-type bihyperbolics. We gave the definition of bihyperbolic Jacobsthal-
Lucas and bihyperbolic Pell-Lucas numbers and examined their algebraic properties. Additionally, by using the relationship of
these numbers with Jacobsthal-Lucas and Pell-Lucas numbers, we obtained the Binet formula, generating function, d’Ocagne,
Cassini and Catalan identities of bihyperbolic Jacobsthal-Lucas and bihyperbolic Pell-Lucas numbers.

Article Information

Acknowledgements: The author would like to express their sincere thanks to the editor and the anonymous reviewers for
their helpful comments and suggestions.

Author’s contributions: The article has a single author. The author has read and approved the final manuscript.
Conflict of Interest Disclosure: No potential conflict of interest was declared by the author.

Copyright Statement: Author own the copyright of their work published in the journal and their work is published under
the CC BY-NC 4.0 license.

Supporting/Supporting Organizations: No grants were received from any public, private, or non-profit organizations for
this research.

Ethical Approval and Participant Consent: It is declared that during the preparation process of this study, scientific and
ethical principles were followed and all the studies benefited from are stated in the bibliography.

Plagiarism Statement: This article was scanned by the plagiarism program. No plagiarism was detected.

Availability of data and materials: Not applicable.



(1]
[2]

31
[4]

[5]
[6]

[71

[8]
91

[10]

[11]

[12]

[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]

[22]

[23]

[24]

[25]

On Some Properties of Bihyperbolic Numbers of The Lucas Type — 239/239

References

W. R. Hamilton, Lectures on Quaternions, Hodges and Smith. Dublin, 1853.

J. Cockle, On certain functions resembling quaternions and on a new imaginary in algebra., The London, Edinburg and
Dublin Philosophical Mag. J. Sci., 33 (1848), 435-439.

C. Segre, Le rappresentazioni reali delle forme complesse e gli enti iperalgebrici., Math. Ann., 40 (1892), 413-467.

F. Catoni, D. Boccaletti, C. V. Cannata, Catoni, E. Nichelatti, F. Zampetti, The Mathematics of Minkowski Space-Time with
an Introduction to Commutative Hypercomplex Numbers, Basel, Boston, Berlin: Birkhauser Verlag, 2008.

G. B. Price, An Introduction to Multicomplex Spaces and Functions, M. Dekker New York, 1991.

A. A. Pogorui, R. M. Rodrigez-Dagnino, R. D. Rodrigez-Said, On the set of zeros of bihyperbolic polynomials., Complex
Var. Elliptic Equ., 53, (2008), 685-690.

S. Olariu, Complex Number in n-dimensions, Nerth-Holland Mathematics Studies, 190, Amsterdam, Boston: Elsevier,
51-148, 2002.

M. Bilgin, S. Ersoy, Algebraic properties of bihyperbolic numbers., Adv. Appl. Clifford Algebr., 30 (2020), 1-17.

N. Giirses, G. Y. Sentiirk, S. Yiice, A study on dual-generalized complex and hyperbolic-generalized complex numbers.,
Gazi Univ. J. Sci., 34 (2021), 180-194.

D. Brod, A. Syznal-Liana, I. Wloch, On some combinatorial properties of bihyperbolic numbers of the Fibonacci type.,
Math. Meth. App. Sci., 44 (2021), 4607-4615.

D. Brod, A. Syznal-Liana, I. Wloch, On a new generalization of bihyperbolic Pell numbers., Ann. Alexandru Ioan Cuza
Univ. Math., 67(2) (2021).

A. Z. Azak, Some new identities with respect to bihyperbolic Fibonacci and Lucas numbers., Int. J. Sci.: Basic and App.
Res., 60 (2021), 14-37.

A. Szynal-Liana, I. Wtoch, On Jacobsthal and Jacobsthal-Lucas hybrid numbers., Ann. Math. Sil., 33 (2019), 276-283.
A. F. Horadam, Jacobsthal representation numbers., Fibonacci Quart., 34 (1996), 40-54.

A. F. Horadam, Jacobsthal representation polynomials., Fibonacci Quart., 35 (1997), 137-148.

E. T. Aydin, On generalizations of the Jacobsthal sequence., Notes Number Theory Discrete Math., 24(1) (2018), 120-135.
S. Uygun, A new generalization for Jacobsthal and Jacobsthal-Lucas sequences., Asian J. Math., 2(1) (2018), 14-21.

A. Al-Kateeb, A generalization of Jacobsthal and Jacobsthal-Lucas numbers., (2019), arXiv preprint:1911.11515.

D. Brod, A. Michalski, On generalized Jacobsthal and Jacobsthal-Lucas numbers., Ann. Math. Sil., 36(2) (2022), 115-128.
A.F. Horadam, Pell identities., Fibonacci Quart., 9(3) (1971), 245-252.

A. F. Horadam, J. Mahon, Pell and Pell-Lucas polynomials., Fibonacci Quart., 23(1) (1985), 7-20.

S. F. Santana, et al, Some properties of sums involving Pell numbers, Missouri J. Math. Sci. Uni. Central Missouri,
Department of Mathematics and Computer Science, 18(1) (2006), 33-40.

A. Szynal-Liana, I. Wtoch, On certain bihypernomials related to Pell and Pell-Lucas numbers., Commun. Fac. Sci. Univ.
Ank. Ser. Al. Math. Stat., 71(2) (2022), 422-433.

H. Gokbas, Gaussian-bihyperbolic numbers containing Pell and Pell-Lucas numbers., J. Adv. Res. Nat. App. Sci.,
Canakkale Onsekiz Mart Univ. 9(1) (2023), 183-189.

F. T. Aydin, On bicomplex Pell and Pell-Lucas numbers., Comm. Adv. Math. Sci., 1(2) (2018), 142-155.



	Introduction
	The Bihyperbolic Jacobsthal-Lucas Numbers
	The Bihyperbolic Pell-Lucas Numbers
	Conclusion
	References

