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Abstract

In this paper, we introduce the notion of c—ideally Connes amenable for dual Banach
algebras and give some hereditary properties for this new notion. We also investigate
o—ideally Connes amenability of /1(G,w). We show that if w is a diagonally bounded
weight function on discrete group G and o is isometrically isomorphism of /!(G,w), then
?}(G,w) is o—ideally Connes amenable and so it is ideally Connes amenable.
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1. Introduction

Let A be a dual Banach algebra, that is, A = (A,)* for some a closed submodule A, of
A*. Let X be a dual Banach A-bimodule such that the maps a — a.x and a — z.a from A
into X are w*—continuous. Dual Banach A-bimodules of this type are said to be normal.
For a w*-continuous endomorphism o of A, a map D : A — X is called a w*—continuous
o—derivation if it is w*-continuous and
D(ab) = D(a) - o(b) + o(a) - D(b)

for all a,b € A. Also, D is called an inner o—derivation if there exists € X such that
D(a) =6J(a):=0(a) -z —x-0(a)

for all @ € A. The space of all w*-continuous (inner) o—derivations from A into X is

denoted by (N1(A, X), respectively) Z.}Lw* (A, X). Let

Z},,w* (A, X)

Ne(A, X)
Similar to the concept of amenability, A is said to be o—Connes amenable if for every
normal dual module X,

Hoy e (A, X) =

Ho e (A, X) = {0};
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or equivalently, every w*-continuous o—derivation from A into X is an inner o—derivation
[13]. In this case, if X is a w*-closed two-sided ideal J in A, then A is called o —J— Connes
amenable, and if for every w*-closed two-sided ideal J in A, the dual Banach algebra A is
0 — J—Connes amenable, then A is called o—ideally Connes amenable.

The concept of normal dual Banach bimodule was introduced by Johnson, Kadison,
and Ringrose [6]. They also have studied the n—dimensional normal cohomology group
H7+ (A, X) and gave conditions that

Hipe (A, X) = {0},

when A is a unital C*—algebra. One can prove that every derivation from a von Neumann
algebra generated by an increasing sequence of finite dimensional *—algebras to a normal
dual Banach bimodule is a coboundary. The converse of this result was proved by Connes
[3]. Also, Connes [2] called a von Neumann algebra A amenable if

H (A, X) = {0}

for all normal dual Banach A—bimodule X. Later, Helemskii [4] used the word “Connes
amenable" instead of “amenable". He proved that the operator C*—algebra A is Connes
amenable if and only if the Banach A—bimodule A, is injective. The first author, Bodaghi
and Ebrahimi Bagha [7] generalized the concept of Connes amenability and introduced
the notion of ideally Connes amenability for dual Banach algebras. They proved that von
Neumann algebras are ideally Connes amenable; see also [12]; for study of the notion of
quotient ideal amenability of Banach algebras see [16].

Let A be a dual Banach algebra and J be a weak*-closed two-sided ideal of A. Then
J is a dual Banach algebra and also it is a normal Banach A—bimodule. A dual Banach
algebra A is J—Connes amenable if 3} . (A, J) = {0} and is ideally Connes amenable if it
is J-Connes amenable for every weak*-closed two-sided ideal J in A; see [7]. Note that J is
a dual Banach space with predual J, = %. Indeed, J is the weak*-closed subspace of A
and so a

@) = (5 = (9t =1

Also, I, is a submodule of “jq—j = J*. Thus, J is a dual Banach algebra. Once more, +7 is a

submodule of 3* = (4)" and

Lo (AT A
J = = —.
9 (Lo)+ J
So, %l is a dual Banach space. On the other hand, multiplication in A and %l is separately

weak*-continuous and thus % is a dual Banach algebra. For details on this and other

important results, refer to [5,8,10,11] and the references therein.

In this paper, we introduce the notion o— ideally Connes amenability for dual Banach
algebras and investigate it. In Section 2, we prove under certain conditions that the ideally
Connes amenability and o— ideally Connes amenability are equivalent. We also prove
some hereditary properties of o— ideally Connes amenability of dual Banach algebras.
In Section 3, we give some examples to illustrate our results. In Section 4, we study o—
ideally Connes amenability of the Banach algebra ¢} (G, w) and show that if w is diagonally
bounded and ¢ is an isometric isomorphism, then £}(G,w) is 0— ideally Connes amenable.
In particular, £1(G,w) is ideally-Connes amenable.

2. o—ideally Connes amenability

Throughout this section, ¢ is a w*-continuous endomorphism of a dual Banach algebra
A. Before we give the first our result, let us recall that a dual Banach algebra A is called
ideally Connes amenable if it is idy—Connes amenable, where idy is the identity map on
A.
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Proposition 2.1. Let A be a dual Banach algebra. Then the following statements hold.

(i) If A is o—Connes amenable and o is onto, then A has an identity.
(ii) If A be o-ideally Connes amenable for a w*-continuous endomorphism o : A — A
with w*-dense range, then A is ideally Connes amenable.

Proof. (i) First, note that X = A with the following actions is a normal dual Banach
A—bimodule.

a-z=0 and z-a=uza (2.1)
for all @ € A and x € X. We define the w*—continuous o—derivation D : A — X by

D(a) = o(a). Since A is c—Connes amenable, there exists € X such that D = §7. Using
the module actins defined in (2.1), for every a € A we have

ola) = o(a)-z—x-0(a)
= 0—=x0(a)
—zo(a).
It follows that o(A) = A has a left identity. Similarly, A has a right identity. So (i) holds.
(ii) Assume that A is o-ideally Connes amenable. Let J be a w*-closed ideal of A and
D : A — J be a w*—continuous derivation. It is easy to see that Doo : A — Jis a

w*—continuous o—derivation. So D o o = §7 for some x € J. Now, if a € A, then there
exists a net (ay)y in A such that @ = limy o(ay). Hence

D(a) = w*— Iiin D(o(ay))
= w'— Iiin(a(a)\)x —xo(ay))
= ar—zxa
= §4a(q).
Thus, D is inner. Therefore, A is ideally Connes amenable. U

Let J be a w*—closed two sided ideal in dual Banach algebra A. It is clear that J is a
dual Banach algebra with predual J.. Then we say that J has the o—dual trace extension
property if every ¢ € J with 67 = 0 has an extension 7 to A such that §i% = 0.

Theorem 2.2. Let J be a w*-closed two sided ideal in dual Banach algebra A, and let
o(J) =7. Then the following statements hold.

(i) IfJ is o— Connes amenable and % is 6-Connes amenable, where 6(a+7) = o(a)+J
for all a € A, then A is o— Connes amenable.

(ii) If A is o-ideally Connes amenable and J has the o-dual trace extension property,
then %‘ is o-ideally Connes amenable dual Banach algebra.

Proof. (i) Let X be a normal dual Banach A—bimodule and D : A — X be a w*—continuous
o—derivation. It is obvious that Dy is a w*—continuous o—derivation from J into X. By
the 0 —Connes amenability of J, there exists x9 € X such that D|; = §7 . Set Dy = D—43 .
Then D, is a w*—continuous o—derivation vanishes on J. Now let

Xo = span{zo(a) + o(b)y : a,b€ A, z,y € X}w*.

Then XLO with the following actions is a normal dual Banach %—bimodule.

(a+J9)(x+ Xo) =0(a)r+ Xo and (z+ Xo)(a+7T)=2x0(a)+ Xo

for all a € A and = € X. We define the w*—continuous map D : %‘ — % by

A

(g*7D(a+J)> = (g*le(a)>a
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where g, € (XLO)* =1 X;,. Since Di|; = 0, it follows that D is well-defined. For every
a,b € A, we have

(g D((a+0)(b+9)) = <g*,D1<ab)>
= {gs,0(a)D1(b) + D1(a)o (b))
= {9:0(a), D1(b)) + (o (b)g., Di(a)

(g« - (a+9),D(b+9)) +((b+7) - g, D(a+9))
= (g, (@+9) - D(b+9)) + (g0, D(a+7) - (b +7)).

This shows that D is a w*—continuous &—derivation, where é(a + J) = o(a) + J for all
a € A. So there exists ¢ € XLO, such that D = §7. Thus we have

{9+, D1(a)) (9, D(a +7))

= (g6(a+9)-t—t-6(a+7)
(g« - o(a), 1) — {o(a) - gx; 1)

(g, 67 (a))-

This implies that Dy = D — 47, and therefore D = 67 _;.

(ii) Let % be a w*-closed two sided ideal in fjl. Then § is a w*-closed two sided ideal in A.
We shall briefly outline the argument. Let (aq)o be a net in J, such that a, — a in w*-
topology of J, we must show that a 1s in J. It is clear that aq, +J — a—l—f] in w*- topology
of % Note that (aq+79)q is a net in j Since g] is w*-closed, a+7J is in j Thus a belongs to
d, so J is w*-closed. Note that 19isa predual of 4 T and it is also a closed A-submodule of
J.. Let m, : J, — 7 be the natural projection A-bimodule homomorphism and ¢ : A — %
be the natural quotient map. Now if D : %l — % is a w*-continuous o-derivation, then
D :=(m)*oDoq: A — Jis aw*-continuous o-derivation. Indeed, if a,b € A and j,. € J.,
then

(j+, D(ab))

Il

P e T e T e
. 3y D

* %

o

*

:\

)

—~

S

N~—

+

(&)

N—

) D(b+7)+ D(a+7).(a(b) + 7))
j«) - (o(a) +7),D(b+ 7)) + {(a(b) +7) - m(jx), D(a + 7))
)-o(a),D(b+7)) + (o(b) - m(jx), D(a+7))
J« - 0(a), D(b+ 7)) + (mx(a(b) - jix), D(a + 7))
(1) (D 0q(b) + (m)"(D 0 g(a)) - (b))
- D(b) + D(a) - 5(b)).
So D( ) = 65 for some A € J. If i, € J, = % then 7. €L J. But m, is the projection on

+9. Thus 7«(ix) = 0. That is, m. = 0 on J.. Let m be the restriction of A to J,, then
m € J and for i, € J,, we have

—~

(ix,0(a) -m—m-o(a)) is-o(a) —o(a) - iy, m)
= (ix-0(a) —0o(a) -ix, A)

= (lx,0(a)- A= X-o(a))

= (ix, ()" 0 D o g(a))

i (ix), D 0 q(a))

= 0.

—~

Therefore o(a) - m = m - o(a) for all a € A. Since J has the c—dual trace extension
property, there exist a x € A such that k|5, =mand a-k —k-a =0 for all a € A. Let 7
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be the restriction of k to J«. Then 7 € J and A — 7 = 0 on J,. Therefore A — 7 E . By

the surjectivity of m,, for every x € ( )« there exists j. € i such that m,(ji) = x. So
(z,D(a+17)) 7x(J+), D(a 4 7))

Jero(a) - A= (U(a)-T—T-a) —X-o(a))

Jsyo(a)-A—o(a) -7+ 71-0(a) — Ao(a))

jeo(a) - (A=7)=(A=7)-0(a),)

If j. € 19, then by the definition of 7., we have m,(j«) = j«. Thus

(J,o(@)- A=7)=(A=7)-0(a)) = (m(s),0(a)- A=7)=(A=7)-0(a))
= (z,0(a)-(A=7) = (A=7)-0(a)).

{
(
{
(

Hence
D(a+79)=o0(a)-(A—7)—(A—7)-0(a).

This shows that D is an inner o-derivation. If j, &+ J, then 7. (j.) = 0. This implies that

D is also an inner o-derivation. Therefore, % is o-ideally Connes amenable. O

In the following, let A® be the unitization of A. It is easy to see that the map & : A" — Af
defined by
dlata)=c(a)+a (acA,acC)

is a w*—continuous endomorphism.

Theorem 2.3. Let A be a dual Banach algebra. Then the following statements hold.

(i) If At is 6—ideally Connes amenable then A is o—ideally Connes amenable.
(i) If H - (A% AF) = {0}, then H} ,.(A,A) = {0}.
(iii) Ifo is zdempotent and J is a w*—closed two sided ideal of A with a bounded approxi-
mate identity and o(J) = J, then Hy ,«(3,3) = {0} if and only if H} - (A, J) = {0}.

Proof. (i) Let D : A — J be a w*—continuous o—derivation. Define the weak”—continuous
g—derivation D : A% - I by D(a+ ) = D(a). Since A* is 6—ideally Connes amenable, it
follows that D = 67 for some a € A. Hence for every b € A, we have

D(b) = D(b+a)
= db+a)-a—a-5(b+a) (2.2)
= o)-a—a-o(d).

This shows that D is o—inner. Thus A is c—ideally Connes amenable.
(ii) This follows from (i) and the fact that A is a normal A*—bimodule with the following
module action.

(a+a)-b=a-b+ab and b-(a+a)=>b-a+ ab,

for all a,b € A and a € C.

(iii) Assume that H] ,-(J,7) = {0}. Let D : A — J be a w*—continuous o—derivation
and i : 7 — A be the inclusion map. Then d = Dl|; : I — J is a w*—continuous
o—derivation. So there exists ¢g € J such that d = 67 . Since J has a bounded approximate

identity and o(J) = J, we have

On the other hand,
J=0()-7-0(J).
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Thus I, = o(J) - Jx - o(J). So for every ¢,5 € J and i, € J,, we have
(0(i)iso(j), D(a)) = U( iy o(j )D(a)>

Q

S)

R
AAAA/-\

{
{
{
-
{
{

It follows that D = 5;;. So D is o—inner.
Conversly, let H} (A, I) = {0} , and D : J — J be a w*—continuous o—derivation.
Note that J is neo-unital Banach J—bimodule. So

J=0(0)-T-0(J).

In view of [[14], Proposition 4.14], there exists a o— derivation D : A — 7 such that
D|; = D. From hypothesis we infer that D is o—inner. Thus H, H} ,-(3,9) ={0}. O

Let A be a dual Banach algebra. Recall that A is called Connes amenable if it is
id4—Connes amenable. Also, A is said to be weakly amenable if every continuous deriva-
tion from A into A* is inner; for more details see [15].

Theorem 2.4. Let A and B be dual Banach algebras and ¢ : A — B be a w*—continuous
epimorphism. If A is either Connes amenable or commutative weakly amenable dual Ba-
nach algebra, then B is c—ideally Connes amenable, where ¢ is a weak*— continuous en-
domorphism of B.

Proof. Let J be a w*-closed two sided ideal of B. Then J is a normal dual A—bimodule
with the following actions.

a-i=a(p(a))-i and i-a=1i-5(p(a))

for all @ € A and ¢ € J. It is easy to check that if D : B — J is a w*—continuous
o—derivation, then D o ¢ : A — J is a w*—continuous ¢ o ¢p—derivation.
If A is Connes amenable, then there exists ¢ € J such that

Do ¢(a) = 8™ (a) = 6,°(a) = 67 (¢(a)).

Since ¢ is an epimorphism, D = 7. Therefore, D is a c—inner derivation. Thus B is
g—ideally Connes amenable.

If A is commutative weakly amenable, then B is commutative and so J is a symmetric
Banach B—bimodule. Hence J is a symmetric Banach A—bimodule and H!(A, I) = {0}.
So Do ¢ =0. Consequently D = 0. Therefore, B is c—ideally Connes amenable. O

3. Some examples

In this section, we give some examples to illustrate the new notion of o —ideally Connes
amenability introduced in this work. These examples show that the notion of o—ideally
Connes amenability is different from ideally Connes amenable. In doing this, we give some
examples of c—ideally Connes amenable dual Banach algebras that are not ideally Connes
amenable.

Example 3.1. Let A be a dual Banach algebra, and let ¢ be a non-zero linear functional
on A. Let A, be the Banach algebra A equipped with the following product.

a-b=p(a)b.
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Then (A, -) is a Banach algebra. Note that ¢ is a linear functional on A and thus ¢(a) € C
for all a € A. Hence

a-(b-c) = a-(p(b)c)=pla)p(b)c
= p(e(a)b)e=p(a-b)c
= (a-b)-c
for all a, b, c € A. This shows that the multiplication is associative. Since the product “-"
is separately w*—continuous, A, is a dual Banach algebra. It is clear that A, has a left
identity, say e, but it does not have bounded right approximate identity. So A, is not

ideally Connes amenable; see [[7], Proposition 2.3].
We define the w*—continuous endomorphism o : A, — A, by

o(a) = p(a)e.

For every a € A, we have

o*(a) = a(pla)e) = p(a)a(e) = a(a).
Thus o is idempotent. Obviously, e is identity for o(A).

We claim that any non-trivial two-sided ideal of A, is contained in kery, and that any
closed subspace of kery is a closed two-sided ideal. Indeed, let J < A, be a non-trivial
two-sided ideal, so for a € 3, b € A we have ¢(a)b = a-b € J. Letting b vary and using
that J # A shows that ¢(a) = 0, so I C kerp. Conversely, if I C keryp is a closed subspace,
then a-b =0 for each a € J, b € A, while b-a = p(b)a € J, showing that J is a two-sided
ideal.

Let D : A, — A, be anon-zero w* —continuous o—derivation. Then for every a,b € A,
we have

D(a-b) = co(a)-D(b) + D(a) - o(b).

Hence
p(a)-D(b) = @(a)-e-D(b)+ D(a) - p(b) - e

— pa)- D(b) + ¢(b) - D(a) -e.

Thus (b)D(a) - e = 0. Since ¢ # 0, we have D(a) - e = 0. Thus ¢(D(a))e = 0, so we
conclude that e = 0, that is a contradiction. It means that every o—derivation is zero, so
it is inner. Thus A, is c—ideally Connes amenable.

Example 3.2. Let A = ¢}(N) be equipped with the product
fr9=711)g

and the norm ||.||1; see [18]. It is easy to see that A does not have bounded approximate
identity. So A is not ideally Connes amenable [7].

For f € A, define the mapping f : N — C, by f(l) = 0 and f(n) = f(n) for n > 2.
Then f = f-e+ f, where e € £1(N) is defined by

1 n=1
=10 n#£l
Let J be a weak*-closed two-sided ideal of A with J £ A. Then J is contained in
[fea:f(1)=o}
We define the w*—continuous idempotent endomorphism ¢ on A, be such that for all

a € /1(N)
o(a)(1) = a(1).

Let D : A — J be a weak™-continuous o—derivation. Then

D(f) = o(£)(1)D(e) + D(f),
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Since D(f) € J and D(f)(1) =0, it follows that

So for every g € A,, we have

(D(f),9) = (D(f),0(e) - g) = (D(f) - o(e), 9) = 0.
Hence D(f) = 0. From D(e) € J and D(e)(1) = 0 we infer that D(e) - o(f) = 0. So

D(f) a(f)(1)D(e)
a(f)-D(e)
= o(f)-D(e) = D(e) - o (f).

Therefore H, - (A,J) = {0}.
Let a € (Y(N). Then there is a sequence {a,} in co(N) such that a, — a in the
w*-topology. For f € ¢o(N)*, define the linear functional fenr (N)* by

(a, f) = w" — limp(an, f).

This enables us to define the left and right module actions of £} (N) on cq(N)* by

a-f={a fle and f-a=a(l)f.

It is easy to prove that co(N)* is an ¢*(N)—bimodule. Let D be a weak*-continuous

gl
o—derivation from ¢1(N) to ¢}(N) = ¢y(N)*. For all a € ¢}(N), we have

This shows that

0 =

+ 4+ 4+ n 4+

It follows that
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Let t € 0(A). Then there exists b € ¢}(N) such that t = o(b) = o?(b). Thus
{t,D(a)) = (t,D(ea))

= (t,D(e) - o(a)) + (t,0(e) - D(a))

= (o(a).t,D(e)) + (t.o(e), D(a))

= (o(a).0*(b), D(e)) + (0*(b).0(e), D(a))
= (o(a).o(b), D(e)) + (o(a(b).€), D(a))
= (o(a).o(b), D(e)) — (o(a), D(c(b).¢))
= (o(a).o(b), D(e)) — {o(a), a(b)(1)D(e))
= (o(b),D(e) - o(a)) — (o(a), D(e) - (b))
= (o(b),D(e) - o(a)) — (o(b).o(a), D(e))
= (o(b),D(e) - o(a)) — (o(b),0(a) - D(e))
= (t,D(e)-o(a) —o(a) - D(e))

Hence
D(a) = D(e) - #(a) = 7(a) - D(e) = 6% p(a).

Therefore, ¢*(N) is o—ideally Connes amenable.

Example 3.3. Let A be a non-ideally Connes amenable Banach algebra with a right
approximate identity. It is known from [7] that A* is not ideally Connes amenable. Define
the w*—continuous map o : Af — Af by

ola+a) =a.

Let (eq)aeca be a right approximate identity for A, and let J be a w*-closed two-sided ideal
in AL, If D : A' — J is a w*—continuous o—derivation, then a simple calculation shows
that D(ae,) = 0, for all @ € A and a € A. Consequently, D(a) = 0. If ey; denotes the
identity element of A, then

D(a+ aeys) = D(a) + aD(eys) = 0.

That is, D = 0 and so A? is o-ideally Connes amenable.

4. o—ideally Connes amenability of /' (G,w)

Let us recall that a Banach space E is called an L—embedded Banach space if it is an
I'— summand in its bidual.
The following theorem is proved in [1] is needed to prove the main result of this section.

Theorem 4.1. Let E be an L—embedded Banach space and F be a non-empty bounded
subset of E. Then the family of isometry maps of E preserving F' has a common fized
point in F'.

Let G be a discrete group and w : G — [1,00) be a weight function, i.e, w(e) = 1 and

w(zy) < w()w(y)

for all z,y € G. Let us recall that a weight function w on G is called diagonally bounded if
sup,eq(w(@)w(z™1)) is finite. Also, recall that ¢1(G,w) denotes the space of all complex-
valued functions on G such that wf € ¢1(G). For details on these algebras, refer to [9]
and the references therein.

We know that ¢1(G) is L—embedded, and since ¢!(G,w) is isometrically isomorphic to
¢*(G) as a Banach space (although not as a Banach algebra), it too must be L—embedded.
We show that a weak*-closed linear subspace of ¢}(G) is L—embedded. We shall briefly
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outline the argument. Let i : ¢o(G) — ¢*°(G) be the canonical embedding, and let p = i*.
Then p is the projection £}(G)** — ¢}(G) witnessing its L—embeddedness, that is to say

@[l = [[p(@)[| + [|(id — p)(@)]| (@ € £1(G)™). (4.1)

Let I be a weak*-closed linear subspace of £1(G), and let j : co(G)/IL — 1%°(G)/I+ be
the map

jrox+1 —i(z)+ 1+ (z € c(Q)).
Then j can be thought of an embedding I, — I*. Let ¢ = j* — 1. Canonically

I+ = [** (isometrically) and we can check that p|;11 = ¢. A simple calculation using
Equation (4.1) then shows that

@[ = lg(@)]| + [|(id — q)(®)|] (P € I*),
so that I is L—embedded.

o

Theorem 4.2. Let w be a diagonally bounded weight function on a discrete group G and
o be an isometric isomorphism of £*(G,w). Then (*(G,w) is o—ideally Connes amenable.

Proof. Let w be a weight function on G. Fix a € G and define the weight function wy,

on G by
we(z) = wlaza™)
for all 2 € G. Then for every = € G, we have w,(z) < w(a)w(a ™ w(z) and
w(z) = wla Y aza " )a)
< wle Hw(e)w(aza™) = wla™Hw(a)wa(z).

Now, define the weight function w’ on G by w/(x) = sup,cq w(ara™!). Since w is diagonally
bounded, there is a constant m > 0 such that w(a)w(a™!) < m for every a € G. Hence
w(aza™) < w(r)w(a)w(a™) < mw(z) for every a € G. Thus sup,cqw(ara™t) < mw(z),
therefore

W (z) < mw(r) (4.2)
On the other hand
w(z) = wleze™) < ilelgw(axafl) =uw'(2) (4.3)

Due to relations (4.2) and (4.3) we conclude that w and w’ are equivalent. Thus /1(G,w)
and ¢}(G,w') are isometrically isomorphic.

Let D be a w*—continuous derivation from ¢!(G,w’) into w*—closed two sided ideal J
of /1(G,w"). Define the function h : G — J by h(t) = D(&;) *o(d;-1). Since w is diagonally
bounded, w’ does so. Thus h is bounded. Indeed, for every t € G, we have

1) | I D(0¢) * 7 (0¢-1) ||
D16 | 51 [l
I D || w'(t)w' (7).

IA

For t € G and g € J, define the action
t-g=0(0)*xg*o(d-1).
Then
h(st) = D(dst) * 0(d(sp)-1) = D(Js * 0t) * 0(4-1 * G4-1)
= D(ds) * 0 (0) + 0(ds) * D(6¢) * 0(6p-1) * o(04-1)
= D(ds) % 0(05-1) + 0(ds) % D(0¢) * 0(6-1) * 0(05-1)
= h(s)+s-h(t).
Using h we can define another action of G on J as follows.
teg=t-g+h(t)=0(0)*gx*0o(d-1)+h(t)
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for all t € G and g € J. Since o is an isometric isomorphism of £!(G,w’), there exist a
continuous character v : G — T and an automorphism v on G such that for every t € G,

_w(®y(®)
o(0) = m D(t)s

see [[17] Theorem 2.4]. This implies that “e" is isometry. Thus for every g1, g2 € £1(G,w’),
we have

[te(g1—92) liw = [t-(91—92) 1w
= [ o(0) * (g1 — g2) ¥ 0(0-1) |l1,0r

w w(tHy(t!
— | 1 S - @) | e (o)

w(t(t)) w(t =
= > (g1 —g2)(2) | w'(2)
zeG
= g =92l -

But, for t € G, we have
teh(G) = {teh(s):secG}
= {t-h(s)+h(t):heG}
{h(ts) : s € G}
= h(G).
These facts let us to apply Theorem 4.1 to E = J and F = h(G). So there exists g € J
such that t e g = g for all t € G. It follows that
D(6) *o(61) = (1)
= teg—1t-g
= g—t-g
= g—0(d)*xgx0(d-1).
This shows that
D(6:) =gx0(d) —o(d) * g.
Since span{d;;t € G} is weak* dense in ¢*(G,w’), we conclude that
D(f) =gxo(f) —a(f)*g=04(f)
for all f € £1(G,w'). Thus £} (G,w') is o—ideally Connes amenable. O

We finish this section with the following result which is an immediate consequence of
Theorem 4.2.

Corollary 4.3. Let w be a diagonally bounded weight function on a discrete group G.
Then (1(G,w) is ideally Connes amenable.

5. Conclusion

In this paper, we introduced the concept of o—ideally Connes amenable for dual Ba-
nach algebras. We gave some examples to illustrate this notion and showed that it is
different from ideally Connes amenable. We also determined relation between o—ideally
Connes amenability of a dual Banach algebra with its unitization, quotient spaces and ho-
momorphic images. Finally, we studied o—ideally Connes amenability of weighted group
algebra /!(G,w) and proved that if w is a diagonally bounded weight function on discrete
group G and ¢ is isometrically isomorphism of /! (G, w), then ¢! (G, w) is o—ideally Connes
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amenable.
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