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ABSTRACT. In this work, we develop a new method to obtain approximate solutions of linear and nonlinear coupled
partial differential equations with the help of Double Aboodh-Shehu decomposition method (DASDM). The non-
linear term can easily be handled with the help of Adomian polynomials. The results of the present technique have
closed agreement with approximate solutions obtained with the help of Adomian decomposition method (ADM).
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1. INTRODUCTION

The topic of partial differential equations is one of the most important subjects in mathematics and other sciences.
Therefore, it is very important to know methods to solve such partial differential equations. In the literature, several
different transforms are introduced and applied to find the solution of partial differential equations such as Laplace
transform [8], Shehu transform [10], Aboodh transform [2], and so on. Two of the most popular methods for solving
partial differential equations are the integral transforms method and Adomian decomposition method [13]. The decom-
position method has been shown to solve efficiently, easily and accurately a large class of linear and nonlinear ordinary,
partial, deterministic or stochastic differential equations [7, 16]. The method is very well suited to physical problems
since it does not require unnecessary linearization, perturbation, discretization, or any unrealistic assumptions. The
Adomian decomposition method is relatively easy to implement, and it can be used with other methods. It can also be
used to solve both initial value problems and boundary value problems. In [9], the authors used Laplace transform with
Adomian decomposition method to solve nonlinear coupled partial differential equations.

The main objective of this paper is to obtained the exact solutions of coupled linear and nonlinear partial differential
equations with initial value problems by using double Aboodh-Shehu transform algorithm based on decomposition
method.
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2. PRELIMINARIES

Definition 2.1. The single Aboodh transform of the real function f(x) of exponential order is defined over the set of
functions A
M= {f(x): 3K, 71,12 > 0,1f ()| < K™, x e (=1) x[0,00), i=1,2},

by the following integral

Alf(x)]=F@r) = %‘IO\OO e f(x)dx, 1 <r <1,

And the inverse Aboodh transform is
(V+100

ATNF(N)] = f(x) = % f re™ F(r)dr, w > 0.

Aboodh transform was introduced by K. Aboodh [2] in 2013 to facilitate the process of solving ordinary and partial

differential equations in the time domain. For further details and properties of the Aboodh transform and its derivatives
we refer to [1,5].

Definition 2.2. The single Shehu transform of the function f () of exponential order is defined over the set of functions,

1 .
8= {f(t) LAN.p1.p2 > 0.1 (1) < Neti 1 € (~1) x [0,00), j = 1,2},
by the following integral
SLF0] = F(s.w) = f e f(0dr, 5> 0, u>0.

0
Moreover, the inverse Shehu transform is given by

£ = SF(s.0)] = —— f o ie% Fs.w)ds.

27 Jypico

where s and u are the Shehu transform variables, and w is a real constant and the integral in Eq. (2.2) is taken along
s = w in the complex plane s = x + iy.

For further details and properties of Shehu transform and its derivatives we refer to [3,4, 10, 12].

Definition 2.3. The double Aboodh-Shehu transform of the continuous function f(x,?), x,# > 0 is denoted by the
operator A, S;[f(x,?)] = F(r, s, 1) and defined by

1™ “
AS[f(x,0] = F(r, s,1) = = f f e f(x, f)dxdt
rJo 0

1 a b y
== lim f f e f(x, ndxdt.
¥V a—o0,b—o0 0 0

It converges if the limit of the integral exists, and diverges if not.
The inverse of double Aboodh-Shehu transform is defined by

1 01 +i00 02 +i00 1 .
f 0 = AD'ST F(r s, 1)] = — f re’™ f —eVF(r, s,w)ds § dr,
(27mi)? 1

p1—ico p2—ico

where p; and p, are real constants.

Double Aboodh-Shehu transform for second partial derivatives property

2
A S0 2 2 E s ) - SO, 01 - LS1AO, 01,
ox r
0> f(x, 1) 52 s
AxS[ o 1= FF(V, s,1) = ;A[f(x, 0)] - A[fi(x, 0],
O f(x,1) s 1
ASi oot 1= ;F(h s,u) = rA[f(x, 0)] - ;S[fr(O, nl,

where A[.] and S[.] denote to single Aboodh transform and single Shehu transform, respectively.



A. Al-aati, W. Al-sharai, Turk. J. Math. Comput. Sci., 16(1)(2024), 217-228 219

Recently, in 2022, the authors in [11] discussed some theorems and properties about the double Aboodh-Shehu
transform and gave the double Aboodh-Shehu transform of some elementary functions.
We consider the general inhomogeneous nonlinear partial differential equation with initial conditions given below:

Lu(x,t) + Ru(x,t) + Nu(x,t) = f(x,1), 2.1
u(x,0) = fi(x),  ulx,0) = fo(x), (2.2
where L = % is the second order derivative which is assumed to be easily invertible, R is the remaining linear

differential operator, Nu represents the nonlinear terms and f(x, 7), fi(x) and f>(x) are known functions.
The methodology consists of applying double Aboodh-Shehu transform first on both sides of Eq. (2.1)

A S{Lu(x,t) + Ru(x, t) + Nu(x, )}= A;S{f(x, 1)}. (2.3)
By linearity property of double Aboodh-Shehu transform, Eq. (2.3) becomes
AxSi[Lu(x, )] + AxS[Ru(x, )] + AxS[Nu(x, )] = AcS[f(x, 1)]. 2.4
Using the property of partial derivative of double Aboodh-Shehu transform for Eq. (2.4), we have
2
S U s.) = ~A[u(x. 0] - Al (x, 0)] + A,S [Ru(x. 1)

+ ASi[Nu(x, )] = AxS:[f(x, 1)]. (2.5)

Using given initial conditions and arrangement, Eq. (2.5) becomes
u 1w 1w
Ulr,s,w) = “ALA@] + FALLM] + FAS(f(x. 1]
u? u?
- gAxSt[RM(X, n] - EAsz[NM(x, nl. (2.6)

Application of inverse double Aboodh-Shehu transform to (2.6) leads to

NallM u? u?
) = A7 [SALAWI + SALACT+ S AS s 0]

112 1l2
—Al's! [FAXS,[Ru(x, O+ AS [Nutx, n]| 2.7)

The second step in double Aboodh-Shehu decomposition method is that we represent solution as an infinite series:

o

u(x, 1) = Z ui(x, 1), (2.8)
i=0
and the nonlinear term can be decomposed as
Nu(x,0) = )" A (2.9)
i=0

where A; are the Adomian polynomials [15] of ug, uy, us, ..., u, and it can be calculated via the general formula given
below

1 d S
A,':——.N ﬂl,'
i!d/ll[ ; ”L

Substituting Eq. (2.8) and Eq. (2.9) in Eq. (2.7), we get

=0

s 2 2
Duiten) = A7 SALA (O] + SALACOT+ SAS L0
i=0
2 (o] 2 0
— Al [E—ZAXS,[R ; u;(x, t)]+1;—2AxS,[iZ(; A (2.10)
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On comparing both sides of the Eq. (2.10) and by using standard Adomian decomposition method (ADM), we then
define the recurrence relations as

ettt u? u?
uo(x.1) = ATST [CALAG] + SALAW]T + S ASIA(xD]]
2

2 u

w6, 0) = =A7ST S AS Ruo(x, 0] + 5 AS (Aol
e u?

u(x, 1) = —A7' ST S AS R (6, 0] + 5 AS[A]].

In more general, the recursive relation is given by

2 2
Ui (x,) = ~A S [SAS R, 0] + FAS A, i >0,
s s
The recurrence relation generates the solution of (2.1) in series form given by

u(x,t) = ug(x,t) + uy (e, t) + up(x, 1) + - - - + ui(x, 1) + - - -

3. APPLICATIONS

In order to illustrate the applicability and efficiency of the double Aboodh-Shehu decomposition method, we apply
this method to solve some equations.

Example 3.1. Consider the following nonlinear partial differential equation
1
e, 1) + 14 (5, 1) = u(x, 1), G.1)
subject to the initial conditions
w0,0=1+2,  u0,7)=1.

Applying double Aboodh-Shehu transform first on both sides of Eq. (3.1), we have
ASilu(x, )] + AXS,[iulz(x, 0] = AS,[u(x, 1)].
Using the differentiation property of double Aboodh-Shehu transform, we have
rU(r, s,1) — S[u(0, )] — %S[MX(O, Nl + Axst[iuf] = A,S,[ul.
Rearranging the terms and using given initial conditions, we have

1 1 1 1
U(r, s,1) = r—28[1 +P]+ r—38[1] + r—zAxS,[u] - mAxs,[uﬂ

u o 2 w1 1 )
= rTs + W + rTs + ﬁAXS[[M] - mAXS,[u,]. (32)

Application of inverse double Aboodh-Shehu transform to (3.2) leads to
1 1
_ 2 —lg-1 2
u(x,0) = 1+2 +x+AJ'S; [rzAxS,[u] - 4r2AxSt[u,]]. (3.3)

The double Aboodh-Shehu decomposition method assumes a series solution of the function u(x, ¢) is given by

u(x, 1) = Z wi(x, 1). (3.4)
i=0
Using Eq. (3.4) into Eq. (3.3) we get

Dl =1+ +x+ AL [%AXS,[E: ui]—#Axs,[i Aw)]. (3.5)
i=0 i=0

i=0
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where A; are Adomian polynomials that represents nonlinear terms.
So, Adomian polynomials are given as follows:

Z Aiu) = 1(x, ). (3.6)
i=0

The few components of the Adomian polynomials are given as follow:
i
Ao(t) =, Av) = 2utrys oy AiU) = ) Uyt
r=0

From Egs. (3.5) and (3.6) we obtain

u0=1+t2+x,

oo

D uin () = A

i=0

[oe] 1 (9]
S[Z ui=g ZAi(u)”, i>
i=0 i=0
Then, the first few components of u;(x, t) follows immediately upon setting
ui(x.0) = A7'S7! [ A8 [uo]- A S,[Aow)]]

=AJ'ST [IA Sl +£2+x] - A .S, [4t ]]

X

o s s
= %xz + %x3,

w(x,1) = A;'S;! [ A4S ] A SilAw]]
=Al's; [ La S’[zv 31!x 1- #AXS,[O]]
= A;'S,"[% + %]
= %x“ + %xs,

and so on for other components. Therefore, the exact solution obtained by double Aboodh-Shehu decomposition
method is given as follows:

00

1 1 1 1
u(x,t)=Z(;u(xt)—t +1+x+5x +§x +Ex +§x +.

1 1 1 1
_ 2
_t+(1+x+ x+3‘x+ x+5'x+)
= +e

Which is same as solution obtained by variational iteration method (VIM) [14].
Example 3.2. Consider the following linear system of partial differential equations

u(x, 1) —vi(x, 1) = (u—v) = =2,

vi(x, ) + u(x,0) — (u—v) = -2, 3.7

with initial conditions
u(x,0)=1+¢"

v(x,0) = -1+ ¢ (3-8)
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Taking the double Aboodh-Shehu transform on both sides of (3.7), then by using the differentiation property of double
Aboodh-Shehu transform, we have

LU s, 1) = Alu(x, 0)] = AS,[=2] + ASi[vi] + AxSi[u —v],

SV(r, s,1) = Av(x, 0)] = ALSi[=-2] = ASi[uy] + AcSi[u —v]. (3.9)
Application of single Aboodh transform to (3.8) and substitute in (3.9), we have
U, s,n) = ié ﬁ - rzzuzz"' YAS v + (=), (3.10)
V(r,s,w) = =35 + ot = 35 = SAS [u — (- v)].
Taking the inverse double Aboodh-Shehu transform in (3.10), our required recursive relation is given by
w(x,1) = 1+ e =20+ A7STHAS v + - )], G

vix, ) = -1+ -2t - A;lS;l[L;‘AxS,[uX —(u— v)]].

The double Aboodh-Shehu decomposition method assumes a series solution of the functions u(x, ) and v(x, r) are given
by

u(x, 1) = Z ui(x, 1), v(x, 0= Z vi(x, 7). (3.12)
i=0 i=0
Using Eq. (3.12) into Eq. (3.11), we obtain
Z wix,t)=1+e =2t +A'S’! [ —A st[ Z Vix + Z(u, - v,)” (3.13)
i=0
Z Vi, f) = —1 + " — 2t — A;lg;l[EAXS,[ Z Uiy — Z(u,- - vi)” (3.14)
N
i=0 i=0 i=0

From (3.13) and (3.14) the recursive relations are

up(x, 1) =1+e* — 21,

Ui (x,1) = A;'S]! [ -A St[z Vi + (1 - w)H, i>0,
i=0 i=0

(3.15)
vo(x,t) = =1 + &* = 21,

vier(x, ) = —A;lS,_ [—AXS,[ Z Uiy — Z(u, - v,-)H, i>0.

i=0 i=0
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In view of the recursive relations (3.15) we obtained other components as follows
e[ et .
i (x,1) = AT ST = A vor + (o = vo)||= AT'ST [ = AuSile + 2]
s s

u? 212
=AS | —— + ==
[r(r— 1)s2 r2s2]

=te" + 21,
Vi3, 1) = A;IS;I[%AxSt[u()x ~ (o —vo)||= —A7's;! [EAXS,[ex -2

u? 2u?
A 1871
[r(r —1)s? r2s2]
= —te* +2t,

o (x, 1) = ATIS]! [EAXSt[le (- v)|]= A7) [%AXS,[tex]]
_ A—l —l[m]

»(x 1) = AZS;! [EAXS,[MU (- v)||= -Ay's;! [EAXS,[—te"]]

= —A;IS;I [r(ril—l)ﬁ]

2
= 56){’
and so on for other components. The series solutions are given by
oo 2 B
u(x,t)zz(;u,-(x,t)z 1+e (1 +t+5+§+ )
V(x, 1) = Z(;v,-(x, n=-l+e(l-r+ ; - ;; + ).

Then the solutions obtained by double Aboodh-Shehu decomposition method of (3.7) are given as follows:
u(x,t) =1+,
v(x, 1) = =1+ e,

Which is same as solution obtained by Sumudu decomposition method [6].

Example 3.3. Consider the system of nonlinear partial differential equations

u+vuy +u=1,

Vi—uvy—v=1, (3.16)
with initial conditions
u(y,0) = ¢,
v(y,0) =e™. G.17)

Applying the double Aboodh-Shehu transform to both sides of equations (3.16), we have

SU(r, s,1) — Alu(y, 0)] = A,S,[1] - A, S [vuy + ul, 218
3V(r, 5,1) = AD(Y, 0)] = A,S,[1] + A, [uv, + v]. (3.18)

Application of single Aboodh transform to (3.17) and substitute in (3.18), we have

2
U(V s, 11) r(,- l)S + r;‘? - _A St[vuy + I/l]

3 (3.19)
V(r, s,n) = + o + SAS [uvy +v].

r(r+ 1)s
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By taking the inverse double Aboodh-Shehu transform in (3.19), we get
uy.t) =" +1— A;lel[%AyS,[vuy +ul,
v(y,) = e +1t+ A;IS,_' [%A)S,[uvy + V]]
The recursive relations are
uo(y, 1) = ¢,
Ui () = 1= A'S) ! »EA’VS,»i Ci(v, u) + i Wl iso.
L Li=0 =0 M

vo(y, 1) = e, (3.20)

e -
viet0n0) = 1+ ATST SAS D Dituv) + ) il |. 020,
- L i=0 i=0 -

where u(y, t) and v(y, t) are linear terms represented by the decomposition series and C;(v, u) and D;(u, v) are Adomian
polynomials representing the nonlinear terms [15]. The few components of Adomian polynomials are given as follow

Co(v, u) = vouoy,
Ci(v,u) = vouyy + vilgy,
Cr(v,u) = vouay + vilyy + vaugy,

C3(v,u) = vouzy + vilgy + Vaid1y + V3lUgy,

i

Ci(v,u) = Z Vill(i-nyys

n=0
Do(u, v) = ugvoy,
Di(u,v) = UpViy + U1 V0y,
D5 (u,v) = ugvay + u1viy + Uzvoy,

D3(u,v) = ugvsy + u1voy + uaviy + uzVoy,

i

Di(u,v) = Z UnV(i-n)y-

n=0

Using the derived Adomian polynomials into (3.20), we obtain

ug(y, 1) = €,
voy, ) = €7,

a1t W et
(.0 =1-A;'S, 1[;Ays,[co(v, u) +uol]=1-A;'S; I[EAyS,[vouoy + up]]
u? u?

_ PR - ~lg-1 __
== AT LASIL + =1 - AT [ =32

|
= —te’,

u u
v D) =1 +A;'S;! [;AyS,[Do(u, V) +voll= 1+ A}'S] [;Ays,[uovoy +vo]]
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u? u?

~ ! — ~lq-1 -
=t+A]S] [EAySt[_l +e]]=1+AVS; [_r252 + o+ 1)S2]
=te”,
" u
u(v.1) = ~A7 'S [SASICI0,0) + )= ~AT ST A Silvosy + Vi, + ]
3
! e P v
=-4,’5, [EAySt[_tey]]— -4, 5= r(r— 1)s3]

t2
zzﬁ{
u u
vy, = AJ'S [ ASID: (u,v) + voll= Aj's/! [~ ASilugviy + tvoy +11]
3
_ 4-le-1pM 71— A-la-1 u
_Ay Sl [;A},S,[z‘e ‘]]— Ay Sl [m]
t2
= 5(3_)’

In the same way we can get
— t3 Y
wmﬂ——ia
3

vs(y, 1) = ;e‘y,

and so on for other components. Therefore, the solutions obtained by double Aboodh-Shehu decomposition method

are given by
oo 2 3

B L ?or o
u(y,t)— i:EO u,'(y,t)—e}(l—t-i-i —§+...)— e’
S £ 9
— ) — LY _ i — oyt
vy, t) = éo vih,t) = e (1+t+2! + 3 +...)—e .

Example 3.4. Consider the system of nonlinear partial differential equations

uy(x,y,1) — vew; = —1,
vy, 3, 1) — wau, = 1,

Wy(-x, Vs t) — UxVr = _59

(3.21)

with initial conditions
u(x,0,1) = x + 3¢,
v(x,0,1) = x+ 3t,
w(x,0,t) = —x + 3t.

(3.22)

Taking the double Aboodh-Shehu transform to both sides of equations (3.21), we have
1 1
rl/i(x, s, Ll) - _S[u(-xs 09 t)] = ) + A}'SI[VXWIL
r r
(3.23)

1 1
rv(x,r, s, 1) — ;S[v(x, 0,1] = 3 + A, S [wen],

1 5
w(x, r, s,u) — ;S[w(x, 0,1] = 2 + A S [uv].
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Application of single Shehu transform to (3.22) then, substitute in (3.23) and rearranging the terms, we have

o 3w 11
u(x,r,s,u) = m + @ - r—3 + ;AySt[Vth],
312 1 1
VX7, $01) = o+ o — o S A [, (3.24)
r’s  ris2 3 r

xu 32 5

1
W()C, r, S, 11) = _rTs + W - r—3 + ;AyS,[uxv,].

By taking the inverse double Aboodh-Shehu transform in (3.24), we get
u(x,y,f) = x+3t—y+ A;]St_' [%AyS,[vxw,]],
v(x,y, 1) =x+3t+y+ A;]St_l [%AyS,[wxu,]],
w(x,y,f) = —x + 3t =5y + Ay_.lS,_l [%AyS,[uxv,]].

The recursive relations are

uo(x,y,t) = x —y + 3t,

e
U1 (x,y,0) = AJ'S! —AS, ZEi(VaW) , 120,
L 20

vo(x,y,1) = x +y+ 3¢,
e[l Y .
Vir (X, y,0) = AylSt 1 ;AyS{; Fi(w, M)H, i>0,

wo(x,y, 1) = —x — 5y + 3¢,

o .
Na-1 .
Wi+l(x9 Vs t) = Ay St 7;AySti ZO Gi(uﬁ V):|:|3 12 Oa
where E;(v,w), F;j(w,u), and G;(u,v) are Adomian polynomials representing the nonlinear terms [15] in above equa-
tions. The few components of Adomian polynomials are given as follow

Eo(v,w) = vouwor,

Ei(v,w) = viwo + VoW,

i

Ei(v,w) = Zvnxw(i—n)t,

n=0
Folw,u) = woeuoy,
Fiw,u) = wilor + woxldys,

i
Fiw,u) = anxu(i—n)l’
n=0

Go(u,v) = uoxvor,

Gi(u,v) = uivo + UoVis,

i
Gi(u,v) = Zunxv(i—n)t~

n=0
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In view of this recursive relations we obtained other components of the solution as follows
tanirl el 3
wi(x,y,0) = A;'S; 1[—AyS,[E0(v, wl|= A7's; [ A),S,[voxwol]] 'S l[ﬁ]z 3y,

vi(xy,1) = Ays [Fo(w, w)]]= A [;Ayst[w()xuo,]]= A;ls;l[;—f]= -3y,

1

Wiy, 1) = ;Ays [Go(u,v)]]= A [}Ays,[uom,]k 'Sy [3—3]= 3y,

1 rer]
wo(x,y,1) = A}'S] 1[;A}Sz Ey(v,w)]]= ylst 1[;Ays,[lew(), + vowi ]|= 0
1 1
va(ey. 1) = TS [~ ASITF v, 0)]]= AT A Swior + woun ] |= 0,
“1g-1 e[l
walx,y, 1) = A]'S; [;Ayst[Gl(u, v)]]= A8 A S luvor + woevid = 0.

Similarly, us(x,y, ) = v3(x,y,1) = wz(x,y,t) = 0 and so on for rest terms.
Therefore, the solution of system (3.21) of nonlinear partial differential equations is given below

00

u(x,y, 1) = Z ui(x,y,t) = x + 2y + 3¢,
i=0

v(x,y,1) = Z vi(x,y,1) = x — 2y + 31,
i=0

W(.X,y, t) = ZW:'(X,y, t) =—X—- 2}7 + 3t.
i=0
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