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Rate of Convergence for Modified Srivastava—Gupta Type Operators
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ABSTRACT. In this paper, we give a generalization of Srivastava-Gupta operators introduced by Srivastava and
Gupta and estimate the rate of convergence for these operators for the real valued continuous bounded functions on
the positive semi-axis

2010 AMS Classification: 41A25, 41A36.

Keywords: Srivastava—Gupta operators, modulus of continuity, Peetre K—functional, rate of convergence.

1. INTRODUCTION

In [6], Srivastava and Gupta defined very important linear positive operators (Later, called the Srivastava-Gupta
operators), because they contain some of the well known operators such as Phillips operators, Baskakov — Durrmeyer
type operators as a special case.The authors obtained on the rate of convergence of these operators by means of the
decomposition technique for functions of bounded variation. They show that the new operators preserve only the
constant functions. Recently, these operators and their generalizations were investigated by many authors (see, [1,2,4—
13]). For examples, in [13], Yadav proposed a modified form of these operators so as to preserve linear functions, In [6]
Ispir and Yuksel introduced the Bezier variant of the Srivastava - Gupta operators and estimate the rate of convergence
of these operators for functions of bounded variation.

In this paper, we give a generalization of the Srivastava—Gupta operators as follows:

% - n—C
Gn,c(f; X, a’mﬂn) = Gyll,c(f; .X) =, Z Pn,k(x’ C) an+c,k—l(t’ C)f(ﬁﬁ—t)dt + Pn,O(xa C)f(O) (11)
k=1 0 n
where
Nk
Puste )= S o
with
e e=0

D () = { (I+cx) % | ceN
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and «,, 3, are the unbounded sequences of positive numbers satisfying the following properties:

lim a, = lim B, = co, lim 2 =1, lim —2 = 1.

n—oo n—oco n—oo ﬂn n—00 Uyie

Note that more properties of the function @, (x) are included in [11]. In case @, = 8, = n in (1.1), we immediately
obtain the modified Srivastava—Gupta operators

Gre(f1 %) = G (fi0) =1 ) Pralx,) f Precict (t:Of (=11 + Pyo(x, )£ (0) (12)
k=1 0

studied R. Yadav (see [13]). The author obtained the moments of the operators defined by (1.2) for the special cases
in terms of the confluent hypergeometric series and hypergeometric series and studied their statistical convergence,
asymptotic formula and error estimate in terms of higher order of modulus of continuity.

In the present paper, we investigate approximation properties of the operators G, .(f; X, @y, 8,) defined by (1.1) and
establish the rate of convergence for the real valued continuous bounded functions on the interval [0, co).

2. AUXILIARY REsuLTS

In this section, we will give some lemmas required for proving the main result. Now, we consider the two cases as
given in (1.1). First, we shall assume that ¢ = 0 and x € [0, o). Then, it easily follows that (1.1) gives

(o]
(] —
(@) o [ (@)

£ ooy —ayt —ax
G,o(f30) =y S G—11¢ f0dt + e~ f(0) (2.1
0
_ =0 _ =X
where P, x(x,0) = T(Dn,o(x) and @, o(x) = e™**.
Lemma 2.1. Forr > 1, we have
I 1
G (' x) = (r+ : )xe-WF}(r + 1,2, ,%) (2.2)
3 a,”™
h Fl . . . Fl . _ had (a)k xk . h
where F, is the confluent hypergeometric series defined as F(a, b; x) = /;0 @ F and (a)y is the Pochhammer symbol
defined as (a)y = aa+ 1)(a+2)....a+k—1).
Proof. 1f we take f(t) = ¢ in (2.1), then we have
R (e N A )
Gn,O(t (X)) = 4 T me tdt
0
= a, ((Ynx)k P fa’nk_le_a”tljﬁ-r_ldt.
k!'(k = 1)!
k=1 s

Consider the integral [ @,*'e~'#**"~1dr. We casily get that
0

00

P Mk+r—1 1

fank—le—m,ttk#—r—ldt - fe—uank—lﬁ_du
al’l - an

0

0
1 f —u, k+r—1
= e 'u du
a,nr+l
0
1
= I'tk+r)

a, r+l
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here we use the substitution a,t = u. And so, we get

o O (@a0)* Tk +7)
* r. _ pX
Gn,O(t ’x) = ape s k'(k— 1)| anr+l

(@) Tk+7r+1)
e k+ D! a, !

—QpX

(@) r+ DL+ 1)
e (k+ 1)k! a,"t!

L Tr+1) © (@, x)k
— 2 apX
= a,xe oy Z(r+ 1)k 2]

(a0t

LT+ D) Sy
T e Zo Q)k!

T(r+1)

= xe_""xF}(r +1,2,a,x)
a1
n

here we used following equalities

k+1)! = @p=234.2+k-1)=23...(k+1),
r+1)y; = (r+DHr+2)..(r+l1+k=-1)=+Dr+2)..(r+k),
r+1yI@r+1) = @F+Dr+2)...r+bIF+1).

Now, taking into account that F }(a, b, a,x) = e"™F i (b-a,b,—a,x) = xr;r,“,)F 11 -r,2, —a,x), we establish the desired

result and completes the proof of the lemma. O

Remark 2.2. From Eq. (2.2), we have

2
G,o(1;x) = 1,G, ((t;x) = x, G, O(t xX) = x>+ —.

Now, for the case ¢ = 1 in (1.1), one have

ndt + P,o(x, 1) f(0)

G.. (f: x)—anZan 1>f potacr 6 D

where P, (x, 1) = %qﬂ”( yand @, 1 (x) = (1 + x)™,
Lemma 2.3. Forr > 1, one has

@By — )T (s —r— DI+ 1)

x
Fx) = F? Lr+1,2; —— 2.
G (15 Bil(ns1)(1 + x)2*1 (e +1r+1.2; 1+ x) 2:3)
o0 b k
where F% is the hypergeometric series defined by F%(a, b,c;x) = IZ]O (azigk i %
Proof. Putting f(f) =t" in (1.1), we have
. O (@) X ( (@n+1)k-1 ! Bn—1
G (1, = a, 1)'dt
m@n = a &R vt G-I+ et g
Bo— 1" 0 @ X (@i
= n k s Un -r—1
B LTk L+ nmH (- D) plktr @ —r=1)
an(ﬂn - 1) l—‘(an-*—l —r- 1) Z (an)k+l +1 (an+1)k r(k +r+ 1)
(k+ D! (A + x)atk+l kL Tk + apyr)
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using the identities

IT'k+r+1)=0+ 1) I(r+1),

(@er1 = Ap(@n + D@, + k), apla, + 1)

= ayla, + 1)...(a, + k), a,(a, + 1)

= (@nests
we get

G ("x) = (B — D'T @y —r = DIr+ 1) i (@1 (@a)k (r+ 1) k!
mI B L (k+ 1!k Tk @) (14 x)onts]
2By — DT —r— DI(r + 1
6B = D@ 2 r = DU+ D) g g2 ),
Bil(@yr1)(1 + x)nt! 1+x

and the proof of the lemma is complete. O

Remark 2.4. From Eq. (2.3), we have

G (Lx) = —  yf1-—2 )+,
’ Apyl — 1 Aptl — 1
2
~1
G (ty) = G-
’ ﬂn(anJrl - 1)(a'n+l - 2)
a’ﬁ(ﬂn - 1)2

G (5 %) [(n + D) + 2x].

Bi(@ns = D(@nr1 — 2)(@ps1 — 3)
Note that the conclusion now follows immediately from Remark 2.2 and Remark 2.4:

a, 1

Q,
ellix) = T+ (- 2.4
G, (1;x) P +( o pperst (2.4)
2By —©)
Go(t:x) = = X, 25
nelf5) Bu(@pie — ) @pie — 20) (2.5)
2p o2
G, (:x) = @b =0 [(an +ox* + ZX] . (2.6)

ﬁ%(an#—c - C)(an+c - 2C)(a'n+c - 36)
A simple computation from (2.4, 2.5, 2.6) also shows that
a’ﬁ (ﬂn - C) - a’n-ﬂn (a'nJrc - 26) (1 @y ) X
x - - 2
,Bn(an+c =) @psc — 2C) Apse —C (1 + x)

a’%(ﬁn - C)z(a'n +c) - 2a'5ﬂn(ﬁn = ) @pie — 30) + anﬁ%(awrc = 2c)(@nte — 30) ,

X
ﬂ%(arﬁc - C)(a'rHc - ZC)(al‘l+L‘ - 3C)
2aﬁ(ﬁn - C)2 ay _X'2

1- .
+:3;%(an+c = ) @pse — 20)(@nye — 3C)x + Apte — C)(l + x)o

G, (t—xx) =

G (1= %) x) =

3. RATE oF CONVERGENCE

In this section, we estimate the rate of convergence of the operator (1.1) by using second order modulus of continuity
of feCpl0,00).

Let Cp [0, o) be the class on real valued continuous bounded functions f with the norm ||f|| = sup |f(x)|. Also we
x€[0,00)

denote by C% [0,00) ={g € Cp[0,0): g, g’ € Cp[0,)}.For f € Cg[0,c0)and § > 0, the second order modulus of
continuity and the Peetre’s K-functional are defined as

wr(f;0) = sup sup |[f(x+2h)=2f(x+h)+ f(x)
0<h<6 x€[0,00)
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and

K(f;0) = inf {Ilf = gll + Sllglicajo,o)
g€C2[0,00) B

where |Igllc2(0,00) = llgll + [lg”Il + llg” I, respectively.

Theorem 3.1. Let f € Cg [0, ) .Then

G:;L(f’ x) - f(X)| < C/wZ(f; Vén,x)
where C' is a positive constant and

aﬁ(ﬁn - C)z(a'n +¢) - Za'gﬂn(ﬁn = )@pse — 30) + a’nﬁyzl(anﬂ‘ = 2c)(@pye — 30) 2
X
ﬁ%(a’rﬁc - C)(a11+c' - 2C)(a'n+c - 30)
Zaﬁ(ﬂn - C)2
+ X,
ﬂ%(a’tHc - C)(a'm-C - 26)(a'n+c - 3C)

holds for all x € [0, c0).

0, nx =

Proof. Let x € [0,00) and g € Clzg [0, 00) . Using Taylor’s expansion, we see that

t
8(®) = g(x) + g' (D) — x) + f (t — u)g” (wdu (3.1
for all ¢ € [0, c0) . If we apply the operator G;, . defined by (1.1) in (3.1), taking into account (from remark 2) that
t
" ay, ay, 1 ’ % * ”
G50 - Lo £ = WG = 020 + Gl [ (1= g G 10)
Apic = C Apie — ¢ (1 + x)

holds. Also an easily verification shows that

t
1
f(t —u)g" (u)du| < 3 g’ @ -2
So, using (2.4, 2.5, 2.6) we have
lo% o} 1
G (g;x) - L +(1- u 3.2
(g ) (a R U P wrarers )g(x)' (3.2)
’ an(anﬁn — Cy _ﬁnan+c + ZCB,,) ay X
< x—(1- )
Bu(@nte = )@pse — 20) Apie — € (1 + x)
R @By — )Xy + ©) = 202B,(By — ) (@nie — 3¢) + @uBi(@pie — 20)@nie — 30)
= X
2 B%(arwc - C)(an+c - 2(3)(0!”4.5 - 3C)
2028, - ¢)? . 2
+ @,(Bn = ) x+(1- d s
Ba(@pic = ) (@nie = 2¢)(@nse — 3¢) pie — ¢ (1 + x)0

On the other hand, from (2.4) we have

Goolfi0) = @) Pus(x,0) f P (1, c)f(%t)dwm,o(x, 0)f(0),
k=1 0 n

G, (f; %)

IA

A1l (3.3
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and so we get

n n 1
(G (10 = f] < 1f(0) = g [G (13 0] + () - ( T )g<x>|
QApie — C Apie — ¢ (1 +x)™
© oo a, Ly 1
+1G,..(8:%) (am — (1 o c)(l e )g(x)‘
’ a’n(a’nﬁn —cay — ﬂna'n+c + ZC,Bn) ay X
= 3”f—g” i |g ,Bn(a'n+c _C)(an+c _26) x_(l - Apte _C)(l +x)a"

+l | 7 a’ﬁ(ﬁn - C)z(an + C) - 2aﬁﬂn(ﬁn - C)(an+c' - 36‘) + a’nﬁ;%(an-u' - zc)(arHc - 36) xz

2 ﬁ%(a’iﬁc - C)(an+c - ZC)(Q'VHC - 3C)
" Zarzz(ﬂn - C)2 +(1- Qp x?

Bi@ree = s — 20(@nec =30 e —c (L 0"

Using (3.2) and (3.3)

)

s~ @B =0+ 0) = 20368 — O @nee = 30) + e = 20)@mse = 30)
" Ba(@nie = ) @nie = 26)@pse = 3¢)
. 20,8, — )’
Bi(@nie = ) @nie = 26)(@pic = 3€)
holds for all sufficiently large n. Finally, taking infimum over all g € Cé [0, 00), considering the inequality K(f,d) <
Cwy(f; Vo) (see [3]), and the proof is complete. |

(G (f30 = F| < 311 = gll + 6 ([le]| + [l
where

x?
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