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Article Information Abstract

Keywords: Singular elliptic prob- For a bounded and smooth enough domain Q in R", with n > 2, we consider the problem —Au =
lems; Positive solutions; Exact mul- au B +An (u)inQ,u=00n0dQ,u>0inQ, where A >0,0 < <3,a € L”(Q), essinf (a) >
tilplicity results; Implicit function 0, and with 2 =k (x,5) € C (Q x [0,%0)) positive on Q x (0, ) and such that, for any x € Q, h (x,.) is

theorem; Sub and supersolutions strictly convex on (0,0), nondecreasing, belongs to C2 (0,0) , and satisfies, for some p € (1, %) ,
method that lim;_,e w =0 and lim; h<;33> = k(x), in both limits uniformly respect to x € Q, and
AMS 2020 Classification: 35J75; withke C (ﬁ) such that ming k > 0. Under these assumptions it is known the existence of X > 0
35D30; 35720 such that for A = 0 and A = X the above problem has exactly a weak solution, whereas for A € (0,X)

it has at least two weak solutions, and no weak solutions exist if A > X. For such a £ we prove that
for A € (0,X) the considered problem has it has exactly two weak solutions.

1. Introduction

Let n > 2, and let Q be a C? bounded domain in R” , leta: Q — R, and let & : Q x [0,00) — R. For A >0 and f3 > 0, consider
the problem:

—Au=auP+Ah(,u)inQ,
u=0o0ndQ (1.1)
u>0in Q.

Singular problems like the above appear in many applications to physical and chemical process (cf. [1], [2], [3] and their
references). After the pioneers works [4] [1], [3], [5], [6], [7], [2] and [8], singular elliptic problems have received a lot of
interest in the literature, and many articles concern them. Let us recall some of these works:

The case when 2 = 0 in (1.1) was studied, under different hypothesis on the function a, in [5], [9], [10], and [11]. In particular,
[11] gives, when a is regular enough, accurate asymptotic estimates near the boundary for the solutions. [12] studied (1.1)
when A = 0 and a is a Radon’s measure. Also, [2] studied problem (1.1) when a = —1, but with % (., u) replaced by a suitable
positive function i € L' (Q).

[8] considered the problem —Au = au B +h(.,Au) in Q, u=0o0n dQ, u > 0in Q, and proved that if >0, a € C' (ﬁ) ,
a>0inQ, heC' (Qx[0,)) and if, for some positive constant c, i (x,s) > c¢(1+s) for all (x,s) € Q x [0,c0), then there
exists A* > 0 such that the studied problem has a positive classical solution u € C* (Q)NC (Q) for any A € [0,A%), and has no
positive classical solution if A > A*.

[13] addressed the equation —Au = au™P + du? in Q, u=00ndQ, u>0inQ, and obtained existence and nonexistence
theorems when « is a regular enough function, with indefinite sign, 0 < 8 < 1,0 < p < 1land A > 0.

[10] studied existence, nonexistence, uniqueness and stability issues for weak solutions of the problem —Au = p (x) uBinQ,
u=00ndQ, u>0inQ, when > 0and p(x) behaves like d,” (x) as x — IQ, with dg (x) := dist (x,0Q) and 0 < y < 2.
[14] investigates equations with singular nonlinearities that involve two bifurcation parameters.

[15] gives existence and nonexistence theorems for equations of the form —Au = g (x,u) + A f (x,u,|Vu|) in Q, u =0 on 9Q,
u > 01in Q with g (x,s) singular at s = 0 and also at x € dQ, and where f (x,u,|Vu|) involves a power of |Vu|.
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[16] studied the problem

—Au=a(x)g(u)+Ah(u) inQ, u=00ndQ, u>0inQ, (1.2)

where () is nondecreasing, positive on (0, ), and such that s~/ (s) is nonincreasing; and with g satisfying lim,_,+ g (s) = oo
but in such a way that, for some o € (0,1) and € > 0, s%g (s) is bounded on (0,€). There it was introduced the space
E:={veC®(Q)nch~%(Q):Ave L' (Q)} and, among other results, it was proved that if g and  are regular enough on
(0,00) and [0, o) respectively, and if a is regular enough on Q, then:

i) if limy_. 172 (s) = 0, problem (1.2) has a solution in E for any A > 0.

i) If limg oo s~ h (s) >0and A > m (where A is the principal eigenvalue for —A in Q with Dirichlet boundary
condition) then (1.2) has no solutions uwinE.

iii) If limg oo s~ 172 (s) > 0 and minga > 0 then (1.2) has a unique weak solution in E for any A such that 0 <A < m
[17] sttudied semilinear elliptic problems with singular nonlocal Neumann boundary conditions, obtaining existence and
uniqueness (up to a constant) results.

In [18] existence results were obtained for a one dimensional problem involving the fractional p—Laplacian with multipoint
boundary conditions.

Concerning multiplicity results [19] studied, for f > 0 and 1 < p < 2, the problem —A,u = g (u) +Ah (u) in Q, u =0 on IQ,
u > 0 in Q on a smooth, bounded and strictly convex domain in R", , and under suitabe conditions on g and /4, there was
proved that for some € > 0 if 0 < A < € then there exist at least two weak solutions.

[20] addressed existence and multiplicity issues for positive weak solutions of a family of (p,q)-Laplacian systems on an
open, bounded, and regular enough domain in R”. Under suitable assumptions on the problem’s data, there it was proved the
existence of at least two (weak) positive solutions of the system.

[21] proved that if B : Q — M, (R) satisfies the standard symmetry, ellipticity, and regularity conditions, and if 0 < 8 < 1 <
p< % then, for A positive and small enough, the problem — div (B (x) V) = uP + Au” in Q, u = 0 on 9Q has two positive
weak solutions in H} (Q).

[22] addressed the problem —A,u = Au P +u?in Q, u=00n0Q, u> 0inQ under the assumptions that 0 < 8 < 1,
l<p<oo,g<ooand p—1<gq<p*—1, with p* given by p* := n'f’p if p<n, p*=Qwith Q> pif p=n,and p* = if
p > n. With these assumptions [22] proved that, for some A* € (0,0), the problem has a weak solution if A = 1*, has no weak
solution if A > A*, and has at least two weak solutions if A € (0,A4%).

[23] studied problems of the form

—Au=2A (u’é +ul+p(u)) inQ,

u=0o0ndQ, (1.3)
u>0in Q,
where Q is a bounded and regular enough domain in R” withn >3, 1 >0,8 >0,0< g <2*—1 where 2*—1 = % and

p € C'([0,00)) satisfies:

A p(0)=p'(0)=0,p()+17>0,ifg<2*—1;

b) There exists B < 2* — 2 such that lim, . Pp~ (r) = 0 and lim; .t ™2 +1p* (1) =0 if g = 2" — 1.

Under these assumptions there it was proved, for A positive and small enough, the existence of at least two positive solutions
of (1.3).

[24] studied problems of the form

—Au=2A (u’s +h(u) e”a) inQ,
u=0o0ndQ, (1.4)
u>0in Q,

where 4 >0,0< 8 < 1,1 < a <2, and h e C2[0,00) satisfies 4 (0) =0, s — s~ +h(s) e is convex, and for any & > 0,
limg_ye 2 (s) 5% =0 and lim_eo i (s) %" = oo, Under these asumptions there were proved several existence, multiplicity,
and bifurcation results for problem (1.4).

[25] studied the problem —Ayu = Af (.,u) in Q, u =0 on dQ, u > 0 in Q, where Q is a bounded and regular domain in
RN, Ay is the N—Laplacian on Q, and where f (x,s) is a regular enough function which may be singular at s = 0 and with
exponential growth as s — oo. Under suitable additional assumptions on f, there it was proved the existence of £ > 0 such that:
for 0 < A < X the problem has at least two solutions, one solution if A = X, and no solutions when A > X.

We mention also that the Nehari manifold method, adapted to the presence of singular nonlinearities through the study of the
associated fibering functions, were used to establish multiplicity results for degenerated elliptic singular nonlinear problems
involving either the pLaplacian or the weighted p — ¢ Laplacian in [26], [27], and [28]. For additional works concerning
singular elliptic problems see e.g., [29], [30], [31], [32], [33], [34], [35], [36], [37], [38]; and for a systematic treatment of the
subject of singular problems, we refer the readers to the research books [39] and [40] and their references.

Our aim in this work is to prove an exact multiplicity result for weak solutions of problem (1.1). By a weak sollution we mean,
as usual, the given by following:
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Definition 1.1. [f p : @ — R is a a measurable function such that po € L' (Q) for any ¢ € H} (Q), and if u is a function
defined on Q we say that u is a weak solution of the problem

—Au=pinQ,
u=00ondQ,

if, and only if, u € H} (Q) and [ (Vu,V@) = [op@ forall ¢ € H} (Q).
Also, for u € H' (Q) and p as above, we will write —Au > p in Q (respectively —Au < p in Q) to mean that [o (Vu, V@) >
Jap® (resp. [o (Vu,Vo) < [ p@) for any nonnegative ¢ € H} (Q).

Since our results depend largely on those of [35], [36], and [37], let us to briefly review them in the next three remarks:

Remark 1.2. In [35] and [36], it was considered, for B € (0,3), the problem

—Au=au P+ f(A, . u)inQ,
u=0o0ndQ, (1.5)
u>0inQ,

with (1.5) understood in weak sense.

Under suitable assumptions on a and f, ([35] Theorem 1.1) states that there exists ¥ > 0 such that problem (1.5) has (at least)
a weak solution u € H} (Q) NL* (Q), if and only if, A € [0,X]

Let us mention also that ([35] Theorems 1.2) says that, for A positive and small enough, there exist at least two weak solutions
in Hy (Q)NL™ (Q). In addition, ([35] Theorem 1.1) says also that any solution u in H} (Q) L™ (Q) of (1.5) belongs to C (Q).
In [36] all the hypothesis of [35] were assumed, plus an additional one, and in ([36] Theorem 1.2) it was proved that, for
Lasin [35] and A € [0,X], problem (1.5) has a solution uy, € Hy (Q) NC (Q) which is minimal in the sense that uy < v for
all weak solution v € H& (Q)NL™(Q) of (1.5). Additionally, ([36] Theorem 1.2) says that A — uy,_ is strictly increasing from
[0,Z] into C (Q) ; and ([36] Theorem 1.3) asserts that, for each A € (0,X), problem (1.5) has at least two weak solutions
u€Hy (Q)NC(Q).

Remark 1.3. Problem (1.5) was again considered in [37 ], where, with further hypothesis added, in ([37], Theorem 1 Q it was
proved that the map A — uy, defined for A € [0,X], with £ and uy as in Remark 1.2, is continuous from [0,X] into C (Q) , and
belongs to C' ((0,%),C(Q)) .

Remark 1.4. Also, again for ¥ as in Remark 1.2, ([37], Lemma 5.7) states, for each A € [0,X], the existence of a solution
vy € H} (Q)NL™(Q) of problem (1.5) which is maximal respect to the partial order <, that is: v has the property that if
ue H& (Q)NL™(Q) is a weak solution of (1.5) and u > vy a.e. in Q , then u = v, . We mention also that ([37], Theorem 1.4)
states that, for A = ¥, there exists a unique solution in H} (Q) N L* (Q) of problem (1.5) (and so, in particular, us = vy).
+2
tha

—= o0

We assume, from now on and without anymore mention, the following conditions H1)-H6) (with the convention tha
if n=2):

HI) B € (0,3).

H2) a € L (Q) and essinf (a) > 0.

H3) h € C? (Q % [0,0)) and there exists p € (1,243) such that lim;_,.. @ = k(x) uniformly on x € Q, with k € C (Q) such
that ming k& > 0.

H4) For all x € Q, the function s — £ (x,s) is positive, nondecreasing, strictly convex, and belongs to C? (0, ).

HS5) hy > 0in Q x (0,00), and lim;_, e, h“g’,ﬁ"y) = 0 uniformly on x € 5, where hg denotes the partial derivative of & respect of s.
HO6) There exists g € [1, ) and a nonnegative and nonidentically zero function b € L* (Q), such that i (.,s) > bs? a.e. in Q,
for any s > 0.

It is immediate to check that, if B, a, and h, satisfy H1)-H6) and if f : [0,00) x Q x [0,00) — R is defined by £ (1,.,s) := Ah(.,s),
then 8, a, and f satisfy all the conditions required in [37] (and so also all the conditions imposed in [35] and [36] hold), thus
all the results in [35], [36], and [37] hold for problem (1.1).

Remark 1.5. We fix, from now on, ¥ as given by Remark 1.2, but taking there Ah(.,s) instead of f (A,.,s), and for A € [0,X],
uy, and vy will denote the functions provided by Remarks 1.2 and 1.4, again now with Ah(.,s) instead of f (A, .,s).

Our aim in this work is to prove the following

Theorem 1.6. Let Q be a C* and bounded domain in R",n > 2, and assume the conditions H1)-H6). Let ¥ be as in Remark
1.5. Then for A € (0,X) problem (1.1) has exactly two weak solutions.
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Let us briefly outline the structure of the article. In Section 2 we recall some results of [11] concerning existence, uniqueness,
and asymptotic properties near the boundary, for classical solutions of problems of the form —Au = a* (x) wBinQ u=00n
0Q, u>0in Q. Again in Section 2, Lemma 2.10 improves, under the assumptions H1)-H6), the regularity results of [35],
[36], and [37]. In fact, it proves that any weak solution of (1.1) belongs to C! (Q)nc (ﬁ) .

The main objective in Section 3 is to prove that the function v, provided by Remark 1.4 is a maximal solution of (1.1), in
the sense that w < v, for each weak solution of (1.1). After some preliminary lemmas, this is done in Lemma 3.6 by using a
sub-supersolution argument. This property of v, plays a crucial role in the proof of Theorem 1.6

Section 4 concerns certain principal eigenvalue problems with singular potential needed for the proof of Theorem 1.6.

In Section 5 we prove Theorem 1.6 by a contradiction argument. To do it, we suppose that for some A € (0,X) there exists a
weak solution w of (1.1) such that w # u; and w # v, . We rewrite (1.1) as S (A, u) = 0, where

S(A,u)i=u—(—A)"" (au—ﬁ +xh(.,u)) :

and where (—A)71 denotes the solution operator for the problem —Au = h in Q,u =0 on dQ.

From [37] we know that S : (0,00) X Uﬁ — Yﬁ is a continuously Frechet differentiable operator, where Yﬁ and Uﬁ are,
respectively, a suitable Banach’s space and a suitable nonempty open subset of Y, with Ug such that any weak solution u of
(1.1) belongs to Ug (for the definitions Y and Up, see Definition 2.8 in Section 2).

In Remark 5.2 we observe that, as in [37], if w < v and w # vy, then ry ,, > 1, where r;, ,, denotes the principal eigenvalue
of the operator —A + Baw P~ in Q, with weight function A, (.,w), and with homogeneous Dirichlet boundary condition.
(notice that the potential Baw -1 is singular at dQ).

‘We observe also in Remark 5.2, Lemma 5.3, and Lemma 5.4 that the condition Fow>1 allows, as in [37], the use of the implicit
function theorem to obtain, for some € > 0, a local continuously differentiable branch & : (A —¢€,A +¢€) — Ug such that
S(0,&(0))=0forallo € (A —€,A+¢)and & (1) = w. Then we show that & can be extended to a continuously differentiable
branch ® : (0,4 +¢) — Ug such that § (0,0 (0)) = 0 for any 6 € (0,4 +¢) and lims_,y+ ® = uy with convergence in Yg,
where uy is the unique weak solution of (1.1 ) for A = 0.

Next we repeat the same process, but starting with u; instead of w, to obtain, for some €’ > 0, a continuously differentiable
branch, ®: (0,4 4 ¢') — Y such that S (6,®(c6)) = 0 for o € (0,A 4 ¢’) and lim_,o+ ® = up with convergence in Yg. Our
final step within the proof of Theorem 1.6 will be to obtain, for o € (0,A), an estimate of the norm ||® (o) — @ (0)]| H(@)

which, by taking the limit as ¢ — 0", will give a contradiction.
2. Preliminaries

Let us introduce some notations we will use: 8q will denote the function defined on Q by
Oq (x) :=dist (x,0Q). 2.1

and (—A) ! will denote the inverse of the bijection —A : H} (Q) — H Q).

If £ is a measurable functon defined on Q we will write & € H~! (Q) to mean that the map ¢ — [, £¢ belongs to H~! (Q)
If f and g, are two functions defined a.e. in Q, we will write f ~ g to mean that, for some positive constants ¢ and ¢y,
c1f <g<ecyf in Q, and we will write f < g (respectively f 2 g) to mean that for some positive constant ¢, f < cg in Q (resp.
f>cgin Q).

If f and g are functions defined a.e. in , and if no confusion arises, we will write f =gin Q, f <ginQand f > gin Q to
mean that f =g a.e.inQ, f < ga.e.in Q and f > g a.e. in Q respectively.

We will need the following elementary comparison lemma for singular equations:

Lemma 2.1. i) Let > 0, and fori = 1,2, let u; € H} (Q) , and let a; € L™ (Q) be such that essinf (a;) > 0. If a, > a and if
uy and uy satisfy, in weak sense,

—Auy < alul_B inQ, —Auy > azuz_ﬁ inQ,
u; =0o0n0Q and § uy =0o0ndQ
uy > 0in Q uy >0in Q,

then u; < up a.e.in Q.
ii) Let B >0, let a € L (Q) be such that essinf (a) > 0 and, for i = 1,2, let u; € H} (Q) be such that, in weak sense,

—Au; < au?l3 in Q, —Auy > au;B inQ,
u1 =0o0n0dQ and § u, =00ndQ
up >0in Q up, >0in Q,

then u;y < up a.e.in Q.
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Proof. To see i) observe that, in weak sense,

—A(ug—ul)zazu;ﬁ—alufﬁ >a (uz_ﬁ—ul_ﬁ) in Q,
uz—u1=00n8£27

Now we use the test function ¢ := — (up —u;)”~ to get

I (=) )P < = [ (1 2 ?) (2 =) <0

Thus, by the Poincaré’s inequality, u; < u,.
The proof of ii) is similar. We have, in weak sense,

—A(up —uy) Za(ugﬁ—ufﬁ) in Q,
uy —uj 200113(2,

and so, by taking the test function ¢ := — (ux — ), we get
) - - _
L9 (e =a) ) <= [ a(i? —6?) e —u) <o
Q Q
which, as before, by the Poincaré’s inequality implies u; < uy a.e. in Q. O

Remark 2.2. For f3 € (0,3) and for a € L (Q) such that 0 < a # 0 it is well known that there exists one and only one weak
solution of the problem

—Aw=aw P in Q,
w=0o0ndQ (2.2)
w>0inQ

(and, in fact, this follows immediately from Lemma 2.1).
Notice also that, if in addition, a € C)! (Q) for some 1 € (0,1) and a ~ 1 in Q then, as a particular case of ([11], Theorem 1),

problem (2.2) has a unique classical solution w € C? (Q)NC (ﬁ) Moreover, w ~W¥pg in Q, with ¥ : Q — R given by the
following definition:

Definition 2.3. For 8 € (0,3) let Wp : Q — R be defined by

‘PB = Oqif 0< B <1,
) 2
¥, = 59(10g<6)> in Qand ¥ :=00ndQ,
Q
2
Yy = 8P ifl<p<3,

with @y an arbitrary constant such that oy > diam ().

Notice that, in each case, ‘I‘[; cC (ﬁ) The functions ‘P[;, as well as the estimates from [11] quoted in Remark 2.2 will play a
relevant role in our work.

Remark 2.4. Direct computations using the definitions of the functions ¥ g show that 59‘1’?3 € L*(Q) and ‘P};ﬁ cL'(Q)
Sforany B € (0,3).

Remark 2.5. Ifa e C;Z)c (Q) for some n € (0,1), and a ~ 1 in Q, then the classical solution w of problem 2.2 (given by the
result quoted in Remark 2.2) belongs to H& (Q) and is a weak solution of (2.2). Indeed, since w = Wg and since, for = 1,

EPS dg;for some y € (0,1), the assertion follows from ([36], Lemma 3.2), taking there f (A,.,u) = Ah(.,u) and L = 0.

We recall also the following lemma from [37] concerning the functions Pg :

Lemma 2.6. (See [37], Lemma 2.9) If f € L™ (Q), then ‘I’lgﬁf € H-'(Q) and there exists a constant ¢ > 0, independent of
o such that |[(~8)" (25 5) | o < el and |5t 2) " (27 7) | <ellfl.

H (@

Lemma 2.7. (—A)"! (\Plgﬁ) ~ W in Q.
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Proof. By Lemma 2.6 ‘PBﬁ € H1(Q). Letw € C?(Q)NC (Q) be such that

—Aw=wPinQ,
w=0o0ndQ, (2.3)
w > 01in Q,

(by Remark 2.2 there exists a unique such a w). Then, By Remark 2.5, w € H& (Q) and w is a weak solution of (2.3), and by
Remark 2.2, there exist positive constants ¢; and ¢, such that

C]lPﬁ S w S CzlPB in Q.

B

wand w =~ Wg, the lemma follows. O

Thus cfw? < WP <wPinQ, andsoc] (—a)~" (wP) < (-a)"" (\P*ﬁ) < (—a)1 (wP). Since (—A) ' (wP) =

The next definition introduces, for 8 € (0,3), a Banach space Y and an open set Ug in Yg which will play a significant role in
our arguments

Definition 2.8. For 3 € (0,3), following [37], we define
Yp = {u €H} (Q) :‘I’Elu eL» (Q)},
lully, = Vel + |5

)

Ug = {u E€Yg: ian‘Plglu > O}.

As observed in ([37], Lemma 3.2), (YB, II. ”Yﬁ) is a Banach’s space, and U is a nonempty open set in Yg.

The next remark recalls a celebrated a-priori estimate for subcritical problems due to Gidas and Spruck. It reads as:

Remark 2.9. (see [41], Theorem 1.1): Let g: Q x [0,00) — R be a nonnegative and continuous function such that
limg_, e g(;;s) = k(x) uniformly on x, with p € (1 M) and with k € C (Q) such that ming k > 0. Then there exists M € (0, o)

' n—2

such that u < M for any solution (in the sense of distributions on Q) u € C' (Q)NC (ﬁ) of the problem

—Au=g(.,u) in Q,
u=0o0ndQ,
u>0inQ

Notice that, although the proof of ([41], Theorem 1.1) was written for the case when u € C* Q)Nc (ﬁ) , the proof can be
adapted for solutions u € C' (Q)NC (ﬁ) (as said at the comments in [41] after the statement of Theorem 1.1).

Lemma 2.10. If u is a weak solution of (1.1) for some A > 0, then
i) u> ¢, where § is the (unique) weak solution of the problem

AN =alPinQ,
£ =00ndQ.

ii) There exists a positive constant c, independent of A and u, such that u > c¥g in Q.
iii)ueC(Q)NC(Q).
v)ueUg.

Proof. 1) follows immediately from the equations satisfied by u and { and the comparison Lemma 2.1.
To see ii) consider two positive constants k| and k, such that k; < a < k; in Q. Since u is a weak solution of (1.1) we have, in
weak sense,

—Au=au P +An(,u)>kuPinQ,
u=0o0ndQ.

Let ug € C? (Q)nc (ﬁ) be the (unique) solution of (2.3) given by Remark 2.2. By Remark 2.5 ug € H(} (Q) and uy is a weak
solution of (2.3) and, by Remark 2.2, uy > ¢'¥g for some constant ¢ > 0. Now, in weak sense,

1 1 -B
—A (kl”ﬁ u0> =k (kl”ﬁ u()) inQ,

uy =0 on 0Q.



Fundamental Journal of Mathematics and Applications 93

1

1
Thus, by (2.4), (2.4), and Lemma 2.1, we have u > k| " ug > ck{"” ¥ in Q, and so i) holds.
Let us prove iii). We have 0 < a € L*(Q) and, by ii), u > c‘Pﬁ for some constant ¢ > 0. Therefore, for some constant ¢’ > 0

we have 0 < au P < c"Pl;ﬁ . Thus au B = g‘Pl;ﬁ for some g € L (Q) and then Lemma 2.6 gives that au 8 € (H} (Q))/. Let

z:=(-A)"! (au*ﬁ) . Then, for some constant ¢’ > 0,
0<z< c/(—A)71 (‘I’Bﬁ> < c”‘Pﬁ,

the last inequality by Lemma 2.7. Thus z € L= (). Since 0 < auP < ¢/ ‘Pgﬁ we have also auP € L? (Q). Thus, by the

loc
inner elliptic estimates (see e.g., [44], Theorem 8.24), z € C! (Q), and since 0 < z < ¢ Wg, we have also that z is continuous at

9Q. Thus z € C(Q) NC' (). Now,

—A(u—z)=Ah(.,u) inQ,
u—z=0o0ndQ.

Let w:=u—z. Since —A(u—z) = Ah(.,u) > 0in Q and u —z = 0 on JQ, the weak maximum principle gives that w > 0 a.e.
in Q. Thus u > z in Q. For (x,s5) € Q X [0,00) let * (x,s) := h(x,s+z(x)). Then h* € C (Q x [0,0)) and

—Aw=AhR*(,,w) in Q,

w=0o0ndQ, 2.4)
w>01in Q,
Now,
h* ()C,S) _ h(x,s+z(x)) _ h(xas) + h(xas+z(x)) 7/’1()C,S)’ (25)
sP sP sP sP

and the mean value theorem gives that, for some 8 = 0, € (0,1),

s +2(0) =h(n )l _ R (st 02()2() ha(02s) ) ophs(629) ) e
sP sP P (2s)
and thus
) sP

uniformly on x € Q. Let k be as given by H3). Then, by (2.5) lim_,e h*ij,f’s) = k(x) uniformly on x € Q, and so, by

Remark 2.9 and (2.4), w € L= (Q). Then Ah* (.,w) € L= (Q), and thus, from (2.4), w € W24 (Q) for any ¢ € [1,). Then
w € C(Q)NC!(Q), and thus, since z € C (Q) NC' (Q) we get that u € C (Q) NC' (Q). Thus iii) holds.

To prove iv) it only remains to see that u € Y B i.e., to see that, for some positive constant ¢, u < c‘Pﬁ in Q. Byiii),u € C (ﬁ) ,
and then, by our assumptions on /, we have A/ (.,u) € L= (). Thus, for some positive constant M, auP +Ah (.,u) < Mu=P

_1 1 __1
in Q. Therefore —Au < Mu~P and so —A (M 1+ u) < (M 1+ u) and thus, by Lemma 2.1, M +8 y < uy with ug as in

1
the proof of i). By Remark 2.2 ug < ¢"¥g for some positive constant ¢’. Therefore u < ¢'M™F ¥ in Q, which concludes the
proof of iv). O

Remark 2.11. Lemma 2.10 says that any weak solution of (1.1) belongs to Ug, and so it improves ([37], Lemma 3.5) which,
applied to our actual case, only says that any weak solution in L= (Q) belongs also to Ug.

3. On the maximal solution of problem (1.1)

Let X be as in Remark 1.5 and, for each A € [0,X], let v; as given there, which, we recall, has the property that if u €
H} (Q)NL>(Q) is a weak solution of (1.1) and u > v, , thenu =v; .

Notice that uy # v, for any A € (0,X). Indeed, if A € (0,X), ([36], Theorems 1.2 and 1.3) give two weak solutions of (1.1).
Suppose that u; = v, , and consider any arbitrary weak solution w of (1.1). Since u; is minimal we have u; <w and so we
would have v, < w, which implies vy = w. Then w = v, = u, , which contradicts existence of two weak solutions of (1.1).
Our main purpose in this section is to prove that u < v, for any weak solution u of problem (1.1). To do it, we will proceed by
contradiction, using a sub-supersolutions argument.

Definition 3.1. Let { : Q — R be a measurable function such that (¢ € L' (Q) for any ¢ € H} (Q). As usual, a function
u:Q — Ris called a weak subsolution of the problem

—Au={inQ,
{ u=0ondQ @.1)
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ifue H' (Q),u<0o0ndQ, and

/Q<V“aV<P>§/QC<P (3.2)

for any nonnegative ¢ € H(} (Q). Weak superolutions are similarly defined by reversing the above inequalties.
Following [46], we say also that u is a subsolution, in the sense of distributions, of the problem

—Au=7_inQ,

ifuc L) (Q)and (3.2 ) holds for any nonnegative ¢ € C° (Q). Supersolutions, in the sense of distributions, are similarly

loc

defined by reversing the inequality (3.2 ).

Proposition 3.2. For § € (0,3) let Ug be as given in Definition 2.8. If u € Ug and u € Ug are a weak subsolution and a weak
supersolution, respectively, of problem (1.1) such that u <, then problem (1.1) has a weak solution u* satisfying u < u* <u
in Q.

Proof. Clearly u and u are a subsolution and a supersolution, respectively, in the sense of distributions, of (1.1). Let
k(x) ==a(x)ux) P + A (x,7(x))

Let Wg be as given by Definition 2.8. Since u P ~ ‘I’BB €L},.(Q) and i~ ¥g € L™ (Q) then we have k € L, (Q). Also,

loc loc

s — a(x)s~P is nonincreasing and s — A (x,s) is nondecreasing, in both cases for a.e. x € Q, thus for a.e. x € Q it holds that
0<a(x)s P +An(x,s) <k(x) forallse [u(x),u(x)],

then, by ([46], Theorem 2.4) (1.1) has a solution z € W/LLZ (Q), in the sense of distributions, such that u < u <% a.e. in Q.
Since 0 <u <u~W¥g € L”(Q) we have that u € lef (Q)NL*(Q) Since u ~ W and # ~ ¥ we have u ~¥g. Now:
If 0 < B < 1 we have ¥g = 8 and so u ~ q.

1
If B = 1 then ¥g = g (log (%)) * and so, for any y € (0,1), 8q < Wp < dl, which gives 8o Su < 88,
2 2

If 1 < <2then ¥g :Sﬁ andthenu%SéTﬁ.
Thus, by ([36], Lemma 3.2), u € H(} (Q) and u is a weak solution of (1.1). O

Remark 3.3. (see [42], Proposition 5.9) Let U be a domain in R". Let fi, f € L' (U). If u, uy € L' (U) are such that
Auy > fi1 and Auy > f; in the sense of distributions in U, then

fi+h

Amax{ur,u2} 2 Xy s} S + Xuysuy L2+ X =) =5

in the the sense of distributions in U.

Lemma 3.4. If u, v are weak subsolutions (repectively weak supersolutions ) of (1.1) then w := max {u,v} (resp. w =
min{u,v}) is a weak subsolution (resp. a weak supersolution) of (1.1).

Proof. Suppose that u, v are weak subsolutions of (1.1) and consider an arbitrary ¢ € C2° () and an open domain U such that
supp () CU C U C Q. Since u,v € H} (Q) we have u,v € L! (U) and by Lemma 2.10, there exists a positive constant ¢ such
that u > c¢¥Wg and v > ¢%¥g a.e in Q. Thus auPB and av=P belong to L (U). Also, again by Lemma 2.10, u and v belong to
C (Q) and so, since / is nonnegative and s — & (x, 5) is nondecreasing for a.e. x € Q, we have 0 < i (.,u) < h (., ||ul,) € L' (U)
and thus A (.,u) € L' (U). Similarly, i (.,v) € L' (U) and so au P + h(.,u) and av=B + h(.,v) belong to L' (U). Thus, by
Remark 3.3 i) used with u; = u, up = v, f; = auP +h(.,u)and f, = av P +h(.,v), we have

/l]<VWaV(P> < /U (aw*ﬁ+h(.7w)) Q.

Since u, v belong to C (Q) we have w € C(Q), and s0 0 < h(.,w) < h(.,||w|..) and thus the mapping ¥ — [, h(.,w) ¥ is
continuous on H} (Q), and since w € H} (Q), the mapping ¥ — [ (Vw, V) is also continuous on H} (Q). On the other
hand, since w > ¢¥g a.e in Q, Lemma 2.6 gives the continuity of y — [, aw By on H(; (Q). Thus, by density, (3.3) holds
for any ¢ € H} (Q) and so w is a subsolution of (1.1).

The assertion of the lemma in the case when u, v are supersolutions of (1.1) follows from the previous one and from the fact
that min (u,v) = —max (—u, —v). O
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Lemma 3.5. For any k > 1 the following two statements are equivalent:
i) The problem

—Au=kau P +An(u) inQ, u=00n09Q, u>0inQ, (3.3)

has at least a weak solution.
ii) The problem

—Au=au P+ An(u) inQ, u=00n0Q, u>0inQ, (3.4)
has at least a weak solution.

Proof. Suppose that i) holds and let z be a solution of problem (3.3). Thus z is a supersolution of problem (3.4). Let g be the
(unique) solution of the problem

—Auy = auaﬁ in Q,
up =0on 0Q,
up > 0in Q.

Then ug is a subsolution of (3.4). Also,
_ 1 1 1 _1 \B
—A (k 1+ﬁz) —k Pkaz Pk TFR(A,.2) > a (k 1+ﬁz)

1 1
and so, by Lemma 2.1, k Pz > ug in Q. Thus uy < k Pz < zin Q. Then, by Proposition 3.2, (3.4) has a solution u such
that uy < u <z a.e in Q. Thus i) implies ii).
Suppose now that ii) holds, and let u be a solution of (3.4). Then —Aku = kau B + kAh(.,u) > kau™B + Ah(.,u) and so ku is

a supersolution of (3.3). Also, —A ($u) = tau™P + IAh(.,u) < kau™P +Ah(.,u) and so Ju is a subsolution of (3.3) which

satisfies %u < ku. Then, by Proposition 3.2, (3.3) has a solution & such that %u <u <kua.ein Q. Thus ii) implies i). O

Lemma 3.6. Let X be as in Remark 1.5 and let A € (0,X). Then w < v, for any weak solution w of problem (1.1).

Proof. We proceed by the way of contradiction. Suppose that w is a weak solution of problem (1.1) such that
HxeQ:w(x)>vy (x)} >0.

For k > 1, by Remark 3.5, the problem

—Au=kau P +Ah(.,u) inQ,
u=0o0ndQ,
u>01in Q.

has a weak solution z, and by Lemma 2.10, z € Ug. Since k > 1, i := z is a supersolution of problem (1.1). On the other hand,
by Remark 3.3, u := max (v, w) is a subsolution of problem (1.1) and clearly u > v, and u # v, . Observe that, for k large
enough,

u<ua.e.in Q. 3.5)

Indeed,
1 o o __1 \B
—A (k Tip z) — kTP kaz Pk TFAR(.2) > a (k VB z) .
Let ug be the (unique) solution of the problem

—Auy = auaﬁ in Q,
uy = 0 on 0Q.

1 1
Then, by Lemma 2.1, k Bz > ugy in Q and so z > kP ug in Q. On the other hand, since (by Lemma 2.10) up, w and v,
1
belong to Upg, there exist positive constants co, ¢; and c; such that ug > co¥g, w < c1¥Wp and vy < c2Wg. Thus z > kP ug >
1 1 1
k1P coWp > k1P cocflw and, similarly, z > k1+8 cocglvk. Then (3.5) holds for k > max (1, (calcl)Hﬁ , (calcz)Hﬁ) .

Notice that, by the assumptions on %, A4 (.,s) € L? (Q) for any s > 0. Thus, by Proposition 3.2, problem (1.1) has a solution u*
such that u < u* <u, which, since u > v, and u # v, , contradicts the property of v, stated at the beggining of the section. [
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4. Some facts about a class of principal eigenvalue problems

In this brief section we recall some facts concerning a class of principal eigenvalue problems with singular potential and weight
function, which we will need to prove Theorem 1.6.

Definition 4.1. Let B :={b:Q —R: 83bc L™ (Q)}, and for b € B let ||b| 5 :=||83b]| .,
andlet BT :={beB:b>0inQ}and P:={meL”(Q):m>0a.e.inQ}.

Notice that B provided with the norm ||.|| is a Banach space.

Remark 4.2. For b € B™ and m € P consider the principal eigenvalue problem

—Az+bz = pmzin Q,
z=00n0Q, 4.1)
z>0inQ

where p € R and the equation is understood in weak sense, i.e., 7 € H(% (Q) and

/Q(<V27V(P>+bZ<P):P/QmZ<P

for any @ € H} (Q). Notice that, although b may be singular at S (for instance 552 € BT), by ([43], Theorem 4.1), the
principal eigenvalue of (4.1) exists, is unique, positive, and simple. In order to emphasize its dependence on m and b, we will
denote such a p by py, . Similarly, we will denote by ¢y, j, its positive eigenfunction normalized by H Om b ||2 = 1. In addition,
by ([43], Theorem 4.3), pyp, is given by the usual Rayleigh’s variational formula

weH! (@)\{0} Jomw?

4.2)

Remark 4.3. Let P and B be as in Definition 4.1, with P provided with the topology inherited from L (Q) and BT endowed
with the topology inherited from the Banach space B. Then, by ([43], Theorem 4.5) we have:

i) The map (m,b) — py.p is continuous from P x B into R.

ii) The map (m,b) — @y, is continuous from P x B into H} (Q).

Definition 4.4. Let ¥ be as in Remark 1.5 and let Ug be as given by Definition 2.8. Foru € Ug, x € Q, and 6 € (0,%), let

bu (x) := Ba(x)u P~ (x)
and let
NP (x) := ohy (x,u(x))

where hs (xvt) = %h:t'

Remark 4.5. Let X be as in Definition 4.4 and for o € (0,X) and u € Ug, consider the principal eigenvalue problem
—Az+Bau Bz =rohg(u)zin Q,

z=00ndQ, 4.3)
z>0inQ,

which is, with the above notations, the problem

—Az+b,z=rN°"zin Q,
z=00n0dQ, 4.4
z>0inQ,

Notice that since u € Ug and & € (0,X) then b, € B* and N°" € P. Indeed, since 0 < a € L* (Q) and u € Ug there exists a

constant ¢ > 0 such that 0 < b, < c‘PEBfl. Thus b, € B*. In fact, let Wg be as defined by Definition 2.3 and let 6o be defined
by (2.1). Then (since 0 < a € L™ (Q)):

i) If0 < B < 1then ¥g = 8q and so 83b, < CSé‘I’[;ﬁfl = c3;;ﬁ eL”(Q),

ii) If B =1 then Wg = 8¢ (log (%))% and so 83b, < c5522‘1152 =c <log (%))

1
€L (Q),
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o (B+D1lp

iii) If 1 < B < 3 then W = 85" and so 83b, < c63¥;P ™' =638, L™ (Q).

Therefore, for any B € (0,3) and u € Ug, we have b, € B*. On the other hand, N°" = chs(.,u(.)) and so, from the
assumptions on h stated at the introduction, it is clear that N°* > 0 in Q and that N°* € L* (Q), and so N°* € P.

Then, by Remark 4.2, problem (4.3) has a unique principal eigenvalue r = pyo.u p,, Which is unique, positive, simple, and it is
given by the corresponding Rayleigh’s variational formula.

Remark 4.6. In order to simplify the notation the principal eigenvalue of problem (4.3) will be denoted, from now on, by rg
(instead of pyou p, ), and its normalized positive principal eigenfunction (normalized by requiring ||.||, = 1) will be denoted by
¢G,u (instead of ¢NG=“,hu)~

We will need also the following lemma

Lemma 4.7. Let Yg and Ug be as given in Definition 2.8 and let u € Ug. Let ¥ be as in Remark 1.5 and let 6 € (0,X). Let
{Gj}jeN and {uj}jeN be sequences in (0,X) and Ug respectively, and assume that {Gf}jeN converges to ¢ and that {uj}jeN
converges to u in Yg. Then

i) {b“.i}jeN converges to b, in B.

ii) {N®iti } jen converges to N%" in L™ (Q) .

iii) {ro'j_’uj}jeN converges to rg , in R and {¢".f=”/}jeN converges to Qg ; in H(} (Q).

Proof. Let Wg be as given by Definition 2.3. Since u € Upg there exists ¢ > 0 such that
u> c‘Pﬁ in Q. 4.5)

Let Yg and ||. Hyﬁ be as given by Definition 2.8, and let B'S (u,%) be the open ball in Yg centered at u and with radius §. Thus

for any z € B'8 (u,5) we have H‘PEI (z—u)

< % andsoz>u— %‘I’ﬁ > (c— %) ‘PB = %‘I’ﬁ in Q. Now, {uj}jeN converges
to u in Yg and so there exists jo € N such that u; € B" (u,5) forany j > jo. Then

u; > %l}'ﬁ in Q for any j > jo. (4.6)
Let buj and b, be defined by Definition 4.4. Observe that, for j € N,

|5$22buj —Sébu| = ’ﬁa&% ((u;ﬁ_l —u_ﬁ_1>)‘ <c

82 (u;ﬁ_lfu_ﬁq)’ inQ, 4.7
where ¢ = f3 ||al|., is a positive constant independent of j. Now, for x € Q, the mean value theorem gives that
w7 )~ P ) == (B+1) 6,7 (uj (1) —u () (438)
for some number 6, belonging to the open segment with endpoints u; (x) and u (x), and so, by (4.5) and (4.6),
0> %‘Pﬁ (x) in Q for any x € Q whenever j > jo. 4.9)

Therefore, from (4.7), (4.8), and (4.9), we have, for any j > jo,

c(B+1)83 |u;—ul _ ,szzlPB ‘\PEI (“j_“)‘

B+2 ¢ B+2
(5wp)"" Wy

’(ngzbuj - 65221714‘ S

= /83w, P! ‘wlgl(uj—u)’ in Q, (4.10)

with ¢’ a positive constant independent of j. Direct computations using the definition of the functinos Wp give that
3w, e (@), (4.11)
Then, by (4.10) and (4.11) we get

‘552117”/. - 5§22bu| <"

‘PEI (uj—u)

in Q,

with ¢’ a positive constant independent of j, and since {u J'}j cp converges to u in ¥g we have also that lim; . H‘PEI (uj—u) Hw =
0 and then

lim |866.,; — 8abull., = 0
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which gives that {b,; }jeN converges to b, in B. Thus i) holds

Let us see that {N%"/} ;. converges to N%* in L™ () . Since each Wg is bounded, lim; .. H‘PEI (uj—u) H = 0 implies that

oo

tim [~ =0

Also u € L~ (Q) (because lI‘Elu € L*(Q)). Then {”.f}jeN is bounded in L™ (Q) . Thus there exists M > 0 such that |ju||., <M

and Hu]Hm < M for all j € N. Then for each j there exists E; C Q such that |Ej‘ =0and0<u; <Min Q\Ej, and there exists
ECQsuchthat [E[|=0and 0<u <M in Q\E.Let F:= EUUjenE;. Then |[F|=0,0<u<MinQ\Fand0<u; <M
in Q\ F for all j € N. Now, by our assumptions on / stated at the introduction, there exists a constant M* > 0 such that
|hs (x,2)] < M* and |hgs (x,2)| < M* for any (x,7) € Q x [0,M]. Then by the triangle inequality and the mean value theorem we
have, for any x € Q\ F and for all j € N,

N5 (x) = N (x)| = | 0jhs (x,u (x)) — Ohg (x,u(x))]
<|(0j— 0) hy (x,uj (x))| + | ohy (x,u (x)) — Ohy (x,u(x)) (4.12)
< |(6j—0)| |hs (x,u; (x))| 4 0 | s (x, §jox) | |uj (x) — u(x)

where (; , is a number belonging to the open segment with endpoints u; (x) and u (x) . Then, for x € Q\ F and for all j € N,
‘hm (=, C/}x)’ < M* and so, for such x and j, (4.12) gives

NI (x) = N (x)| < M |0 — 0]+ OM" Ju; (1) —u ()

which, since lim; e [[u; —ul|_ = 0 and lim; . 6; = o, implies that {N%"i} ;_y converges to N®"m in L= (Q). Thus ii)
holds. Now, iii) follows from 1), ii), and Remark 4.3. O

5. Proof of the main results

We fix, for the whole section, X as given by Remark 1.5.

Definition 5.1. Let Yg and Ug be as in Definition 2.8, and let S : (0,X) x Ug — Yg be defined by
SOhyu)i=u—(—A)" (au*ﬁ +)Lh(.,u)>. 5.1)

By ([37], Lemma 3.3) we have au™ P +Ah(.,u) € H1(Q), and (—A) ' (au_ﬁ +Ah(2,u)) € Yg forany (A,u) € (0,£) x Ug,
therefore S is well defined. Moreover, by ([37], Lemma 3.7), ([37], Corollary 3.8), and ([37], Lemma 3.9) (all of them
applied with f(4,.,s) := Ah(.,s) ) the operator S is continuously Fréchet differentiable in (0,X) x Ug, and its differential at
(A,u) € (0,X) x Ug, denoted by DSy ), is given by

DS(A,M) (Ta W) =y- (_A)71 (_ﬁa‘l”fﬁfl + Th(.,l/t) + Wl% (,M)) ) (52)

and its partial derivative D2S(; .,y at (A, u) (i.e. the Fréchet differential at u, of the mapping v — S(4,v)) is given by

DaS(a () = v (=) ((~pau P 125 () w) 53)

We recall that, as said in Remark 4.6, the principal eigenvalue of a problem of the form (4.3) will be denoted by r¢ .

Remark 5.2. In ([37], Lemma 5.17) it is proved that if A € (0,X) and if uy is the minimal solution (as provided by Remark
1.2) of (1.1) then,

T, > 1.

where 1y, denotes the principal eigenvalue of problem 4.3, taking there u = u . By using this fact and a maximum principle
with weight function given by ([37], Lemma 4.4), in ([37], Lemma 5.18) it was proved that

DaS(u,) : Yp — Yp is bijective.

An inspection of the proofs of lemmas ([37], Lemma 5.17) and ([37], Lemma 5.18) shows that they work also if uy, is replaced
by any weak solution u of (1.1) such that u < v, and u # v,

Lemma 5.3. Let A € (0,X), and let u be a weak solution of (1.1) such that u # v, then:
i)ry,>1.
i) DQS(LM) : Y[; — Y[; is bijective.



Fundamental Journal of Mathematics and Applications 99

Proof. By Lemma 3.6) we actually know that u < v, for any weak solution of (1.1), then the lemma follows from Remark
52 O

Now we can prove the following

Lemma 5.4. Let A € (0,X), and let u be a weak solution of (1.1) such that ry , > 1, then there exist € > 0 and an open set
V CYgsuchthatu €V C Ug and if J := (A — €,A +€) then:
i)J C (0,X) and for any 6 € J there exists a unique & (G) € V such that

{ §(0,¢ (o)) =0,
EA)=u.
Moreover, £ : J — Yg is continuously differentiable, and its derivative &’ satisfies, in weak sense, for any ¢ € J,
{ ; ((é)’( ) =" Pa(e ()" WPIE (o) +h(.&(0)+ 0% (.E(0))E (0) inQ, 5:4)
o)=0on

ii) ro g(g) > 1 forany o € J.
iii) 0 — & (o) is nondecreasing on J.
V) O = I's £ (o) IS nonincreasing on J.

Proof. The first assertion of i) follows from Lemma 5.3 and the implicit function theorem and, since S (o,& (6)) = 0 for any
o € J,(5.4) follows from (5.2) and the chain rule.

To see ii), observe that, by i), ¢ — £ (0) is continuous from J into Yg. Then, by lemma 4.7, ¢ — T'6.E(0) is continuous on J.
Thus, since r, > 1, by diminishing € if necessary, we get that 5 ¢() > 1 for all o € J. Thus ii) holds.

Let us see iii). We rewrite (5.4) as

{ —A(&'(0))+Ba(§(0)) P1E (0) =NoE@E (o) +h (& (0)) in Q,
&' (o) =00n0Q.

Then, since 4 (.,§ (0)) > 0 and 74 ¢() > 1, the maximum principle with weight stated in ([37] Lemma 4.4 ii)) gives that
&' (o) > 0forany o € J. Thus 6 — & (o) is nondecreasing on J, and so iii) holds.

To see iv), observe that for o, T € J such that o < T we have, by iii), £ (6) < £ (1) in Q, and so, by the assumptions on A
stated at the introduction,

N7EO) = 6 (£ (0)) <o (LE (M) < To (£ (®) =NED ine
Then
 R|vePBag@) 2] [V Bag (e P2
540 i) JaNos(0)22 = i@ o) JaNTe@)22, e
and thus iv) holds.

Let us recall the Hardy’s inequality (see e.g., [45], p. 313):

[z 2
orperi@) VOl

Lemma 5.5. Let X be as given by Remark 1.5 and let Yg and Ug be as given in Definition 2.8. Let A € (0,X) and let wg be a
weak solution of problem (1.1) such that wo # v;,,, where v, is the maximal solution of (1.1) corresponding to A =Ay. Then
there exists € > 0 and a function © : [0, + €) — Ug such that

i) ® ()\0) =Wwy.

i)®eC' ((0,A0+¢€),Yg)NC([0,A0+€),Yp).

iii) S (6,0 (0)) =0 for any o € (0,19 +€)

iv) ®(0) = ug with convergence in Yg, where ug is the (unique) weak solution of (1.1) corresponding to A=0.

Proof. Let G be the family of the pairs (J,&;) such that:

1) J is an open interval in R, J C (0,X), and A9 € J.

2) & e C' (1,Up). & (X)) = wo, and S (0,&; (o)) =0 forall o € J.
3)reg,c) > 1forany o € J.

4) 0 — &; (o) is nondecreasing on J
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5) 6 = 15 ¢,() 1S nonNincreasing on J.
By Lemma 5.4, G # @. Notice that, since & € C! (J,Up) then, by Lemma 4.7,

O — g & (o) 1s continuous on J. (5.5)
We claim that:
If (J,£)€e9,(Us, &) €S, andJNJ, # @, then & =&, inJNJ,. (5.6)

Indeed, let F:={oceJNJ.:&(0)=E&;,(0)} Then Ay € F and so F # &. Also, since &; and &;, are continuous in their
respective domains, F is closed in J NJ,. Moreover, if ¢ € F then, by the uniqueness assertion of Lemma 5.4 i) (used taking
there A = o), there exists € > 0 such that (0 —&,0 + &) C F, and so F is open in J NJ,. Then, since JNJ, is a connected set,
we conclude that F = JNJ,, and thus & = &;, inJNJ..

Let ] :=Uj,(;&,)eg/- Since I is a union of open intervals contained in (0,X), and all of them contain 4y, it follows that

I is an open interval, I C (0,X), and Ay € 1. (5.7)
Let ©® : I — Upg be defined by
O(0):=¢&; (o) if o € J for some (J,&;) € G. (5.8)
By (5.6) ® is well defined on [ and, from 2) and (5.8),
®eC! (1,Ug), and S(0,0(0)) =0 forall o €1, (5.9)

(Later, within the proof of the lemma, we will define also ® (A.), where A, is the left endpoint of 7, and we will show that @ is
continuous at A.. and that A, = 0). For o € 1, let (J,&;) € G such that ¢ € J. From (5.8) we have 75 g(5) = 75 ¢,(c) and, by
3), ro.&(0) > 1. Then,

T6.0(c) > 1 for any o € J. (5.10)

Suppose thatt € I, s € I, and t < s < Ay, and let (J,&;) € G such that 7 € J. Then s € J, and so, since by 4) £, is nondecreasing
on J, and taking into account the definition (5.8) of ® we have © (1) < ®(s). Then

® is nondecreasing on /. 5.11)
For ¢ € I, let N°®(°) be defined as in Definition 4.4, that s,
N9 (x) = ohy (x,0(0) (x)) for any x € Q.

Now, @ is nondecreasing on I and, by the assumptions on 4 stated at the introduction, for any x € Q, the mapping s — A (x,s)
is nondecreasing , then, for any x € Q,

6 — N°9() (x) is nondecreasing on 1. (5.12)

On the other hand, by the Rayleigh’s variational formula for principal eigenvalues we have, for ¢ € I,

Jo |1V +Bao (0) P71 2]
From this expression, and taking into account (5.11), (5.12), and that N°©(®) is nonnegative for any o € 1, it follows that
the mapping 6 — r; () is nonincreasing on /. (5.14)
Notice that, from (5.7), (5.9), (5.10), (5.11), and (5.14) it follows that
(1,®)e§ (5.15)
Notice also that, since ® : [ — UB is continuous then, by Lemma 4.7,

0 — I'.@(c) 18 continuous from / into R (5.16)

In addition, since ® € C! (1,Ug) and S(0,©(0)) =0 for all 6 € I, then from (5.2) and the chain rule we have, for any ¢ € I,

{ ~A(® (06)) = —Ba(® () "P @ (6) +1(.,0(0)) + 0% (.,0(0))® (0) in Q, 5.17)

@' (0)=00n0Q..
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Since for any ¢ € I, ® (o) is a weak solution of (1.1) (taking there A = o) we have, in weak sense,

~A(©(0))=a(©(0)) P +0n(.0(0)) >a(®(c) P inQ,
®(c)=00n0dQ (5.18)
O(0o)>0in Q.

On the other hand, the (unique) weak solution uq of (1.1) corresponding to A = 0 satisfies

7Au() =a (uo)_ﬁ in .Q,
up =0 on dQ (5.19)
up > 01in Q.

Then, by Lemma 2.1 ii), ® (o) > u for any ¢ € I and, by Lemma 2.10 iv), there exists a positive constant ¢, such that
ug > c*‘Pﬁ (with ‘Pﬁ given by Definition 2.3). Then, for any o € I,

0(0) > c.¥p in Q. (5.20)

Let A, and A* be such that I = (A,,A*). By (5.11), 6 — © (o) is nondecreasing on I, and clearly ® (¢) > 0 in Q (because
0 (o) € Up). Then there exists the pointwise limit lim,_, © (o). Define, for x € Q

O (L) (x) ;= lim O (o) (x). (5.21)

o—Ax

We are going to show the following three facts:
A) O (4.) € Up.
B) lims_,;, ®(0) = ©(A«) with convergence in Yg.
C) ©(A) is a weak solution of (1.1) corresponding to A = A,.
From (5.20),
®(A.) > ¥y in Q. (5.22)

Also, ® (o) < ©(A) for any 6 € (A, 49) and, since O (49) € Ug we have © (Ay) < c..'¥g for some positive constant c..,
then

0O < cx¥p in Q. (5.23)
Now, for any o € I,

{ ~A(©(0)) =a(®(c)) P +0h(,0(c) nQ,

®(c) =00n 9, (5.24)

and so, for A, < 0 < T < A9 we have, in weak sense,

{ ~A(O®(1)-0(0))=a(®P(1)-07P(0)) +h(.,0(1)) — 0h(.,0(0)) inQ,
®(1)—O®(0) =00nJQ.

Then, by taking ® (7) — ®(0) as a test function in the above equation we get

[Ivem-e@)=[a(0Fx)-0"©)©F-0(0)+ [ (©)-0(c)(th(.0()-0ch(.0(c))
g/Q(®(r)—®(0'))(rh(.,(~)(1))fch(.,G)(G))) (5.25)

where, in the last inequality, we have used that ® (c) < ©® (7). Now, 0 < ®(0) < 0@ (1) < O (A) then, by our assumptions on
h’

0<7h(,0(1)) - 0h(,0(0)) < Ah(,0(k)) € L7(Q),
and thus, since there exists the (finite) pointwise limit lims ., ® (o), we have

lim (©(t)—©(0))(th(.,0(1)) — 6h(..0(c))) =0 ae. in Q.

0, T Ax

Also,

0<(0(1)—0(0))(th(.,0(1)) — 0h(.,0(0))) <O(A)Ah(.,0()) ae. inQ,
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and, by our assumptions on / stated at the introduction and by Lemma 2.10, ® (1) A4 (.,® (1)) € L' (Q). Then, by the
L:ebesgue’s dominated convergence theorem,

lim (®(1)—0(0))(th(.,0(1)) —0ch(.,0(0))) =0

0,71 JQ

Thus, by (5.25), limg ;3. [|©(7) _®(O-)HHJ(Q> = 0 and so, by the Cauchy criterion, there exists { € H] (Q) such that

lim;_,,+®(c) = { with convergence in H} (Q). Since lim_, s+ ©(0) = O (A,) with pointwise convergence in Q, we have
{=0(A.). Then

O(A) € H} (Q) and lim @ (c)=@(A,) with convergence in H; (Q). (5.26)

oA
Moreover, from (5.22), (5.23) and (5.26), we have
0O () € Ug.
Let us show that, in weak sense,

—A@ (L) =a(® (1) P + A4 (,0(A)) inQ,
{ ®(A) =0o0ndQ. (5.27)

Indeed, let ¢ € H} (Q). Since lim;_,;+©(0) = O (A,) with convergence in H} (Q), we have
lim [ (v0(0).Vg) = [ (VO(L.).Ve).
oA JQ Q

Also,

lim a(®A.) Po=a(@©) Poaein

oA

and, since a € L (Q) and © (4,) > c/‘I‘ﬁ with ¢’ a positive constant, we have, for 6 € (4,1),

a.e.in Q,

’a(G(M)’B <p\ < \a(@(/l*))*ﬁ <p] < ¥, o = coa¥,” ‘(;’;

with ¢ a positive constant independent of o. By Remark 2.4 we have 69‘}’513 € 1?(Q), and then, by the Holder’s and the
Hardy’s inequalities,
So¥ ;"
fpa%

and so SQ‘PEB ‘%‘ € L' (Q). Thus, by the Lebesgue’s dominated convergence theorem, [, a (® (7@))7!3 ¢ €L'(Q) and

< [Jaa,?,

<
2

A % B oo
0q dq %%y Hz ”‘PHH&(Q) <

lim [ a®P(c)p= /Q a® P (1) 0. (5.28)

oA JQ
Also, by the assumptions on / stated at the introduction, and since lim;_,, + ® (o) = ® (4.) pointwise in Q, we have

lim oh(.,0(0))e=AAh(.,0(L)) @ ae. inQ. (5.29)

oAt

In addition, for A, < 6 < Ay, we have [6h(.,0(0)) ¢| < Aoh(.,0(X))|¢@|. By Lemma 2.10, © (1) € C (Q) and then, by
our assumptions on /, Ao (.,® (Ay)) € C (Q) . Therefore Aok (.,0 (X)) || € L' (Q) and thus, by the Lebesgue’s dominated
convergence theorem, A,/ (.,® (1.)) ¢ € L' (Q) and

fim Gh(.,@(c))(p:/Q/I*h(.,@(l*))(p. (5.30)

oA JQ

By (5.24) we have, for any 6 € 1

. (v0(0).v9) = [ a0 P (0)9+ [ on(.0(0))0
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and then, from (5.28), (5.29), and (5.30), by taking the limit as ¢ — A" we get

= a -B . .
| v0(2).v0) = [ a0 F (1) o+ [ Ah(.0(1)9

Thus O (A,) is a weak solution of (5.27).
Now we show that lim_,; + ® (0) = © (4.) with convergence in Y. To do it, it is enough to see that

@ (0)|,, < <. (531)
Ges&gl)l! (0)ly,

Indeed, if (5.31) holds, then, for A, < 6 < T < A,

o(0)-0()l, = | [ &' was

T
< o ds<|t—o o (c ,
o S L @l ds<le—ol s o/ @),

s

and so by (5.31) and the Cauchy’s criterion, there exists & € Yg such that lim P C) (o) = & with convergence in Y5, and
since © (o) converges pointwise to ® (A.) we have & = ® (A.) and so lim_,, + ©® (0) = @ (4.) with convergence in Yg.
To prove (5.31) observe that, for 6 € (4,,1), ® (o) satisfies, in weak sense,

{ ~A®' () +Ba® P~ (5)0 (6) - 09 (.,0(0))® (6) =h(.,0(0)) inQ, (5.32)

®'(0)=00n9dQ.
Since @ (o) <O (4), 0'% (,0(0)) < 20% (,O(X)),and i (.,0(0)) <h(.,0(L)), (5.32) gives that, in weak sense,

{ —A® (6) +Ba® B~ (1)@ (o) —A{)% (,0(1))0 (0) <h(.,0(X)) inQ, (5.33)
®' (6) =00n0dQ. ’

Also,

{ —A® (%) +Ba® P~ (2)©' (Ro) — A0 5% (,© (%)) @ (A) = h (. (o)) in 2, (534)
@' (%) =00n0Q, ’

and so, since N4%-©%0) = 201 (.,®(Ap)) and Pyio () oz > 1 from (5.33), (5.34) and the maximum principle of ([37] Lemma

0(%)
4.4 ii)) it follows that @' (o) < @ (Ay) a.e in Q. We have also @' () > 0 a.e in Q (because 6 — O (o) is nondecreasing).
Therefore

H\Pg‘@’(o)Hm < cforany 6 € (A, o) (5.35)

where ¢ ;= H‘PEIG)' (o) H (note that ¢ is finite because ®' (o) € Yp). In particular, (5.35) gives that for some constant ¢’ > 0,

1© (0)]|,, < ¢’ forany 6 € (A, ). (5.36)

From (5.32) we have also
LIve/ @) == [ a0 ! (0)(€/ (o)) + /Qc%(-,@(o)) (€/(0))"+ [ (.©(c))@'(0)
< [ 051 (.0(0) (€ (0))+ [ (.0 (1)) (0)
gM/Q (@’(G))Z—I—M/QG)’(G)
where M;= Hz{)% (., (X)) Hm + |1(..,®(Ao))||.... Then, taking into account (5.36), we conclude that for some constant
>0,
18 (0)| g3y < ¢ for amy & € (A, o).

which jointly with (5.35) gives (5.31).
Now we show that A, = 0. We proceed by the way of contradiction. Suppose A* > 0. Then, since 3, @(2,) > 1 and since,
by 5’), 0 — 15 @(¢) 1s nonincreasing on /, we have r_g(1,) > 1. Thus, by Lemma 5.4 there exists € > 0 such that ® has an
extension (still denoted by ®) to I := (A« — €, A*) such that (I;,®) € G, which contradicts the definition of A.
Then A, = 0, and so, by (5.27), ® (A,) = up (where u is the unique solution of (1.1) for A = 0).

O
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Proof of Theorem 1.6. We proceed by the way of contradiction. Let X be as given by Remark 1.5. Let 49 € (0,Z) and let uy,
and v, be the minimal weak solution and the maximal weak solution, respectively, of problem (1.1) corresponding to A = Ao.
Then uy,, # v;,. Suppose, by contradiction, that there exists a weak solution w of (1.1, corresponding to A = Ay such that
uy, #w# v, . By Lemma 5.5, applied with wo = w, there exists a function ® € C' (0,4 +€),Up) NC ([0, +€) ,Ug) such
that ® (A9) = w, © (0) = ug (Where g is the unique weak solution of (1.1) corresponding to 4 = 0), and such that 75 g(5) > 1
for any o € (0,4), and with ® satisfying, in weak sense and for any ¢ € (0, 1),

~A(®(0)) =a® P (c)+0oh(.,0(0)) inQ,
©(c)=00n0Q,
O(c)>0in Q.

Again by Lemma 5.5, but applied now with wy = uy, , we have that, for some & > 0, there exists a function ® €
C' ((0,A0+€"),Us) NC([0,A0+€'),Up) such that @ (Ao) = uy,,

@ (0) = up where, as above, u is the weak solution of (1.1) for A = 0, and such that ro.w(c) > 1 forany o € (0,49), and
satisfying, in weak sense and for any o € (0,1),

~A(®(0)) =a® P (6) +oh(.,®(0)) in Q,
®(0)=00ndQ,
®(c)>0in Q.

Observe that, since w # uy,, then
O(0)# (o) forany o € (0,4). (5.37)
Indeed, let

Ao :=sup{n € [0,40] : ©(n) =@ (n)}. (5.38)

We claim that A,.. = 0. In fact, since ® () = w # Uy, =P (A0) , and since ® and ® are continuous at Ay we have, necessarily,
A < Ag. If Aes > 0 then Ay € (0,2) and so Tr.®(4) > 1. Thus Lemma 5.4 can be applied taking there A = A, and
u = 0O (A..) to obtain a number & > 0 and an open neighborhood V' of @ (1. ) in Y such that for any & € (Ax — €, Ais + €) there
exists a unique £ (o) € V such that S (o, & (o)) = 0. By diminishing € if necessary, we can assume that (A, — €, Ay +€) C
(0, 4) . From the continuity of ® and ® at A, and from (5.38), we have that ® (A.,) = ® (A..) € V and so, § positive and small
enough, we have that if A,. < 0 < A, + 0 then ®(0) # ® (o) and also S (0,0 (0)) = S(0,P(0)) = 0, which contradicts
the uniqueness assertion of Lemma 5.4. Thus 4., = 0 and so (5.37) holds.

Now, for 6 € (0,4),

~A(0(0)~@(0)) =a((0(0)) F — (@(0)) #) + 6 (h(.0(0) ~h(.®(0)) inQ, 5.39)

O(c)—®(c)=00n0Q,

and, by the mean value theorem, ¢ (h(.,®(0)) —h(.,®(0))) = G% (.,Ns) (®(0)—®(0)) for some function N such that,
for x € Q, N (x) belongs to the open segment with endpoints ® (o) (x) and ® (o) (x).

Since 0 <O (0) <O(A) and 0 < P (o) < P (A), and since @ (Ag) and P (Ay) belong to L= (Q) (because they belong to
Yg) then there exists a positive constant M} such that 0 < s < M, for any o € (0, 4). Then, from our assumptions on £, it
follows that there exists a constant M such that ’% (-, 770)‘ < M for any ¢ € (0,49). Then, for such o,

Now we take the test function ¢ = @ (c) — @ (o) in (5.39) to obtain

10(0) (o) ly0 = [ (©(0) 7 ~(@(0) ") ©(0) =@ (0))+ [ 6(h(,0(0)~h(-®(0)))(®(0) ~®(0))

Q
< [ olh(.0(c)~h(,@(0))]0(c) - (o)

<oM [ (0(c)-@(0))’

2 2
< oM} (|0 (0) ~ @ (0) 3 o
where cp is the constant of the Poincaré’s inequality in Q, and where in the first inequality we used that s — as# is
nonincreasing and, in the second one, the Poincaré’s inequality was used. Then, since ® (¢) # ® (o) for any 6 € (0,49) we
conclude that 1 < oMc? which, by taking lim,_,o+, gives a contradiction that completes the proof of the theorem. O

Remark 5.6. An inspection of the proof given for Theorem 1.6 shows that, if w is a weak solution of (1.1) then, in order to
construct the function © (and to prove its properties), the assumption w # v, was used only to guarantee that Py, > 1.
From this fact one gets that if for some A € (0,X), T3y, > 1 then, proceeding as in the proof of Theorem 1.6, a contradiction is
reached. Therefore necessarily ry, ,, <1 for any A € (0,%).
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6. Conclusion

For a C? and bounded domain Q in R”, n > 2, we considered the problem
—Au=au P +An(,u)inQu=00n0Q,u>0inQ, (6.1)

where A is a nonnegative parameter and the solutions are understood in weak sense. Under the assumptions H1)-H6) stated
at the introduction our main result can be readed as follows. If for some A > 0 the above problem has at least two weak
solutions, then it has exactly two weak solutions (which belong to H} (Q) NC! () NC (Q)), namely, a minimal solution u;
and a maximal solution v, , such that u; # v, and u; <v, in Q. This fact, combined with known previous results leads to the
following statement: There exists £ > O such that:

For A = 0 and A = X there exists exactly one weak solution,

For 0 < A < X there exists exactly two weak solutions in Hj (Q),

For A > X no weak solutions exist.

Let us stress that although there are many results concerning existence and multiplicity for solutions of singular elliptic
problems, exact multiplicity results are far less abundant in the literature .

Our result complements known multiplicity results for these kind of singular problems. As an example, it applies, for instance,
when n > 2, a € C(Q) is strictly positive in Q and h(x,s) = Y71 bj(x)sPi with bj € C (©), such that b; > 0 in Q, and
l<pi<pr<..<pm< % (with the convention that :%% =ooifn=2).

Some possible future directions of research include:

i) Study problem (6.1) in cases where the coefficient a of the singular term of the equation is singular at d (Q) in order to
obtain, again in some of these situations, exact multiplicity results.

ii) For B > 0 arbitrary search for exact multiplicity results for solutions u € C? (Q)NC (ﬁ) of problem (6.1).

iii) Investigate the situation when, under suitable assumptions, the Laplacian is replaced by the g—Laplacian in (6.1) for some
1 <g<oo.

Other interesting questions remain. For instance:

By ([36], Theorem 1.2) A — u; is nondecreasing on [0,X], and by ([35], Theorem 1.2), A = 0 is a bifurcation point
from oo for problem (6.1). Then, since for A € (0,A) u; and v, are the unique solutions of (6.1), one could suspect that
limy o+ ||vy, ||C(§) = oo, and that the map A — v, is non increasing on (0,X] . It would interestig to prove these fact (if true).

It would be also interesting to investigate the regularity properties (if any) of the mapping A — v;,.
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