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Abstract. In this paper, we give a new complex deformable derivative and

integral of order λ which coincides with the classical derivative and integral

for the special values of the parameters. We examine the basic properties of
this derivative and integral. We also investigate the basic concepts of com-

plex analysis for the λ-complex deformable derivative. Finally, we give some
applications.

1. Introduction

The derivative of a complex-valued function is defined as a certain limit, similar
to the derivative of real-valued functions. The official definition is

f ′(ζ0) = lim
ε→ 0

f(ζ0 + ε)− f(ζ0)

ε
. (1)

For this limit to exist, it must be equal to the same complex number from any
direction. Therefore, the differentiability of a complex-valued function at a point
is more complex than the differentiability of a real-valued function at a point.
See [1, 7].

The fractional derivative emerged in 1965 when Leibniz asked L’Hospital what
does it mean derivative of order 1/2 [3]. Since then, the fractional derivative has
attracted the attention of many researchers. Many fractional derivatives have
been defined so far. An integral form was generally used in these definitions.
Fractional derivatives, introduced by mathematicians such as Caputo, Riemann-
Liouville, Hadamard, Riesz, and Grunwald-Letnikov, are the most popular of the
fractional derivatives. See [4–6] for more information on the fractional derivative.
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In 2014, Khlalil et al. [2] presented a limit-based definition of the fractional
derivative for real-valued functions, similar to the standard derivative definition.
Recently, Zulfeqarr et al. [8] introduced a new derivative called the deformable de-
rivative, similar to Khalil’s definition of the derivative. The conformable derivative
is defined for functions whose domain is zero and positive numbers. Therefore,
this derivative definition lacks to include negative numbers. Deformable derivative
overcomes this deficiency in the conformable derivative.

The aim of this study is to introduce the λ-complex deformable derivative. In
the second section, we give the relationship between λ-complex differentiability
and complex differentiability. In the third section, we investigate the fundamental
properties of the λ-complex deformable derivative. On the other hand, we examine
the fundamental concepts of complex analysis according to this derivative. In the
fourth section, we introduce the deformable integral operator for complex functions
and give some of its properties. In the last section, we give some applications.

2. Complex Deformable Derivative

We first give the λ-complex deformable derivative definition.

Definition 1. Let f be a complex-valued function and 0 ≤ λ ≤ 1. Then the
λ-complex deformable derivative is defined by

Dλf(z) = lim
ε→ 0

(1 + εδ)f(z + ελ)− f(z)

ε
(2)

where λ+ δ = 1.

Note that this definition is compatible with λ = 0 and λ = 1. Because, if λ = 0,
we get D0f(z) = f(z), and if λ = 1, we get Df(z) = f ′(z). In this study, we
assume that 0 < λ ≤ 1 unless otherwise stated.

The first result implies a relationship between the complex differentiability and
the λ-complex deformable differentiability.

Theorem 1. A complex differentiable f at ζ0 ∈ C is always λ-complex deformable
differentiable at that point for any λ. Moreover, we have

Dλf(ζ0) = δf(ζ0) + λDf(ζ0), where λ+ δ = 1. (3)

Proof. By definition, we have

Dλf(ζ0) = lim
ε→ 0

(1 + εδ)f(ζ0 + λε)− f(ζ0)

ε

= lim
ε→ 0

(
f(ζ0 + λε)− f(ζ0)

ε
+ δf(ζ0 + λε)

)
= λDf(ζ0) + δ lim

ε→ 0
f(ζ0 + λε).

Since f is differentiable at ζ0, it is continuous at ζ0. Hence, lim
ε→ 0

f(ζ0 + λε) exist.

Thus, the proof is complete. □
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We know that a differentiable function f is continuous. The following result
gives a similar result for λ-complex deformable differentiable functions.

Theorem 2. If f is λ-complex deformable differentiable at a point ζ0, then f is
continuous at ζ0.

Proof. By hypothesis, the limits lim
ε→ 0

(1+εδ)f(ζ0+ελ)−f(ζ0)
ε and lim

ε→ 0
ε exist and equal

Dλf(ζ0) and 0, respectively. Hence, we can write

lim
ε→ 0

((1 + εδ)f(ζ0 + ελ)− f(ζ0)) = lim
ε→ 0

(1 + εδ)f(ζ0 + ελ)− f(ζ0)

ε
ε

= lim
ε→ 0

(1 + εδ)f(ζ0 + ελ)− f(ζ0)

ε
lim
ε→ 0

ε

= Dλf(ζ0).0 = 0.

Since lim
ε→ 0

(1 + εδ) = 1, we get lim
ε→ 0

f(ζ0 + ελ) = f(ζ0). Thus, f is continuous at

ζ0.
□

Theorem 3. Let f be λ-complex deformable differentiable function at ζ0. Then f
is differentiable at ζ0.

Proof. By the description of complex differentiability

Df(ζ0) =
1

λ
lim
ε→ 0

f(ζ0 + ελ)− f(ζ0)

ε

=
1

λ
lim
ε→ 0

(1 + εδ)f(ζ0 + ελ)− f(ζ0)− εδf(ζ0 + ελ)

ε

=
1

λ

(
lim
ε→ 0

(1 + εδ)f(ζ0 + ελ)− f(ζ0)

ε
− δ lim

ε→ 0
f(ζ0 + ελ)

)
.

Since the function f is λ-complex deformable differentiable at point ζ0, it is con-
tinuous at the same point. Thus, the proof is complete. □

Theorem 4. A function f is λ-complex deformable differentiable at ζ0 if and only
if it is differentiable at ζ0.

Definition 2. Suppose that f is an m-times differentiable at ζ0. For λ ∈ (m,m+1],
λ-complex deformable differentiable at ζ0 is defined as

Dλf(ζ0) = lim
ε→ 0

(1 + ε{δ})Dmf(ζ0 + ε{λ})−Dmf(ζ0)

ε

where {λ} is the fractional part of λ and {λ}+{δ}=1.
By the above definition, if f is (m+1)-times differentiable, we get

Dλf(ζ0) = {δ}Dmf(ζ0) + {λ}Dm+1f(ζ0).
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3. Basic Properties of Complex Deformable Derivative

In this part, we investigate certain properties of λ-complex deformable derivative.

Theorem 5. The operator Dλ provides the following properties:

(a) Dλ(αf(z) + βg(z)) = αDλf(z) + βDλg(z) (Linearity),
(b) Dλ1 .Dλ2 = Dλ2 .Dλ1 . (Commutativity),
(c) For any constant c, Dλ(c) = δc,
(d) Dλ(fg)(z) = (Dλf(z))g(z) + λf(z)Dg(z).

Theorem 6. The operator Dλ possesses the following property

Dλ

(
f

g

)
(z) =

g(z)Dλ(f(z))− λfD(g(z))

g2(z)
.

Proof. We have

Dλ

(
f

g

)
(z) = δ

(
f(z)

g(z)

)
+ λD

(
f(z)

g(z)

)
= δ

(
f(z)

g(z)

)
+ λ

(
(Df(z))g(z)− f(z)(Dg(z))

g2(z)

)
=

g(z) (λDf(z) + δf(z))− λf(z)(Dg(z))

g2(z)

=
g(z)Dλf(z)− λf(z)(Dg(z))

g2(z)
.

□

The following result gives the chain rule for the λ-complex deformable derivative.

Theorem 7. Suppose f and g are λ-complex deformable differentiable at ζ0. Then,

Dλ(fog)(ζ0) = δ(fog)(ζ0) + λD(fog)(ζ0).

Proof. Since

Dλf(ζ0) = lim
ε→ 0

(1 + εδ)f(ζ0 + ελ)− f(ζ0)

ε
= lim

ε→ 0

[
f(ζ0 + ελ)− f(ζ0)

ε
+ δf(ζ0 + ελ)

]
,

we have

Dλf(g(ζ0)) = lim
ε→ 0

[
f(g(ζ0 + ελ))− f(g(ζ0))

ε
+ δf(g(ζ0 + ελ))

]
= lim

ε→ 0

[
f(g(ζ0 + ελ))− f(g(ζ0))

g(ζ0 + ελ)− g(ζ0)

g(ζ0 + ελ)− g(ζ0)

ε
+ δf(g(ζ0 + ελ))

]
= lim

ε→ 0

[
f(g(ζ0) + ε0)− f(g(ζ0))

ε0

g(ζ0 + ελ)− g(ζ0)

ε
+ δf(g(ζ0 + ελ)

]
,
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where ε0 → 0 as ε → 0. We obtain

Dλf(g(ζ0)) = lim
ε0→ 0

f(g(ζ0) + ε0)− f(g(ζ0))

ε0
lim
ε→ 0

g(ζ0 + ελ)− g(ζ0)

ε
+ lim

ε→ 0
δf(g(ζ0 + ελ))

= Df(g(ζ0))λDg(ζ0) + δf(g(ζ0))

= λD[f(g(ζ0))] + δf(g(ζ0)).

The proof is completed. □

Proposition 1.

(a) Dλ(zn) = δzn + nλzn−1, n ∈ R.
(b) Dλ(ez) = ez.
(c) Dλ(sinz) = δsinz + λcosz.
(d) Dλ(logz) = δlogz + λ

z .

We now give the notion of real deformable partial derivatives.

Definition 3. Suppose f(x1, x2, ..., xj) is real function. Then the formula for the
partial derivative of f with respect to xi is given by

∂λ

∂xλ
i

f(x1, x2, ..., xj) = lim
ε→ 0

(1 + εδ)f(x1, ..., xi−1, xi + λε, ..., xj)− f(x1, x2, ..., xj)

ε
. (4)

∂λ

∂xλ
i

f can be also represented f
(λ)
xi .

Theorem 8. Let f(z) = u(x, y)+iv(x, y) be an λ-complex deformable differentiable
at ζ0 = x0 + iy0. Then the λ-complex deformable derivative of f

Dλf(ζ0) = u(λ)x (x0, y0) + iv(λ)x (x0, y0) = v(λ)y (x0, y0)− iu(λ)y (x0, y0). (5)

Proof. Let ε = a+ ib. For b = 0 and a → 0, we get

Dλf(ζ0) = lim
ε→ 0

(1 + εδ)f(ζ0 + ελ)− f(ζ0)

ε

= lim
a→ 0

[
(1 + aδ)u(x0 + aλ, y0)− u(x0, y0)

a
+ i

(1 + aδ)v(x0 + aλ, y0)− v(x0, y0)

a

]
= u(λ)x (x0, y0) + iv(λ)x (x0, y0).

For a = 0 and b → 0, we get

Dλf(ζ0) = lim
ε→ 0

(1 + εδ)f(ζ0 + ελ)− f(ζ0)

ε

= lim
b→ 0

[
(1 + ibδ)u(x0, y0 + ibλ)− u(x0, y0)

ib
+ i

(1 + ibδ)v(x0, y0 + ibλ)− v(x0, y0)

ib

]
= v(λ)y (x0, y0)− iu(λ)y (x0, y0).

Therefore, we have

Dλf(ζ0) = u(λ)x (x0, y0) + iv(λ)x (x0, y0) = v(λ)y (x0, y0)− iu(λ)y (x0, y0).

□
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Corollary 1. Let f(z) = u(x, y)+iv(x, y) be an λ-complex deformable differentiable
at ζ0. Then, u(x, y) and v(x, y) satisfy the λ-deformable Cauchy-Riemann equations
as

u(λ)x = v(λ)y and u(λ)y = −v(λ)x . (6)

The conversely of Corollary 1 is not always true. For example, consider the function

f(z) =

{
(z̄)2

z , z ̸= 0
0, z = 0.

For z = x+ iy ̸= 0, we have

lim
z→ 0

f(z)− f(0)

z
= lim

z→ 0

(
x− iy

x+ iy

)2

.

This limit is equal to 1 when approaching the origin along the real axis, and -1
when approaching along the y = x line. Then the function f is not differentiable
at z = 0. Therefore, f is not λ-complex deformable differentiable at z = 0. On the
other hand, since

u(λ)x (0, 0) = λ = v(λ)y (0, 0)

and

u(λ)y (0, 0) = 0 = −v(λ)x (0, 0)

the λ-deformable Cauchy Riemann equations satisfy at z = 0.

Now we give the notion of an λ-deformable analytic function using a complex
deformable derivative.

Definition 4. The function that is λ-complex deformable differentiable at every
point of an open set U is called to be λ-deformable analytic in U .

Definition 5. A function that is analytic at every point in the complex plane is
called a λ-deformable entire function.

Definition 6. A mapping is called conformal at the point ζ0 if it preserves the
angles between pairs of regular curves intersecting at ζ0.

Theorem 9. Let f be λ-deformable analytic in D. If Dλf(ζ0) ̸= 0 at ζ0 ∈ D, then
f is conformal at ζ0.

4. Complex Deformable Integral

In this section, we introduce λ-complex deformable integral and examine some
of its basic properties.
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Definition 7. Let C be a smooth curve given by the equation z(t) = x(t) + iy(t),
a ≤ t ≤ b. If the function f(z) is defined and continuous on C, then f(z(t)) is also
continuous and we can set

IλCf =
1

λ
e

−δ
λ z

∫ b

a

e
δ
λ z(t)f(z(t))z′(t)dt.

Definition 8. Let f : [a, b] → C be a continuous function. We define λ-complex
deformable integral of f ,

Iλa f =
1

λ
e

−δ
λ z

∫ b

a

e
δ
λ zf(z)dz. (7)

Proposition 2. The operator Iλa f possesses the following properties:

(a) Iλa (bf + cg) = bIλa f + cIλa g,
(b) Iλ1

a Iλ2
a = Iλ2

a Iλ1
a , where λi + δi = 1, i = 1, 2.

Definition 9. Let f be continuous on D. If there exists a function F such that
Dλ(F )(z) = f(z) for every z in D, then F is called an anti-λ-complex deformable
derivative of f .

We now give another version of the fundamental theorem of calculus.

Theorem 10. Let a function f be continuous on a domain D. Then Iλa f is λ-
complex deformable differentiable in D.

Proof. If we set F = Iλa f then we have

Dλ(Iλa f(z)) = Dλ(F (z)) = λDF (z) + δF (z).

Moreover, a particular solution of the differential equation λDF + δF = f is ob-
tained as

F (z) =
1

λ
e

−δ
λ z

∫ b

a

e
δ
λ zf(z)dz.

The proof is completed. □

Theorem 11. Let a function f be continuous on D and F is a continuous anti-λ-
complex deformable derivative of f in D. Then we have

Iλa
(
Dλf(z)

)
= Iλa (g(z)) = f(t)− e

δ
λ (a−z)f(a).

Proof. Since

F (z) =
(
Dλf(z)

)
= λDf + δf

we get

IλaF (z) = λIλaDf(z) + δIλa f(z)

= e
−δ
λ z

∫ b

a

e
δ
λ zDf(z)dz + δIλa f(z)



COMPLEX DEFORMABLE CALCULUS 493

= e
−δ
λ z

([
e

δ
λ zDf(z)

]b
a
− δ

λ

∫ b

a

e
δ
λ zf(z)dz

)
+ δIλa f(z)

= f(z)− e
δ
λ (a−z)f(a).

The proof is completed. □

5. Applications to Differential Equations

The linear first-order λ-complex differential equation can be expressed in the
form

Dλw + p(z)w = q(z)

where ω = f(z) be a complex valued function and p(z) is continuous complex valued
function. Using expression (3), we get

Dω +
δ + p(z)

λ
ω = q(z).

Then commonly written as

ω =
1

µ(z)

∫
µ(z)q(z)dz +

C

µ(z)
,

with

µ(z) = e
∫ δ+p(z)

λ dz

the integrating factor. Thus, we obtain the general solution of the linear first-order
λ-complex deformable differential equation is given by

w = e
−(δ+

∫
P (z)dz)
λ

∫
e
(δ+

∫
P (z)dz)
λ q(z)dz + Ce

−(δ+
∫

P (z)dz)
λ (8)

where C is arbitrary complex constant.

Example 1. Suppose ω = f(z) is λ-complex deformable differentiable function.
Solve

Dλω + ω = 0.

Using expression (3), we can write

Dω +

(
δ + 1

λ

)
ω + ω = 0.

Hence, by using an integrating factor

µ(z) = e
∫
( δ+1

λ )dz = e(
δ+1
λ )z,

we have

ω = Ce−(
δ+1
λ )z

where C is an arbitrary complex constant.
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Example 2. Suppose ω = f(z) is λ-complex deformable differentiable function.
Solve

D
1
3ω + ω = e2z.

Using expression (3), we can write

1

3
Dω +

2

3
ω + ω = e2z,

or equally

Dω + 5ω + ω = 3e2z.

Hence, by using an integrating factor

µ(z) = e
∫
5dz = e5z,

we have

ω = 3e−5z

∫
e7zdz + Ce−5z

=
3

7
e2z + Ce−5z

where C is an arbitrary complex constant.

Example 3. Suppose ω = f(z) is λ-complex deformable differentiable function.
Solve

D
1
2ω +

1

z
ω = z2ω2.

To solve the 1
2 -complex deformable differential equation, the expansion (3) is first

used, and then both sides of the obtained equation are multiplied by ω−2. Then we
have

ω−2Dω +

(
1 +

2

z

)
ω−1 = 2z2.

By substituting ω−1 = η in the above equation, we get

Dη −
(
1 +

2

z

)
η = −2z2.

Since the integrating factor of the last differential equation is

µ(z) = e−zz−2,

we find the general solutions

η = ezz2
∫

e−zz−2(−2z2)dz + Cezz2 = z2(2 + Cez)

where C is an arbitrary complex constant. Thus, its general solution may be ex-
pressed as

ω =
1

z2(2 + Cez)
.
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