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1. Introduction

In this study, all natural numbers are symbolized by N and all non-negative real numbers are symbolized by R . If the dimension of the
range space of a bounded linear operator is finite, it is called a finite rank operator [1].

Throughout this study, E and F represent real or complex Banach spaces. The space of all bounded linear operators from E to F is denoted
by #(E,F) and the space of all bounded linear operators from an arbitrary Banach space to another arbitrary Banach space is denoted by .
The operator ideal theory is a very important field in functional analysis. The theory of normed operator ideals first appeared in the 1950s
in [2]. In functional analysis, most of the operator ideals are constructed via different scalar sequence spaces. s-number sequence is one of the
most important example of this. For more information about operator ideals and s—numbers, we refer to [3—8]. The definition of s-numbers
goes back to E. Schmidt [9] who used this concept in the theory of non-selfadjoint integral equations. In Banach spaces, there are many
different possibilities of defining some equivalents for s-numbers, namely Kolmogorov numbers, Gelfand numbers, approximation numbers,
etc. In the following years, Pietsch developed the concept of s-number sequence to collect all s-numbers in a single definition [10-12].

A map

S:K — (s/(K))

which assigns a non-negative scalar sequence to each operator, is called an s-number sequence if for all Banach spaces E, F, Ey, and Fj the
following conditions are satisfied:

@ ||K||=s1(K)>s2(K)>...>0,forevery K € Z(E,F),

(i) Spr—1 (L+K) <5, (L) +5,(K) forevery L, K € #(E,F) and p, r €N,
@ii) sy (MLK) < ||M||sr (L) ||K|| for some M € B (F,Fy), L€ B(E,F)and K € % (Ey,E), where Ey, Fy are arbitrary Banach spaces,
(iv) If rank (K) < r, then s, (K) =0,

() sy (Ir) = 1, where I, is the identity map of r-dimensional Hilbert space 15 to itself [13].

sy (K) represents the r-th s—number of the operator K.
Pietsch defined approximation numbers, which are frequently used examples of s-number sequence, a, (K), the r-th approximation number
of a bounded linear operator as

ar(K) =inf{ |[K—A| :A€ B(E,F), rank(A) <r},

where K € B (E,F) and r e N[10]. Let K € Z (E,F) and r € N. Gel’ fand numbers (c, (K)), Kolmogorov numbers (d, (K)), Weyl numbers
(xr (K)), Chang numbers (y, (K)), Hilbert numbers (h, (K)), are some other examples of s-number sequences. For more information about
these sequences, we refer to [1].
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Some necessary properties of s—number sequences are given in the sequel.
Let # € % (F,Fy) be a metric injection. If the sequence s = (s,) satisfies s, (K) = s, (_#K) for all K € Z(E,F) the sequence of s-number
is named injective [14, p.90].
Proposition 1.1. [14, p.90-94] The number sequences (¢, (K)) and (x, (K)) are injective.
Let . € #(Ey,E) be a metric surjection. If the sequence s = (s,) satisfies s, (K) = s, (K.%) for all K € # (E, F) the s-number sequence is
named surjective [14, p.95].
Proposition 1.2. [14, p.95] The number sequences (d, (K)) and (y, (K)) are surjective.
Proposition 1.3. [14, p.115] Let K € B (E,F). Then, the following inequalities hold.:
(i) hy (K) <Xxr (K) <c¢r (K) <ar (K),
(ii) hy (K) <, (K) < d; (K) < a, (K).
Lemma 1.4. [11]Let S,K € B(E,F), then |s, (K) —s,(S)| < |[K—S|| for r=1,2,....
Let the space of all real-valued sequences be denoted by w. Then, a sequence space is any vector subspace of ®.
Maddox defined the linear space [ (p) as follows in [15]:

l(p)—{xea): i|x,,p"<°°},

n=1
where(py,) is a bounded sequence of strictly positive real numbers.
If an operator K € % (E, F) satisfies Z (an (K))? < eofor 0 < p < oo, K is defined as an [,— type operator in [10] by Pietsch. Afterward

ces-p type operators which is a new class obtained via Cesaro sequence space are introduced by Constantin [16]. Later on, Tita in [17],
proved that the class of [, type operators and ces-p type operators coincide.
In this paper ¢ denotes the Euler function. For every u € N with u > 1, @(u) is the number of positive integers less than u which are coprime

with u and @(1) = 1. If p{' p5*...pi" is the prime factorization of a natural number u > 1 then

Also, the equality
u=y o)
tlu

holds for every u € N and @(ujup) = @(u1)@(uz), where uy,up € N are coprime [18].
In [19] the sequence space £, (®) is defined as:

é,,(CID):{x:(xn)ea):Z Z(p X

n t\n

<oo} (1< p<oo).

Let E*, the dual of E, be the set of continuous linear functionals on E. The map X® y: E — F is defined as
(¥ @y) () = )y

where x € E, x € E* andyeF.
A subcollection® of 4 is said to be an operator ideal if for each component ¥ (E,F) = ¥ N % (E, F) the following conditions are hold:

(i) ifx €E*,yEF,thenx @y € S (E,F),
(ii) if LK € O (E,F), then L+K € ® (E,F),
i) if Le O (E,F), K € B(Ep,E) and M € B (F,Fy), then MLK € 9 (Eq, Fy) [12].

Let ¥ be an operator ideal and p : ¥ — R™ be a function on . Then, if the following conditions are hold:

(i) if X € E*,y € F, then p <x’ ®y> - HxH E
(i) if 3% > 1 such that p (L+K) <% [p (L) +p (K)];
(iii) if L€ © (E,F),K € B (Ey,E) and M € B (F,F), then p (MLK) < |M||p (L) ||K].

p is called a quasi-norm on the operator ideal ¥ [12].

For special case 4’ = 1, p is a norm on the operator ideal .

If p is a quasi-norm on an operator ideal ¥, it is denoted by [9, p]. Also, if every component ¥ (E,F) is complete with the quasi-norm p,
[¥, p] is called a quasi-Banach operator ideal.

Let [¢, p] be a quasi-normed operator ideal and _# € % (F, Fy) be a metric injection. If for every operator K € Z(E,F) and 7K € ¥ (E, F)
we have K € ¥ (E,F) and p (_#K) = p (K), [$,p] is called an injective quasi-normed operator ideal. Furthermore, let [$}, p] be a quasi-
normed operator ideal and . € B (Ey,E) be a metric surjection. If for every operator K € B (E,F) and K.¥ € O (Ey,F) we have
K e ¥ (E,F)and p(K.¥)=p(K), [0,p] is called a surjective quasi-normed operator ideal [12].

Let K* be the dual of K. An s—number sequence is called symmetric and completely symmetric if for all K € 4, s, (K) > s, (K*) and
sy (K) = s (K*), respectively [12].

The dual of an operator ideal ¥ is denoted by ¥* and it is defined as

O*(E,F)={Ke#B(E,F):K €9 (F",E")}

[12].
An operator ideal ¥ is called symmetric if ¥ C ¥* and is called completely symmetric if % = 9* [12].
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2. Main Results

An operator K € % (E, F) is in the class of s—type £,(®) if

Z( Y o(n)si(k >p<°° (1< p<oo).

n tln
The class of all s—type £,(®) operators is denoted by L, ¢ (E,F).

Theorem 2.1. The class Ly, g is a quasi-normed operator ideal by

N
(Z, (,‘, ;¢<t>s,<1<>> )
1K) = ~— "

- , (1< p<eo).

Proof. In this proof we show that the class L, ¢ satisfies the conditions of an operator ideal and ||K]|| .o satisfies the conditions for a

quasi-norm. Let x € E*and y € F. Then,

’g,l ( %q’ si(x @y )P = (%(P(I)Sz(xI@)y ) (;tz;‘(p si(x @y )p+ (;tz;’(p(t)st(x’®y))p+...
= (ot em) + (Jommten) + (Sommeen) +.
= (sl(x’®y)>p<1+(%)P+(%)P+..,)
< oo,

Since the operator x ®y has rank one, s, (x’ ®y) = 0 for n > 2. Therefore, x ®y € Lpo(E,F).

And also,
oo P %
oy B feoe))
x ®y = 1
’ (nogl (%)p)p
) K ( ®y))p(1+(%)”+(%>p+ )F
(L)
=s1(x ®y) =[x @yl = Ix |l
Hence [[¥ @y = I¥llIyl.

LetL KEL,,q)( F). Then,

F (3Ee00w) <= £ (GLo0nm) <=

n=1 tln n=1 tln
To show that L+ K € L, ¢(E,F), let begin with
Y 0(0)si (L+K) < ¥ (2t — Vsay 1 (L+K) + Y 0(2)s (L+K)

tln tln tln

<Y (921 = 1)+ 9(21)) 521 (L+K)

tln
<Y Co(t)su1(L+K)

tln

< %<z<p<r>s,<m+z<p<r>s,<1<>)

tln tln

since 3% > 1 which satisfies ¢(2r — 1) + @(2t) < G (7).
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By using Minkowski inequality, we get;

. N "\
(Zl (;zm@m) ) gc(z (jlz<p<r>sf<L>+;ansm) )

tln

Hence, L+K € L, o(E, F). Additionally,

p
(,El (}llz (p(t)st(LnLK)) >

IL+K] o= i

==

(£0r) + (50r)
=C[ILllpo + Kl pa)-

Let M € #(F,Fy),S€ L, &(E,F) and K € B(Ey,E). Then,

; <;Z(p(z)s,(MLK)) < ; (;ZW)IIRI&(L)IKII)

tin tin

n=1

) p
< IRIP |71 Y (;Zwr)s,(m) <o

tln
So MLK € L, ¢(Eo Fp). Furthermore,

1

oo p P
< X <,11 ‘Z <P(f)Sr(MLK)> )
n— tn
IMLK]|, ¢ = T
SNAN
(L)
n=1
« P\ ¥
(z (,Lz«za(z)sf(L)) )
n=1 tn
<RIl T = IR, @ K1
o »
(L)
n=1
Therefore, L, o (E, F) is an operator ideal, and || K||, ¢, is a quasi-norm on this operator ideal. O

Theorem 2.2. Let 1 < p < co. [Lp@(E,F), |\K||pﬁ¢,} be a quasi-Banach operator ideal.

Proof. Let E,F be any two Banach spaces and 1 < p < 0. The following inequality holds

- K
X (), ;«p(z)sm)

L)

ag

1Kl pe = = [IK][ = s1(K)

forK € L, »(E,F).
Let (K;,;) be a Cauchy sequence in L, o (E, F). Then, for every € > 0, there exists ng € N such that

1Kn—Killpo < € 2.1
for all m,l > ng. It follows that

[Kn = Ki|| < | K = Kil,, <€
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Then, (K,) is a Cauchy sequence in Z (E,F). B (E,F) i
for K € % (E,F). Now we show that [|Ky, — K|, ¢, = 0asm — e for K € L, o (E.F).
The operators K; — K;;, K — K, are in the class ,%’(E F) for K, K;,K € B (E,F). Then,

|sn (K1 = Kin) — sn (K — Kin)| < |K; — K — (K — K || = |K; — K]
Since K; — T as | — oo that is ||K; — K| < € we obtain
5n (Kj — Kin) = sp (K — Ky) as [ — oo, 2.2)

It follows from (2.1) that the statement

Ph
; 1( I‘Zq)() 5t (K Kz))
||Km7Kl||pﬁ¢’: (l)/’

™38

<€

s

n=

valid for all m,l > ng, From (2.2) the following inequality is obtained.

-
ngl ( t)‘:(P( )St(Km_K)>

<E§, as [ — oo,

Hence we have
[ Km — K|, o < €, forall m > no.
Finally, we show that K € L, o (E,F).

Y o)si(K) <Y @2t — 1)z 1(K) + Y. 9(21)52:(K)

tn tln tln

<Y (@2t —1)+@(21)) 5211 (K — Ky + Kin)

tln

< Z%(P(t)sh—l (K = Kin + Kin)

tn

s%(2¢m&w—ma+z¢w»wm)

tln tn

By using Minkowski inequality; since Ky, € L, ¢ (E, F) for all m and || — K|, ¢, — 0 as m — co, we have

(£ sgromn)) (& (g igooma) )

(s Km)p>"+(2< e )|

which means K € L, ¢ (E,F). O

Definition 2.3. Ler u = (u; (K)) be one of the sequences s = (s, (K)), ¢ = (cp(K)), d = (dn(K)), x = (x,(K)), y = (yn (K)) and
h=(h, (K)). Then, the space Lfy‘g generated via L = (U; (K)) is defined as

L;%(E,F):{KGQEF Z( Y o(6) (K ) oo,(1<p<m)},

n tln

The corresponding norm ||K ||E)“ % for each class is defined as

NG
<Z (L):tp(t)uz(K)> )
G _ \r=r\" i
Ik = .
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a) < yla )

Proposition 2.4. The inclusion L »d S q holds for 1 < p < g < .

Proof. Since [, C I, for 1 < p < g <o we have Ll(ua?b LE,% O

Theorem 2.5. Let 1 < p < co. The quasi-Banach operator ideal [L;)<I>7 HTH;S,ZD} is injective if the sequence s,(K) is injective.

Proof. Letl < p<oandK € #(E,F)and ¢ € % (F,Fy) be any metric injection. Suppose that # K € Lg)q, (E,Fp). Then,

¥ (Zows(sK)

tln

Since s = (s,) is injective, we have

sr(K)=s,(#K) forallK € Z(E,F),r=1,2,.... (2.3)
Hence, we get

P
Z( Y o()si (K > z( Y ol &jko <o
n tin n tn

Thus K € Lif)cp (E,F) and we have from (2.3)

~ P »
L (,,m )»(/T))
|/ Ko = [ =
)
n=1
- pqt
Y | 2 Zo)s(K)
S i N — IIK]|%)
= = =Kl -
£
So, the operator ideal {LS}I,, 1K Hgb] is injective. O

Corollary 2.6. It is known that (c,(K)) and (x-(K)) are injective, therefore the quasi-Banach operator ideals [L‘E;:zb, IK H‘E:Zb} and
{LSTZD, ||K\|1(Dx21>] are injective [14, p.90-94].

Theorem 2.7. Let 1 < p < o0. The quasi-Banach operator ideal [Lf;)q), IIK ng)cb] is surjective if the sequence (s;(K)) is surjective.

Proof. Let1 < p<ecoand K € #(E,F) and .¥ € % (Ey,E) be any metric surjection. Suppose that K. € Lm (Eo,F). Then,

Z( Y ol &Kyo <o

n tln
Since s = (s,) is surjective, we have

s (K)=s,(K) forall K € B(E,F),r=1,2,.... 2.4)
Hence, we get

P p
Z( Y o()si (K > Z< Y ol waQ <o,
tln n tln

Thus, K € LSZD (E,F) and we have from (2.4)

- P ?
zl( FE ol wm)
IKh = | =

n§1< )

- ph

2<;zwﬂ()>

- | = 1)

L)
n=1 "

Hence, the operator ideal [LS,ZI,, IIK Hf;)q)] is surjective. O
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Corollary 2.8. It is known that (d,(K)) and (y,(K)) are surjective, therefore, quasi-Banach operator ideals [L;il()b, |IK ch)p] and [ngb, IK H<py’ ED]
are surjective [14, p.95].
Theorem 2.9. The inclusion relations in the sequel hold for 1 < p < oo:

(i) L% C LYy LV < LU,

(i) LY C L(d) C L(” cLl,

Proof. LetK € L\")._ Then,

B (igoomn) <

tn

where 1 < p < . And from Proposition 1.3, we have;

¥ (1 Xotm(k )gz( Y ol (K )

n t|n tln
(o xeon)
Z ( %‘P ar(K )
e
and
L (3 Zo0n®) <L (o)
<¥(3Ze0am)
SYEHEOAT)E
e
Thus, the proof is completed. 0

(h)

Theorem 2.10. For 1 < p < oo, L‘E:ZD is a symmetric operator ideal, and Lpﬁq, is a completely symmetric operator ideal.

Proof. Let 1 < p < oo,
Firstly, we show that L( @) & 18 symmetric in other words L(a‘)b (L(‘fzp> holds. Let K € Lﬁfc)b. Then,

Z( Y o()ar(K ) <o,

tln

It follows from [12, p.152] a, (K*) < a, (K) for K € 4. Hence, we get

Z( Yol akK*)pég( Y o()ar(K ) < oo

n tln tln
Therefore, K € <L(a) >* Thus L(a) is symmetric
’ p2) - Epa 18 8Y :

*
Let show that the equation L(/_l()b = (Lg%,) is satisfied. It follows from [14, p.97] that h, (K*) = h, (K) for K € 8. Then, we can write

@wa ) i@ZZh@JW

vk

k=1 jeEy k=1j€EE;
1 “ 1 p
¥ (Lyoomx)) =¥ S ZOOE))
n tln n tln
Hence, Lg?()b is completely symmetric. O

Theorem 2.11. Let 1 < p < oo. Lgpq) = (LE,%) and L;d()b C (L;%) holds. Also, for any compact operators L;d)b = <L<;'2D> holds.

Proof. Let1 < p <eo.For T € A itis known from [14] that ¢, (K) = d, (K*) and ¢, (T*) < d, (K) . Also, when K is a compact operator,
the equality ¢, (K*) = d, (K) holds. So the proof is complete. O

NNk *
Theorem 2.12. L\, = (LU} ) and LYy = (L) hold

Proof. Let 1 < p < co. For K € 2 we have from [14] that x,, (K) = y, (K*) and y;, (K) = x,, (K*) . Thus the proof is clear. O
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