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DERIVATIVES WITH RESPECT TO HORIZONTAL AND

VERTICAL LIFTS OF THE CHEEGER-GROMOLL METRIC CGg

ON THE (1, 1)−TENSOR BUNDLE T 1
1 (M).

HAŞIM ÇAYIR AND MOHAMMAD NAZRUL ISLAM KHAN

Abstract. In this paper, we define the Cheeger-Gromoll metric in the (1, 1)

−tensor bundle T 1
1 (M), which is completely determined by its action on vector

fields of type XH and ωV . Later, we obtain the covarient and Lie derivatives
applied to the Cheeger-Gromoll metric with respect to the horizontal and

vertical lifts of vector and kovector fields, respectively.

1. Introduction

Let M be a differentiable manifold of class C∞ and finite dimension n. Then
the set T 1

1 (M) = ∪P∈MT 1
1 (P ) is, by definition, the tensor bundle of type (1, 1) over

M , where ∪ denotes the disjoint union of the tensor spaces T 1
1 (P ) for all P ∈ M .

For any point P̃ of T 1
1 (M) such that P̃ ∈ T 1

1 (M), the surjective correspondence

P̃ → P determines the natural projection π : T 1
1 (M) → M . The projection π

defines the natural differentiable manifold structure of T 1
1 (M), that is, T 1

1 (M) is a
C∞− manifold of dimension n+ n2. If xj are local coordinates in a neighborhood
U of P ∈M , then a tensor t at P which is an element of T 1

1 (M) is expressible in the
form (xj , tij), where tij are components of t with respect to the natural base. We may

consider (xj , tij) = (xj , xj̄) = (xJ), j = 1, ..., n, j̄ = n+ 1, ..., n+n2, J = 1, ..., n+n2

as local coordinates in a neighborhood π−1(U).
LetX = Xi ∂

∂xi and A = Ai
j

∂
∂xi⊗dxj be the local expressions in U of a vector field

X and a (1, 1) tensor field A on M , respectively. Then the vertical lift AV of A and
the horizontal lift XH of X are given, with respect to the induced coordinates,by

(1.1) VA =

(
VAj

VAj̄

)
=

(
0
Ai

j

)
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and

(1.2) HX =

(
HXj

HX j̄

)
=

(
Xj

Xs(Γm
sjt

i
m − Γi

smt
m
j )

)
where Γh

ij are the coefficient of the connection ∇ on M [9].

Let ϕ ∈ =1
1(M). The global vector fields γϕ and γ̃ϕ ∈ =1

0(=1
1(M)) are respec-

tively defined by

γϕ =

(
0

tmj ϕ
i
m

)
, γ̃ϕ =

(
0

timϕ
m
j

)
with respect to the coordinates

(
xi, xj̄

)
in T 1

1 (M), where ϕi
j are the components

of ϕ [9].
The Lie bracket operation of vertical and horizontal vector fields on T 1

1 (M) is
given by [

HX,H Y
]

= H [X,Y ] + (γ̃ − γ)R(X,Y )(1.3) [
HX,V A

]
= V (∇XA)[

VA,V B
]

= 0

for any X,Y ∈ =1
0(M) and A,B ∈ =1

1(M), where R is the curvature tensor
field of the connection ∇ on M defined by R(X,Y ) = [∇X ,∇Y ] − ∇[X,Y ] and

(γ̃ − γ)R(X,Y ) =
(

0
timRm

kljX
kY l−tmj Ri

klmXkY l

)
(for details, see [7, 17] and for sufraces

[3, 4]).

1.1. Cheeger-Gromoll type metric on the (1, 1)-tensor bundle. An n-
dimensional manifold M in which a (1,1) tensor field ϕ satisfying ϕ2 = id, ϕ 6= ±id
is given is called an almost product manifold. A Riemannian almost product mani-
fold (M,ϕ, g) is a manifoldM with an almost product structure ϕ and a Riemannian
metric g such that [1, 2, 10, 11]

(1.4) g(ϕX, Y ) = g(X,ϕY )

for all X,Y ∈ =1
0(M). Also, the condition (3.1) is referred to as purity condition

for g with respect to ϕ [9]. The almost product structure ϕ is integrable, i.e. the
Nijenhuis tensor Nϕ determined by

Nϕ(X,Y ) = [ϕX,ϕY ]− ϕ [ϕX, Y ]− ϕ [X,ϕY ] + [X,Y ]

for all X,Y ∈ =1
0(M) is zero then the Riemannian almost product manifold.

(M,ϕ, g) is called a Riemannian product manifold. A locally decomposable Rie-
mannian manifold can be defined as a triple (M,ϕ, g) which consists of a smooth
manifold M endowed with an almost product structure ϕ and a pure metric g such
that ∇ϕ = 0,where ∇ is the Levi-Civita connectian of g [9].

Definition 1.1. Let T 1
1 (M) be the (1, 1)−tensor bundle over a Riemannian man-

ifold (M, g). For each P ∈ M , the extension of scalar product g (marked by G)
is defined on the tensor space π−1(P ) = T 1

1 (P ) by G(A,B) = gijg
jlAi

jB
t
l for all

A,B ∈ =1
1(P ). The Cheeger-Gromoll type metric CGg is defined on T 1

1 (M) by the
following three equations:

(1.5) CGg(XH , Y H) = (g(X,Y ))V
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(1.6) CGg(AV , Y H) = 0

(1.7) CGg(AV , BV ) =
1

α
(G(A,B) +G(A, t)G(B, t))V

for any X,Y ∈ =1
0(M) and A,B ∈ =1

1(M), where r2 = G(t, t) = gitg
jltijt

t
l and

α = 1 + r2 [9].

2. Main Results

Definition 2.1. Let M be an n−dimensional diferentiable manifold. Differantial
transformation of algebra T (M), defined by

D = ∇X : T (M)→ T (M), X ∈ =1
0(M)

is called as covariant derivation with respect to vector field X if

∇fX+gY t = f∇Xt+ g∇Y t,(2.1)

∇Xf = Xf,

where ∀f, g ∈ =0
0(M), ∀X,Y ∈ =1

0(M), ∀t ∈ =(M) (see [13], p.123).
On the other hand, a transformation defined by

∇ : =1
0(M)×=1

0(M)→ =1
0(M)

is called as an affin connection (see for details [13, 16]).

Definition 2.2. The horizontal lift H∇ of any connection ∇ on the tensor bundle
T 1

1 (M) is defined by

H∇V A
VB = 0, H∇V A

HY = 0,(2.2)
H∇HX

VB = V (∇XB), H∇HX
HY =H (∇XY )

for all vector fields X,Y ∈ =1
0(M) and A,B ∈ =1

1(M) (see [8, 14, 15, 17]).

Theorem 2.1. Let CGg be the Cheeger-Gromoll type metric CGg defined by (1.5),(1.6),(1.7)
and the horizontal lift H∇ of any connection ∇ on the tensor bundle T 1

1 (M) is de-
fined by (2.2). From Definintion 1.1 and Definintion 2.1, we get the following



DERIVATIVES WITH RESPECT TO HORIZONTAL AND VERTICAL LIFTS ... 81

results

i) (H∇V C
CGg)(VA,V B) = 0,

ii) (H∇V C
CGg)(VA,H Y ) = 0,

iii) (H∇V C
CGg)(HX,BV ) = 0,

iv) (H∇V C
CGg)(HX,H Y ) = 0,

v) (H∇HZ
CGg)(VA,H Y ) = 0,

vi) (H∇HZ
CGg)(HX,V B) = 0,

vii) (H∇HZ
CGg)(HX,H Y ) = V ((∇Zg)(X,Y )),

viii) (H∇HZ
CGg)(VA,V B) = V (∇Z

1

α
)V (G(A,B) +G(A, t)G(B, t))

+
1

α

V

((∇ZG)(A,B)) +
1

α

V

(∇Z(G(A, t)G(B, t)))

− 1

α

V

(G((∇ZA), t)G(B, t))

− 1

α

V

(G(A, t)G((∇ZB), t)),

where the vertical lift VA ∈ =1
0(T 1

1M) of A ∈ =1
1(M) and the horizontal lifts

HX ∈ =1
0(T 1

1M) of X ∈ =1
0(M) defined by (1.1) and (1.2), respectively.

Proof. i)

(H∇V C
CGg)(VA,V B) = H∇V C

CGg(VA,V B)−CG g(H∇V C
VA,V B)

−CGg(VA,H ∇V C
VB)

= H∇V C
1

α

V

(G(A,B) +G(A, t)G(B, t))

= 0

ii)

(H∇V C
CGg)(VA,H Y ) = H∇V C

CGg(VA,H Y )−CG g(H∇V C
VA,H Y )

−CGg(VA,H ∇V C
HY )

= −CGg(VA,H ∇V C
HY )

= 0

iii)

(H∇V C
CGg)(HX,BV ) = H∇V C

CGg(HX, VB)−CG g(H∇V C
HX, VB)

−CGg(HX,H ∇V C
VB)

= −CGg(H∇V C
HX, VB)

= 0



82 HAŞIM ÇAYIR AND MOHAMMAD NAZRUL ISLAM KHAN

iv)

(H∇V C
CGg)(HX,H Y ) = H∇V C

CGg(HX,H Y )−CG g(H∇V C
HX,H Y )

−CGg(HX,H ∇V C
HY )

= H∇V C
V (g(X,Y ))

= V CV (g(X,Y ))

= 0

v)

(H∇HZ
CGg)(VA,H Y ) = H∇HZ

CGg(VA,H Y )−CG g(H∇HZ
VA,H Y )

−CGg(VA,H ∇HZ
HY )

= CGg(V (∇ZA),H Y )−CG g(VA,H (∇ZY ))

= 0

vi)

(H∇HZ
CGg)(HX,V B) = H∇HZ

CGg(HX,V B)−CG g(H∇HZ
HX,V B)

−CGg(HX,H ∇HZ
VB)

= −CGg(H(∇ZX),V B)−CG g(HX,V (∇ZB))

= 0

vii)

(H∇HZ
CGg)(HX,H Y ) = H∇HZ

CGg(HX,H Y )−CG g(H∇HZ
HX,H Y )

−CGg(HX,H ∇HZ
HY )

= H∇HZ
V (g(X,Y ))−CG g(H(∇ZX),H Y )

−CGg(HX,H (∇ZY ))

= V (∇Zg(X,Y ))−V (g((∇ZX), Y ))−V (g(X, (∇ZY )))

= V ((∇Zg)(X,Y ))
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viii)

(H∇HZ
CGg)(VA,V B) = H∇HZ

CGg(VA,V B)−CG g(H∇HZ
VA,V B)

−CGg(VA,H ∇HZ
VB)

= H∇HZ
1

α

V

(G(A,B) +G(A, t)G(B, t))

−CGg(V (∇ZA),V B)−CG g(VA,V (∇ZB))

= V (∇Z
1

α
)V (G(A,B) +G(A, t)G(B, t))

+
1

α

V

(∇Z(G(A,B) +G(A, t)G(B, t)))

− 1

α

V

(G((∇ZA), B) +G((∇ZA), t)G(B, t))

− 1

α

V

(G(A, (∇ZB)) +G(A, t)G((∇ZB), t))

= V (∇Z
1

α
)V (G(A,B) +G(A, t)G(B, t))

+
1

α

V

((∇ZG)(A,B)) +
1

α

V

(∇Z(G(A, t)G(B, t)))

− 1

α

V

(G((∇ZA), t)G(B, t))− 1

α

V

(G(A, t)G((∇ZB), t))

�

Definition 2.3. Let M be an n−dimensional differentiable manifold. Differential
transformation D = LX is called as Lie derivation with respect to vector field
X ∈ =1

0(M) if

LXf = Xf,∀f ∈ =0
0(M),(2.3)

LXY = [X,Y ],∀X,Y ∈ =1
0(M).

[X,Y ] is called by Lie bracked. The Lie derivative LXF of a tensor field F of type
(1, 1) with respect to a vector field X is defined by [5, 6, 12, 18]

(2.4) (LXF )Y = [X,FY ]− F [X,Y ].

Definition 2.4. The bracket operation of vertical and horizontal vector fields is
given by the formulas

(2.5)

 [VA,V B] = 0 ,
[HX,V A] = V (∇XA),
[HX,H Y ] = H [X,Y ] + (γ̃ − γ)R(X,Y ),

where R denotes the curvature tensor field of the connection ∇, and γ̃ − γ : ϕ →
=1

0(T 1
1 (M)) is the operator defined by

(γ̃ − γ)ϕ =

(
0

timϕ
m
j − tmj ϕi

m

)
for any ϕ ∈ =1

1(M) [17].
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Theorem 2.2. Let CGg be the Cheeger-Gromoll type metric CGg defined by (1.5),(1.6),(1.7)
and LX the operator Lie derivation with respect to X. From Definintion 2.3 and
Definintion 2.4, we get the following results

i) (LV C
CGg)(VA,V B) = 0

ii) (LV C
CGg)(HX,H Y ) = 0

iii) (LHZ
CGg)(VA,H Y ) = −CGg(VA, (γ̃ − γ)R(Z, Y ))

iv) (LHZ
CGg)(HX,V B) = −CGg((γ̃ − γ)R(Z,X),V B)

v) (LV C
CGg)(VA,H Y ) =

1

α

V

(G(A, (∇Y C)) +G(A, t)G((∇Y C), t))

vi) (LV C
CGg)(HX,V B) =

1

α

V

(G((∇XC), B) +G((∇XC), t)G(B, t))

vii) (LHZ
CGg)(HX,H Y ) = V ((LZg)(X,Y ))−CG g((γ̃ − γ)R(Z,X),H Y )

−CGg(HX, (γ̃ − γ)R(Z, Y ))

viii) (LHZ
CGg)(VA,V B) = V (∇Z

1

α
)V (G(A,B) +G(A, t)G(B, t))

+
1

α

V

((∇ZG)(A,B)) +
1

α

V

(∇Z(G(A, t)G(B, t)))

− 1

α

V

(G(A, t)G((∇ZB), t))

− 1

α

V

(G((∇ZA), t)G(B, t))

where the vertical lift VA ∈ =1
0(T 1

1M) of A ∈ =1
1(M) and the horizontal lifts

HX ∈ =1
0(T 1

1M) of X ∈ =1
0(M) defined by (1.1) and (1.2), respectively.

Proof. i)

(LV C
CGg)(VA,V B) = LV C

CGg(VA,V B)−CG g(LV C
VA,V B)−CG g(VA,LV C

VB)

= 0

ii)

(LV C
CGg)(HX,H Y ) = LV C

CGg(HX,H Y )−CG g(LV C
HX,H Y )−CG g(HX,LV C

HY )

= LV C
V (g(X,Y )) +CG g(V (∇XC),H Y ) +CG g(HX,V (∇Y C))

= V CV (g(X,Y ))

= 0

iii)

(LHZ
CGg)(VA,H Y ) = LHZ

CGg(VA,H Y )−CG g(LHZ
VA,H Y )−CG g(VA,LHZ

HY )

= −CGg(V (∇ZA),H Y )−CG g(VA,H [Z, Y ] + (γ̃ − γ)R(Z, Y ))

= −CGg(VA,H (LZY ))−CG g(VA, (γ̃ − γ)R(Z, Y ))

= −CGg(VA, (γ̃ − γ)R(Z, Y ))

iv)

(LHZ
CGg)(HX,V B) = LHZ

CGg(HX,V B)−CG g(LHZ
HX,V B)−CG g(HX,LHZ

VB)

= −CGg(H [Z,X] + (γ̃ − γ)R(Z,X),V B)−CG g(HX,V (∇ZB))

= −CGg((γ̃ − γ)R(Z,X),V B)
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v)

(LV C
CGg)(VA,H Y ) = LV C

CGg(VA,H Y )−CG g(LV C
VA,H Y )−CG g(VA,LV C

HY )

= CGg(VA,V (∇Y C))

=
1

α

V

(G(A, (∇Y C)) +G(A, t)G((∇Y C), t)))

vi)

(LV C
CGg)(HX,V B) = LV C

CGg(HX,V B)−CG g(LV C
HX,V B)−CG g(HX,LV C

VB)

= +CGg(V (∇XC),V B)

=
1

α

V

(G((∇XC), B) +G((∇XC), t)G(B, t))

vii)

(LHZ
CGg)(HX,H Y ) = LHZ

CGg(HX,H Y )−CG g(LHZ
HX,H Y )−CG g(HX,LHZ

HY )

= HZV (g(X,Y ))−CG g(H [Z,X] + (γ̃ − γ)R(Z,X),H Y )

−CGg(HX,H [Z, Y ] + (γ̃ − γ)R(Z, Y ))

= V (LZg(X,Y ))−V (g((LZX), Y ))−V (g(X, (LZY )))

−CGg((γ̃ − γ)R(Z,X),H Y )−CG g(HX, (γ̃ − γ)R(Z, Y ))

= V ((LZg)(X,Y ))−CG g((γ̃ − γ)R(Z,X),H Y )

−CGg(HX, (γ̃ − γ)R(Z, Y ))

viii)

(LHZ
CGg)(VA,V B) = LHZ

CGg(VA,V B)−CG g(LHZ
VA,V B)−CG g(VA,LHZ

VB)

= HZ(
1

α

V

(G(A,B) +G(A, t)G(B, t)))CGg(V (∇ZA),V B)

−CGg(VA,V (∇ZB)

= V (∇Z
1

α
)V (G(A,B) +G(A, t)G(B, t))

+
1

α

V

(∇Z(G(A,B) +G(A, t)G(B, t)))

− 1

α

V

(G((∇ZA), B) +G((∇ZA), t)G(B, t))

− 1

α

V

(G(A, (∇ZB)) +G(A, t)G((∇ZB), t))

= V (∇Z
1

α
)V (G(A,B) +G(A, t)G(B, t)) +

1

α

V

((∇ZG)(A,B))

+
1

α

V

(∇Z(G(A, t)G(B, t)))− 1

α

V

(G((∇ZA), t)G(B, t))

− 1

α

V

(G(A, t)G((∇ZB), t))

�
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[11] Gündüzalp, Y., Semi-slant submersions from almost product Riemannian manifolds,
DEMONSTRATIO MATHEMATICA, 49(2016), no.4.

[12] Khan, M. N. I., and Jun, J.B., Lorentzian Almost r-para-contact Structure in Tangent

Bundle, Journal of the Chungcheong Mathematical Society, 27(2014), no.1, 29-34.
[13] Kobayashi, S. and Nomizu, K., Foundations of Differential Geometry-Volume I, John Wiley

& Sons, Inc, New York, 1963.

[14] Lai, K. F. and Mok, K. P., On the differential geometry of the (1, 1)− tensor bundle, Tensor
(New Series), 63(2002), no.1, 15-27.

[15] Ledger, A. J. and Yano, K., Almost complex structures on the tensor bundles, J. Diff. Geom.,
1(1967), 355-368.

[16] Salimov, A.A., Tensor Operators and Their applications, Nova Science Publ., New York,

2013.
[17] Salimov, A. and Gezer, A., On the geometry of the (1,1) -tensor bundle with Sasaki type

metric, Chin. Ann. Math. Ser. B 32(2011), no.3, 369–386.

[18] Yano, K. and Ishihara, S., Tangent and Cotangent Bundles, Marcel Dekker, New York, 1973.

Department of Mathematics, Faculty of Arts and Sciences,, Giresun University,
28100, Giresun, Turkey.

E-mail address: hasim.cayir@giresun.edu.tr

Department of Computer Science, College of Computer, Qassim University,, Buraidah-

51452, P.O. Box 6688, Saudi Arabia.

E-mail address: m.nazrul@qu.edu.sa


