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GENERALIZED HEAT POLYNOMIALS

NEJLA OZMEN

ABSTRACT. The present study deals with some new properties for the gen-
eralized heat polynomials. The results obtained here include various families
of multilinear and multilateral generating functions, miscellaneous properties
and also some special cases for these polynomials. In addition, we derive a
theorem giving certain families of bilateral generating functions for the gener-
alized Heat polynomials and the generalized Lauricella functions. Finally, we
get several interesting results of this theorem.

1. INTRODUCTION

The generalized Heat polynomials P, ,(z,u) are defined by the generating rela-
tion (see, for example,[2], p. 444, Problem 9),

(1.1) ZP (x u)i = (1—4ut) " 7ex L% |ut|<1
' ST PAT=aut ) 1

It is from (1.1) that

(1.2) Pyo(w,u) = zn:Q% n\ Tw+n+1) p2n—2k, k
n,v ) — k F(U+’Il*k+%) )

where I'(z) = [ e~*t*'dt for Re(z) > 0 is the classical Euler gamma function.
0

We have the following relationship between the generalized Heat polynomials

P, ,(x,u) and the Laguerre polynomials Lgla)(x)(see, for example,[2], p. 426):
2
—x

Poo(,u) = (du) nl L0 (225
oA 4u

)
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The following generating function holds true (see, for example,[2], p. 444, Problem
20):

o0 tn
(1.3) > Poymal, )

n=0

1 %t T 1
= A—dut) " Fexp [ T N Py [ ) (ut] < -
(1 —4ut) 26Xp<1—4ut) : ( T dul u> (|“<4>

The four Appell functions of two variables, denoted by F}, F», F3 and Fy, were gen-
eralized by Lauricella functions of n variables which are denoted by FXL), Fl(gn), Fén)
and F [2] and

FO =P, FY =F, FY =F, FY = F.

A further generalization of the familiar Kampé de Fériet hypergeometric function
in two variables is due to Srivastava and Daoust [3] who defined the generalized
Lauricella (or the Srivastava-Daoust ) function as follows:

P [(@): 00, .., 00M] 0 [(6W): ¢M]; Ly [(0M): ¢™];
C:.D(l);’:...';’D(") 21y ey Zm
[(€): W,y p™M] o [(@D):6D]; s [(@d™):6M];
- [e’s) Z;nl ZTT"
= ml’”.,zrnnzog(ml, ceey mn) m1! mn' s

A B0 B (w)
Hl(aj)m19§”+...+mne§.”> .Hl(bj —c .Hl(bj ——
= . i e . = .
Q(mla amn) — C DO (1) “’D(") (n)
I:I(Cj)mlw‘-”+...+mnw<-"’ 1 (d;7),, 50 1L (d57),, s
Jj=1 J Jg=1 J j=1 J

the coefficients
0 (j=1,., A4 k=1,..,n), and ¢ (j =1,..,BW; k=1,..,n),
o (j=1,..C k=1,.n), and 6 (j=1,...,D®); k=1,..,n)
are real constants and (bg)k)) abbreviates the array of B(*) parameters
(k) (; _ (k). 1. _
b; (j=1,...,BYW; k=1,..,n)

with similar interpretations for other sets of parameters [1]. Here, as usual, ()
denotes the Pochhammer symbol.
For a suitably bounded non-vanishing multiple sequence {Q(mq; ma, ..., ms)}

v

miy,ma2,
of real or complex parameters, let ¢, (ur;usa, ..., us) of s (real or complex) variables

U1 Ug, ..., us defined by

(14)  on(ug;ug,..yus) @ = Z Z M

m1=0 ma,...,ms=0 ((d) m1d

mi m
Uy Ug®

X (f(mlvaa a3 ms)7m27 "'7ms) mI! ms!

..,msENg
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where, for convenience,

B D

() mis = [[®)mrg, and ((@)mis = [[(dj)mis,-

=1 =1

The main object of this paper to study different properties of the generalized
Heat polynomials. Various families of multilinear and multilateral generating func-
tions, miscellaneous properties and also some special cases for these polynomials
are given. In addition, we derive a theorem giving certain families of bilateral
generating functions for the generalized Heat polynomials and the generalized Lau-
ricella functions. Nowadays, there are a lot of works related to generalized Heat
polynomials and Lauricella functions theory and its applications (see [11]).

2. BILINEAR AND BILATERAL GENERATING FUNCTIONS

We study a number of families of bilinear and bilateral generating fuctions for
the generalized Heat polynomials P, ,(x,u) which are produce by (1.1) and given
by (1.2) using the similar method considered in (see [1],[5]-[10] ).

We begin by stating the following theorem.

Theorem 2.1. Corresponding to an identically non-vanishing function Q,,(y1, ..., yr )
of r complex variables y1, ...,y (r € N) and of complex order pu, let

Aﬂvw(yla“'?yr’;c) : = ZakQ/_kFﬂ)k(yl?'“»yr)Ck
k=0

(ak 7& 07 I‘L7’(/}€C)

and

[n/p] fk

LY (2, Y1, o i ) 1= D akPnfpk,v(%u)me(ylv~'vyr)m'

k=0

Then, for p € N; we have
n=0
1 $2t
= (1—4’U,t) 2 exp (1—4’ut> Au,w(yla"wy’l“;lrl)a

provided that each member of (2.1) exists.

Proof. For convenience, let S denote the first member of the assertion (2.1) of
Theorem 2.2 Then,

co [n/p]

S=3">" arPaprw(@ w) Qi (1, .o ye)n*
n=0 k=0

tn—pk
(n — pk)!’
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Replacing n by n + pk, we may write that

oo o0 tn
S = Zzak Pn,v(xau)QlHrwk(ylv"'vyr)nka

n=0 k=0
[e7] tn S

= anvv(x,u)ﬁzakgu—&-wk(yla"'ayr)nk
n=0 " k=0

%t

= (1—dut)™v"2 —
(1= dut) eXp(14ut

) A,u,,w(yla "'7y’r;77>7

which completes the proof.

By using a similar idea, we also get the next result immediately.

Theorem 2.2. Corresponding to an identically non-vanishing function Q,,(y1,
of r complex variables y1, ...,y (r € N) and of complex order pu, let

oo
m
Au,p,q [LE, UYLy ooy Yrs t} = Z aanJrqn,v(m» U)Qu+wn(y17 ceey yr)w

n=0
where ap, 0, p, € C and

[

n/q|
9n7p7q(y1,...,yr;z) = Z

n k
P (TL qk) akQu+pk(y1a-~-7yT)z .

Then, for p € N; we have

o0 tn
Z Pron,o(@,w)0n,p.q(Y1, -, Y Z)ﬁ =
n=0 ’

x2t

1 X
2.2) (1 — dut)~v—m"% X Ao | e 0 Y1 o e 2 (e
(2:2) (1 - dut) eXp<1—4ut) "””q[ = Wi

provided that each member of (2.2) exists.

Proof. For convenience, let T denote the first member of the assertion (2.

Theorem 2.2. Then,

n

o] [n/dq]
n t
T = Z Pm+n,v(xau> Z (n qk) akQ;H-pk(ylv 7yr)2kﬁ

n=0 k=0

o Yr)

)

2) of
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Replacing n by n + ¢k, we may write that

Tr = ZZ( >Pm+n+qk,v(zvu)akQu+pk(ylv~--7yr)zk(

|
== n n + gk)!

thqu

k=0 \n=0

= Z <Z Pm+n+qu z, u > akQ,u—O—pk Y, - ~ayr) (qk)'

= Zl—4ut) v=m=ak=3 exp

1
= (1-dut)y"vm=%
(1= dut) 26Xp(1—4ut>

S (2t1)*
X ZO 1 - 4Ut m+qk v (\/7 ) akQu+pk(y17 sy yr) (qk)'
(1 —dut)™v"m"% LY’
— — X ] s Y 5
" P 1—4ut wed \ T —qag Y I A\ T
which completes the proof. ([l

3. SPECIAL CASES

As an application of the above theorems, when the multivariable function €, 4yx(21, ..
k € Ny, r € N, is expressed in terms of simpler functions of one and more variables,
then we can give further applications of the above theorems. We first set

Qutypr (21, s 20 ) = ul(ffl’p'é’a")(zl, ey Zp)
in Theorem 2.1 , where the Erkus—Srivastava polynomials u;‘m,‘;a”)(wl, oy (8],

generated by

11 {(1 - :Ejtmf)*aj} = ulfr O‘T)(xl,...,xr)t"
=1
(3.1) !

(Ozj eC (] =1, ...,r); |t| < min{|$1|—1/m1 o |xr|—1/mr}_

We are thus led to the following result which provides a class of bilateral generating
functions for the Erkus—Srivastava polynomials and generalized Heat polynomials.

Corollary 3.1. If

Auﬂb(zh ooy Rpy W Zakug}jﬁ{bk’a7 Zla "'aZT)wk (a’k 7é 0, .Uﬂ/) € (C) )

then, we have

oo [n/p] k
QY ey Qe w n—
(32) E E akpn—pk (1'7 u)uéiwk )(21’ e Zr)mt o
n=0 k=0 '

=1 l‘2t
= (1—4ut) 2 exp T— At Ay, 2rsw),

provided that each member of (3.2) exists.

> X Pm+qk77j (xﬂl,) akQ/,Hrpk(yh
V1 —4dut

* ZT) ’
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Remark 3.1. Using the generating relation (3.1) for the Erkus-Srivastava polyno-
mials and getting ar = 1, p =0, ¥ = 1, we find that

oo [n/p

]
S Pl e,z

n=0 k=0

1 2t r o
= (1—4ut)™"2 {1_4 m; aq.
(1 — dut) Qexp(1_4ut)Hl (1= zuwm™)

Jj=

1 - m - m
(|ut| <7 lw| < min{|z1| 1/m e |20 1 T})

tnfpk
(n — pk)!

If we set
s=rand Quigr(yr, oo vr) = 90550 (W1 e )
in Theorem 2.2, where the Chan-Chyan-Srivastava polynomials defined in [7] and
the generalized Heat polynomials P, _p(x, u) given explicitly by (1.3).
Corollary 3.2. If

o0

e & tn

Am%q(mvala---ayr;'z) : :E aan+qn(xvu)g;(:iLna)(yla"-ayr)(nq)!
n=0

(an #0, m € Ng, k # 0)

and

[n/d]
n Qe
egza,q(yh 7y’r7z> = Z (Tl - qk>akgl(toﬁ7:[1k “ )<y1a -"7y’r)zk’

k=0

where n,p € N, then we have

o0 tn
(3.3) Z Pron (@, w)008 (Y15 s Yrs Z)ﬁ

n=0 :

1 :L‘2t
= (1—4ut) " ™2
(e (50 )

q
x t
XNy pq [1_4ut7u;y1,~-~7yr;2 (1 —4ut> ] )

provided that each member of (5.3) exists.

Furthermore, for every suitable choice of the coefficients a, (or a,,) k,n € Ny), if
the multivariable functions Q1 yx(y1, ..., yr), (r € N) and P, _,i(z, u) are expressed
as an appropriate product of several simpler functions, the assertions of Theorem
2.1, Theorem 2.2, can be applied in order to derive various families of multilinear
and multilateral generating functions for the family of generalized Heat polynomials
given explicitly by (1.2).

4. MISCELLANEOUS PROPERTIES

We now discuss some miscellaneous recurrence relations of the generalized Heat
polynomials P, ,(z,u) given by (1.2).
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By differentiating each member of the generating function relation (1.1) with
respect to & and using

(4.1) SN Alkn) =Y A(k,n— k)

n=0 k=0 n=0 k=0

we arrive at the following (differential) recurrence relation for the generalized Heat
polynomials P, (z,u) :

6

a— 22z4u e 7 Prm— M(I u)

(4.2) Ep——

By differentiating each member of the generating function relation (1.1) with
respect to u and using (4.1) we arrive at the following (differential) recurrence
relation for the generalized Heat polynomials P, (z,u) :

(4.3) %Pn,u(x,u) = (Ww+2) (Z(4u)mlm>
m=0 .

+(42?) (Z(p + 1)(4u)pp’““”(‘“‘)> .

= (n—p—2)!

If we consider (4.2) and (4.3), we can easily get the following recurrence relation
for the generalized Heat polynomials :

0 4v + 2 0 ) n—2 anpgvxu

Besides, by differentiating each member of the generating function relation (1.2)
with respect to ¢, we have

n

Poyro(mu) = [(v—i— ;) (4u)" T+ 22 (m + 1)(4u)m} P mo(z,0).

m=0

5. BILATERAL GENERATING FUNCTIONS

Now, we derive various families of bilateral generating functions for the gen-
eralized Lauricella (or the Srivastava-Daoust) functions and the generalized Heat
polynomials.

Theorem 5.1. The following bilateral generating function holds true:

n
n!

anv x, h ¢n(ul7u27"-7 )

n=0

— (1 — 4ht) "% ex a?t - (v + 3)matk) ((0)) (my+0)0
- (1 4ht) P (1 - 4ht> Z (U + 2)m1 ((d))(m1+k)5

k,mi,ma,....ms=0

mg

"2
( 4uqt )k (_( urxr’t ;

mi1 m
Thi—1 174ht)2) Uy > U
k! my! ma!  myg!

xQ(f(m1 + k,ma,...,ms), ma, ..., myg)

)

where ¢, (ur; ug, ..., us) 18 given by (1.4).
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Proof. By using the relationship (1.3), it is easily observed that

t’n
n'

anv z, h ¢n(u1>u27 ce U )

n=0

= ZP’“’ (z,h) Z Z M X Q(f(my,ma,...,mg), Ma, ..., M)

((d)mys

mi1=0may,....,ms=0

_ - z, L ((b))mwﬁ
- ml,mg,z:,méfo <Z Pn+m ‘ h ') ((d))WL16
()™ up® ug

mil ma! T my!

xQ(f(m1,ma,...,mg), ma, ..., M)

_ i | ((1_ 4ht) =13 oxp (%) PM”(@”’)) EE?)))m(:

(—urt)™ uy?  uy

xQ(f(m1,ma,...,mg), ma, ..., M) il el il

= (1—4ht)™"" % exp (%) i Eomyo (@’@ EEZ))))mi

mi,ma,...,ms=0

(7 ﬁlt )ml uTI’L2 ums
xQ (f(m1, ma, ..., ms), ma, ..., ms) L 2ot
mq! mao!  myg!

2t
— (1—4ht)"3% x
( ht) 2exp<1_4ht>

o i il: o2k <m1> L(v+my + %) < T )Zml% B
D(v+my —k+3) \V1—4ht

mi,ma,...,ms=0

__uit \mi _ mo ms
XEEZ))))ZtiQ(f(mlamQa---7m8)7m27~-'7m8)( 174ht) U2 U’S

mq! ma! " my!
= (1—4ht)" Zexp (w2t i @+ Dimaty (Dimrirs o
1 —4nt k,m1,ma,...,ms=0 (U + %)ml ((d))(m1+k)5
2m1 (_ uit )m1+k mo
T 1—4ni U
. — RF S Q k oy s ) At 72
8 <\/14ht) } (Fma o Feymg, ey ), Mz, oy ma) —
_ (1—4ht)—v—éexp< vt ) f: W+ 3) itk (O) iy
1 —4ht k,mi,ma,...,ms=0 (U + %)ml ((d))(m1+k)5
2
()" (Caime)™ up  up
xQ(f(m1 + k,ma,...,mg), ma, ..., my) X p— o Ry

O

By appropriately choosing the multiple sequence Q(mq,ma,...,ms) in Theorem
5.1, we obtain several interesting results as follows which give bilateral generat-
ing functions for the generalized Heat polynomials P, ,(z, k) and the generalized
Lauricella (or the Srivastava-Daoust) functions.

ults

mg!

uls t"

mg! n!
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Upon setting

(@)mit...tms (02)my - (bs)m,
(v+ %)rm <C2)M2 -~~(08)m5

Q2 (f(mtha EE) ms)am27 "'7ms) =

and
p=6=0 (thatis,p1=...=¢p=6=..=06p =0)
in Theorem 5.1, we obtain the following result.

Corollary 5.1. The following bilateral generating function holds true:

o b N F(S) b b 1 ) Ak
Z n,v(xa ) A a, —n, 02, ..., 87(’U+5)a027"'7CS7u17u27"'auS E
n=0

Cp_1 z2t 1:0;1:1;...51
= (1—4ht)"" Zexp 1= aht Foona, A
[(a) : M), D] — = b2 :1]; s [bs:1];
[ — }: —; [v—l—%:l; 215 s fes i 1]
(iZﬁii)( (fLZZ52 U2; ey U
where the cofficients ™ are given by O = = 1/1(5+1 1.
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