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Highlights 

• This paper focuses on vibration analysis of an aircraft structure in terms of crashworthiness. 

• A mathematical model of an aircraft structure subjected to a crush loading is derived and solved. 

• Effects of a crush load on the vibration characteristics of an aircraft structure are investigated.  
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Abstract 

Due to importance of certification procedure and safety of occupants, crashworthiness is one of 

the most principal elements to be considered in the design and production of civil and military 

aircrafts. In the component level, the crashworthiness of an aircraft structure is significantly 

affected by many factors including the cross-section of the aircraft structure, boundary conditions 

of the aircraft structure, and applied crush loading to the aircraft structure. The aim of this study 

is to contribute to the literature on improving the design of aircraft structures in order to increase 

the energy absorption properties of the aircraft structures and therefore support the 

crashworthiness capability of the structures by performing vibration analysis. In this context, after 

deriving the governing equations of an aircraft structure exposed to an axial crush loading, three 

different applications are conducted to investigate the effects of the axial crush loading on the 

dynamic characteristics of the aircraft structure. The findings of the study concluded that vibration 

characteristics of an aircraft structure subjected to an axial crush loading are affected by the 

boundary conditions of the structure, material of the structure, cross-section of the structure, 

magnitude of the axial load applied to the structure, and direction of the axial load applied to the 

structure. In addition, the findings showed that the response of the structure under ultimate axial 

crush loading varies depending on the geometriy of the structure, material of the structure and the 

direction of the ultimate axial crush loading applied to the structure. 
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1. INTRODUCTION 

 

Global airlines consume more than 3.5 million tones of oil per day, causing carbon dioxide (𝐶𝑂2) emitted 

from aircraft engines to reach alarming levels [1]. Moreover, 𝐶𝑂2 emanating from commercial and military 

aircraft is expected to reach more than twice as much as the current levels by 2050 [2]. As a precaution 

against this situation, some modern aircraft configurations, for instance aircrafts flying-V shape, are 

projected to achieve more than 20% fuel savings when compared to conventional configurations. However, 

these newly implemented design-type aircraft configurations present some challenges with the design, 

including the crashworthiness of wing-fuselage structures that have an oval-shaped cross-section leading 

to a significant reduction in the area under the cabin floor [3]. The design of aircraft structures for 

crashworthiness (i.e., crashworthiness design) needs ensuring the structural integrity of the structures [4], 

reducing crash cost for the structures repair [5], and providing the safety of passengers [6], which is the 

most important one, in the event of a collision. Thus, the crashworthiness design is considered as important 

as the durability and fatigue [7] of aircraft structures. 
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Considering the certification standards established by aviation regulatory agencies, modern aircraft 

manufacturers have used a variety of protection systems regarding the crashworthiness of aircraft structures 

[8]. The primary goal for protecting the fuselage and structures is the performance [9] and hence 

crashworthiness of the aircraft structures. On the other hand, at the component level, various energy 

absorbers have been proposed to evaluate the crashworthiness response of the aircraft structures [10]. Due 

to their excellent energy absorption characteristic, thin-walled structures (e.g., beams, columns or frames) 

have been widely used in the fields of the crashworthiness analysis of aircraft structures [11]. Especially 

thin-walled beams, which have a superior feature in terms of light weight and utilized as reinforcement 

components in the body of vehicles, have been mostly exploited to investigate the deflection behavior and 

mechanical properties of the aircraft structures under static and dynamic cush loadings [12]. Moreover, 

given that evaluating the feasibility of design of an aircraft in the preliminary stage is indispensable 

importance to preventing cost overruns and minimizing the need for significant design changes [13],  the 

development of low-fidelity models, for instance beam-type structures, to assess the crashworthiness at the 

preliminary stage of design of aircraft structures is both an attractive and feasible option because these 

models provide not only low computational cost but also the ability to conduct parametric studies on 

structure exposed to the crush [3]. On the other hand, according to a study conducted in collaboration with 

the European Program for the Design of Commercial Aircraft for Crash Survival (CRASURV) [14], 

numerical analysis studies showed that promising results were achieved by gradually crushing the beams 

in terms of their energy absorption ability, but experimental tests showed that the design of the beams 

needed improvement. This situation reveals the necessity of using thin-walled beams in crashworthiness 

analyzes of aircraft structures to both benefit from their energy absorption ability and obtain the advantages 

of using simpler models in the preliminary design phase of the structure, while it also reveals that the design 

of thin-walled beams should be improved. 

 

In the literature, researchers have conducted numerous studies on the design of thin-walled structures to 

improve and optimize the crashworthiness ability of aircraft structures. Regarding the effects of the design 

on the energy absorption capacity, Mou et al. [10] researched the damage and energy absorption 

mechanisms for the lightweight and crashworthiness design of hybrid open-section thin-walled columns. 

They conducted an experimental study to characterize the mechanical responses and failure morphologies 

of the structure, and then validated the experimental study with a numerical simulation model. The results 

of the study showed that open-section thin-walled columns provide a new structural configuration to meet 

the crashworthiness properties and lightness needs of aircrafts, which are vital in aviation and space-related 

applications. Liang et al. [15] studied on variable thickness of hybrid multi-cell tube (i.e., based on beam 

configuration) to investigate the energy absorption characteristics of hybrid structure for the 

crashworthiness design of the structure facing complex loading conditions. They used a numerical finite 

element model for different tube configurations. The analysis showed superiority of multi-material hybrid 

structure over mono-material component. Xue et al. [16] studied the efficiency of the struts and then 

compared the energy absorption abilities of two different shapes (i.e., strut—C shape and wide-flange 

shape) to investigate the crashworthiness of an aircraft fuselage and struts under the cabin floor. These 

studies [10, 15- 16] proved that improving the design of thin-walled structures increases the energy 

absorption capacity of the structures. However, there are a wide variety of parameters that affect the design 

of the structures. In terms of cross-sectional area of the structures, Ren and Xiang [17- 19] examined the 

crashworthiness of aircraft structures with various strut configurations, which were based on aluminum thin 

walled beams with varied cross sections, by using the finite element approach. Patil and Pangavhane [20] 

introduced a new square cross-section thin-walled column to increase the crashworthiness of an aircraft 

structure under axial loading by performing a numerical study via ABAQUS software and then validated 

the results with an experimental and analytical test. The study indicated that variable thickness square thin-

walled column provides better performance than uniform thickness square thin-walled column. Tang et al. 

[12] examined the bending behaviors of several simple-section thin-walled beams exposed to lateral impact 

using analytical and numerical methods. In order to determine the effects of geometric shapes of the thin-

walled beams on the crashworthiness of the structure, the bending performance was evaluated depending 

on some design parameters, such as length ratio of rectangular section, height, etc. The study concluded 

that the beam cross-sectional area affected the bending resistance performance of the thin-walled beams 

under lateral impact in different ranges. In terms of static load response of the structures, Moas et al. [21] 

proposed an analytical model including a semicircular graphite epoxy specimen, which models a generic 
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aircraft frame exposed to a quasi-static load, to investigate the load response and damage behavior of the 

aircraft frame. In the analysis, the mathematical model of a semicircular frame subjected to a concentrated 

force was solved, and then they applied the finite element solution to confirm the results of the model. 

Woodson et al. [22] presented an optimum design of a composite body frame subjected to a static crush 

loading to improve the crashworthy response of the frame. The fuselage frame was considered as a thin-

walled, I-section, and graphite-epoxy frame; and then the analysis was carried out by using a genetic 

algorithm. In terms of the type of the joining (i.e., boundary condition) of the structure, Collins and Johnson 

[23] developed a numerical model, called a beam finite element, based on finite element methodology to 

evaluate the dynamic and static response of thin-walled and open section frames that are common in 

fuselage construction. In this context, they determined the dynamic characteristics of I shape frames, semi-

circular frames, and channel section frames. The authors showed that the cross-section and boundary 

condition of the structure affect the crashworthiness response of the structure. Perez et al. [24] developed a 

numerical model to optimize open section curved composite frames subjected to a static crush loading to 

improve energy absorption. They examined a semicircle and I shape frames in the design of flanges; and 

then the results were obtained for clamped and hinged boundary conditions of the frames by using a generic 

algorithm. Garofano et al. [9] investigated dynamic response of a regional fuselage barrel section to obtain 

an optimized skin configuration in a vertical drop test for the crashworthiness characteristics of the structure 

by using finite element method. In the construction of an aircraft fuselage, struts, joints, and supports were 

used to connect the cross beams in the cabin floor to the frames and cargo area. The struts connecting the 

cabin floor to the reinforcement supports were modeled as beam section elements. The study showed that 

minor damage was noted to the cabin floor beams via newly introduced configuration design of the skin. 

In terms of damage behavior of the structure, Zhang et al. [25] conducted an application to investigate the 

crashworthiness respose of an aicraft wing structure under distributed pressure load by using LS-DYNA 

and ANSYS CFX numerical programs. In the finite element model of the aircraft wing structure, the spars 

in a box structure were modelled as I-beam. Numerical results showed that during the distributed pressure 

load, the leading edge of the wing was damaged approximately 70 cm, but the front spar broke the birch 

into two parts. 

 

The aforementioned literature shows that aircraft structures absorb a huge portion of the kinetic energy of 

a crush due to their ductile behavior before fracture.  Thus, in terms of crashworthiness and the related 

survivability of the aircraft structures, the design of the aircraft structures need to be improved to avoid or 

resist severe environments including a crush loading. The aim of this study is to contribute to the literature 

in order to improve the design of aircraft structures in a way that will increase the energy absorption 

characteristics of the structures and therefore support the crashworthiness ability of the structures by 

performing vibration analysis. In this context, a coupled-bending torsion thin-walled beam is taken into 

account. Considering the aforementioned literature, the present study investigates the crashworthiness 

performance of the structure (i.e., thin-walled beam) depending on: (i) the change of the boundary 

conditions of the structure, (ii) the change of an applied static load (including ultimate crush loadings) and 

directions of the static load, and (iii) the change of the geometric shape of the structure. Moreover, due to 

the importance of the relationship between the structural parameters and crashworthiness ability of the 

structure [26], the effects of some structural parameters of the structure on the crashworthiness ability of 

the structure are investigated. Thus, since many factors affecting the design of the structure are evaluated 

together in terms of the crashworthiness performance of the structure and, accordingly, the damage 

behavior, the present study are expected to contribute to the literature due to its wide scope. In the analysis, 

Differential Transform Method (DTM) is used for the solution of the design problem considered in the 

present study. DTM is a technique for solving a wide variety of differential equations both analytically and 

numerically [27- 29]. Furthermore, given that crash experiments are extremely difficult and expensive to 

perform, the application of DTM to such a design problem is another contribution to the literature because 

DTM is suitable both for solving uncomplicated design problems manually and calculating them 

analytically, and for solving complicated design problems numerically through parallel programming with 

powerful computers. A flow chart that summarizes the stages of the present study is given in Figure 1. 
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Figure 1. A flowchart that represented the steps of the study 

 

2. MATERIAL AND METHODS 

 

2.1. Derivation of the Mathematical Model 

 

Many engineering structures can be modeled as a flexible beam supporting various intermediate elements 

[30]. For this reason, beam structures are widely used in vibration analysis studies of aircraft structures and 

in examining the resistance deviations of the structure against static and dynamic loads [31-32]. More 

specifically, an axially loaded coupled bending torsion beam can be taken into account as an aircraft 

structure which is subjected to a crush loading because some complete plane and space frames can be 

represented with reasonable accuracy as ensembles of interconnected axially loaded coupled bending-

torsion beams [33]. Moreover, since aluminum alloys have been the main material of structural parts of 

aircrafts for approximately 90 years due to their known performance, well-established design techniques, 

manufacturing and reliable inspection methods [34], it is estimated that the active use of aluminum in 

aircraft structures will continue in today's technological developments. Thus, in the establishment of a 

mathematical model of an aircraft structure that is exposed to an axial crush loading, a uniform axially 

loaded coupled bending-torsion thin-walled beam made of an aluminum alloy is considered. A coupled 

bending-torsion thin-walled beam having airfoil cross section with length 𝐿 is shown in Figure 2. In Figure 

2 (a), 𝑢(𝑥, 𝑡) is bending translation and 𝜓(𝑥, 𝑡) is torsional rotation of the beam. Further, an axial load 𝑃, 

that represents an axial crush loading, is assumed to act along the center of gravity (i.e., center of mass) of 

the cross-section of the beam. When 𝑃 is an axial compressive load, the sign is considered positive (i.e., 

direction of load inward), as shown in Figure 2 (a). On the other hand, when  𝑃 is an axial tensile load, the 

sign is considered negative (i.e., direction of load outward). Additionally, in Figure 2 (a), the mass axis and 

elastic axis of the beam present respectively the loci of the centroid and shear center of the beam. In Figure 

2 (b), 𝑓(𝑥, 𝑡) and 𝑔(𝑥, 𝑡) are respectively the distributed external forces and torques, where 𝑥 denotes 

distance from the origin and 𝑡 denotes time.  
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Figure 2. (a) a uniform axially loaded coupled bending-torsion beam on the coordinate system, (b) the 

distributed external forces and torques applied to the beam 

 

The mathematical model of the motion with damped coefficients of the uniform axially loaded coupled 

bending-torsion thin-walled beam, representing an aircraft structure exposed to an axial crush loading, can 

be derived by using energy principle, called the extended Hamilton principle, as follows. 

 

The total potential energy 𝑈𝑃𝐸 , kinetic energy 𝑇𝐾𝐸, and virtual work 𝑊𝐸 of the axially loaded coupled 

bending torsion beam are respectively stated as: 

 

𝑈𝑃𝐸 =
1

2
∫{𝐸𝐼(𝑢′′)2 − 𝑃[(𝑢′)2 + (𝐼𝛼/𝑚)(𝜓′)2] + 𝐺𝐽(𝜓′)2}𝑑𝑥

𝐿

0

 (1) 

𝑇𝐾𝐸 =
1

2
∫ {𝑚(�̇�)2 − 2𝑚𝑥𝛼�̇��̇� + 𝐼𝛼(�̇�)

2
} 𝑑𝑥

𝐿

0

, (2) 

𝑊𝐸 = ∫{𝑓(𝑥, 𝑡)𝑢 + 𝑔(𝑥, 𝑡)𝜓 − 𝑐1�̇�𝑢 − 𝑐2𝜓�̇�}𝑑𝑥

𝐿

0

, (3) 

 

where 𝐸𝐼, 𝐺𝐽, 𝑚, 𝑥𝛼 , and  𝐼𝛼 are respectively bending rigidity, torsional rigidity, mass of the beam per unit 

length, bending-torsion (i.e., geometric) coupling term, and mass moment of inertia per unit length of the 

beam. The coefficients 𝑐1 and 𝑐2 are respectively the linear viscous damping terms of per unit length of the 

beam in bending deformation and torsional deformation. (′) and ( )̇ denote differentiations with respect to 

space 𝑥 and time 𝑡, respectively. 

 

According to the extended Hamilton’s principle, when 𝐿𝐾𝑃 = 𝑇𝐾𝐸 − 𝑈𝑃𝐸 + 𝑊𝐸, here 𝐿𝐾𝑃 is kinetic 

potential, then ∫ 𝑑𝑡
𝑡2

𝑡1
 that is evaluated for any arbitrary intervals of time (e.g. 𝑡1, 𝑡2 ) is stable for a dynamic 

trajectory. Thus, 

 

𝛿 ∫ (𝑇𝐾𝐸 − 𝑈𝑃𝐸 + 𝑊𝐸)𝑑𝑡 = 0  .          

 𝑡2

 𝑡1

 (4) 

 

Substituting Equations (1)-(3) into Equation (4) and then performing the related integral operations yields 

the governing differential equations and boundary conditions of the axially loaded uniform coupled-

bending torsion thin-walled beam as follows: 

(a) The governing differential equations 

 

𝐸𝐼𝑢′′′′ + 𝑃(𝑢′′ − 𝑥𝛼𝜓′′) + 𝑐1(�̇� − 𝑥𝛼�̇�) + 𝑚(�̈� − 𝑥𝛼�̈�) = 𝑓(𝑥, 𝑡) (5) 
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𝐺𝐽𝜓′′ − 𝑃({𝐼𝛼/𝑚}𝜓′′ − 𝑥𝛼𝑢′′) − 𝑐2�̇� + 𝑐1𝑥𝛼�̇� + 𝑚𝑥𝛼�̈� − 𝐼𝛼�̈� = 𝑔(𝑥, 𝑡) (6) 

 

with 

 

θ = 𝑢′                                                (Bending rotation)               (7) 

𝑀 = −𝐸𝐼𝑢′′                                       (Bending moment)   (8) 

𝑆 = 𝐸𝐼𝑢′′′ + 𝑃(𝑢′ − 𝑥𝛼𝜓′)               (Shear force) (9) 

𝑇 = 𝐺𝐽𝜓′ − {𝑃𝐼𝛼/𝑚}𝜓′ + 𝑃𝑥𝛼𝑢′     (Torque)                                        (10) 

 

(b) The boundary conditions (BCs) for different end conditions are: 

 

Clamped-Free (C-F):  𝑢 = 𝜃 = 𝜓 = 0  ,        𝑆 = 𝑀 = 𝑇 = 0    (  𝑥 = 0, 𝐿) (11) 

Clamped-Clamped (C-C):  𝑢 = 𝜃 = 𝜓 = 0 ,     𝑢 = 𝜃 = 𝜓 = 0   (  𝑥 = 0, 𝐿) (12) 

Simply Supported-Simply Supported (S-S): 𝑢 = 𝜓 = 𝑀 = 0 ,   𝑢 = 𝜓 = 𝑀 = 0 (  𝑥 = 0, 𝐿) (13) 

 

2.2. Solution of the Model  

 

For free vibration analysis with undamped case, the dynamic characteristics of a uniform axially loaded 

coupled bendingtorsion thin-walled beam can be found by equalizing the external force 𝑓(𝑥, 𝑡), external 

torque 𝑔(𝑥, 𝑡), and damping coefficients 𝑐1 and 𝑐2 to zero. Then, the solutions of the equations given in 

Equations (5) – (6) are assumed to be of the form 

 

𝑢(𝑥, 𝑡) = 𝑈𝑛(𝑥)𝑐𝑜𝑠(𝜔𝑛𝑡 + 𝜙𝑛) (14) 

  

𝜓(𝑥, 𝑡) = Ψ𝑛(𝑥)𝑐𝑜𝑠(𝜔𝑛𝑡 + 𝜙𝑛) (15) 

 

where 𝑈𝑛(𝑥) and Ψ𝑛(𝑥) are vibration modes, 𝜔𝑛 is the vibration frequency, 𝜙𝑛 is  phase angles, and 𝑛 =
1,2,3 … . 
 
Substituting Equations (14) – (15) into Equations (5) – (6) and Equations (11) – (13) reduces the partial 

differential equations with associated boundary conditions to ordinary differential equations with associated 

boundary conditions as follows: 

 

𝐸𝐼𝑈𝑛
′′′′ + 𝑃(𝑈𝑛

′′ − 𝑥𝛼Ψ𝑛
′′) − 𝑚𝜔𝑛

2(𝑈𝑛 − 𝑥𝛼Ψ𝑛) = 0 (16) 

  

𝐺𝐽Ψ𝑛
′′ + {𝑃/𝑚}(𝑚𝑥𝛼𝑈𝑛

′′ − 𝐼𝛼Ψ𝑛
′′) −  𝜔𝑛

2(𝑚𝑥𝛼𝑈𝑛 − 𝐼𝛼Ψ𝑛) = 0 (17) 

 

with the boundary conditions given in Equations (11) – (13) when 𝑢 = 𝑈𝑛 and 𝜓 = Ψ𝑛. 

Then, DTM is applied to solve Equations (16) – (17) with the related boundary condions. According to the 

theory of DTM [35], an analytical function 𝑓(𝑥) is expanded to a power series with the center 𝑥0 in domain 

of 𝑓(𝑥). For this purpose, the differential transform and inverse transform of 𝑓(𝑥) are respectively stated 

by 𝐹𝐷[𝑘] and 𝑓𝐷[𝑥] as follows:  

 

𝐹𝐷[𝑘] =
1

𝑘!
(

𝑑𝑘𝑓(𝑥)

𝑑𝑥𝑘 )|
𝑥=𝑥0

 (18) 

𝑓𝐷[𝑥] = ∑(𝑥 − 𝑥0)𝑘𝐹𝐷[𝑘]

∞

𝑘=0

. (19) 

 

There are some differential transformation rules regarding the application of DTM. These rules vary 

depending on type of the function in differential equations and boundary conditions. The differential 

transformation rules of DTM for various functions and opertions are given in reference [36]. Taking these 

rules into account, each function in the differential equations and boundary conditions is represented in a 



1987  Aysun SOYSAL, Ibrahim OZKOL, Erol UZAL/ GU J Sci, 37(4): 1981-2010 (2024) 

 
 
 
new form. Thus, by applying the related differential transformation rules given in [36] to both the ordinary 

differential equations given in Equations (16) – (17) and boundary conditions given in Equations (11) – 

(13), a set of algebraic equations is obtained as follows: 

 

𝑈𝐷[𝑘 + 4] =
𝑎(𝑘 + 1)(𝑘 + 2)𝑈𝐷[𝑘 + 2] + 𝑏(𝑘 + 1)(𝑘 + 2)Ψ𝐷[𝑘 + 2] + 𝑐𝑈𝐷[𝑘] + 𝑑Ψ𝐷[𝑘]

(𝑘 + 1)(𝑘 + 2)(𝑘 + 3)(𝑘 + 4)
 (20) 

  

Ψ𝐷[𝑘 + 2] =
𝑒(𝑘 + 1)(𝑘 + 2)𝑈𝐷[𝑘 + 2] + 𝑓(𝑘 + 1)(𝑘 + 2)Ψ𝐷[𝑘 + 2] + 𝑔𝑈𝐷[𝑘] + ℎΨ𝐷[𝑘]

(𝑘 + 1)(𝑘 + 2)
 (21) 

 

with 

 

Θ𝐷[𝑘] = ∑ 𝑘𝑈𝐷[𝑘]𝐿𝑘−1

𝑁

𝑘=0

 (22) 

𝑀𝐷[𝑘] = ∑ 𝑘(𝑘 − 1)𝑈𝐷[𝑘]𝐿𝑘−2

𝑁

𝑘=0

 (23) 

𝑆𝐷[𝑘] = ∑ 𝑘(𝑘 − 1)(𝑘 − 2)𝑈𝐷[𝑘]𝐿𝑘−3 − 𝑎

𝑁

𝑘=0

∑ 𝑘𝑈𝐷[𝑘]𝐿𝑘−1

𝑁

𝑘=0

− 𝑏 ∑ 𝑘Ψ𝐷[𝑘]𝐿𝑘−1

𝑁

𝑘=0

 (24) 

𝑇𝐷[𝑘] = ∑ 𝑘Ψ𝐷[𝑘]𝐿𝑘−1 − 𝑓

𝑁

𝑘=0

∑ 𝑘Ψ𝐷[𝑘]𝐿𝑘−1

𝑁

𝑘=0

− 𝑒 ∑ 𝑘𝑈𝐷[𝑘]𝐿𝑘−1

𝑁

𝑘=0

 (25) 

 

where 

 

𝑎 = −
𝑃

𝐸𝐼
,      𝑏 =

𝑃𝑥𝛼

𝐸𝐼
,      𝑐 =

𝑚𝜔𝑛
2

𝐸𝐼
,    𝑑 =  −

𝑚𝑥𝛼𝜔𝑛
2

𝐸𝐼
, 

 

(26) 

𝑒 = −
𝑃𝑥𝛼

𝐺𝐽
,   𝑓 =

𝑃𝐼𝛼

𝑚𝐺𝐽
 , 𝑔 =

𝑚𝑥𝛼𝜔𝑛
2

𝐺𝐽
, ℎ = −

𝜔𝑛
2𝐼𝛼

𝐺𝐽
 

 

(27) 

 

and 𝑈𝐷[𝑘] and  Ψ𝐷[𝑘] are differential transform of 𝑈𝑛(𝑥) and Ψ𝑛(𝑥), respectively; Θ𝐷[𝑘], 𝑀𝐷[𝑘], 𝑆𝐷[𝑘], 
and 𝑇𝐷[𝑘] are the differential transform of the natural boundary conditions given in Equations (7) – (10). 

Moreover, in Equations (22) – (25), 𝑁 denotes the number of terms included in the application of  DTM; 

and the value of 𝑁 is determined depending on the convergence of the vibration frequencies. Thereafter, 

based on the vibration frequencies, the vibration mode shapes of the beam are obtained by using the inverse 

transform formulation given in Equation (19) as follows: 

 

𝑈𝑛(𝑥) = ∑ 𝑈𝐷[𝑘]𝑥𝑘

𝑁

𝑘=0

 (28) 

Ψ𝑛(𝑥) = ∑ Ψ𝐷[𝑘]𝑥𝑘

𝑁

𝑘=0

. (29) 

 

The pseudocode related with application of DTM to solve the Equations (20) – (21) with the boundary 

conditions given in Equations (22) – (25) is presented in Algorithm 1. The Equations (28) – (29) are 

conjuction with the boundary conditions stated in Equations (11) – (13). 
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Algorithm 1. The pseudocode of DTM (𝜀: is a tolerance value, BC: boundary condition) 

 

3. RESULTS AND DISCUSSION 

 

To verify the derived governing equations and the solution of the equations, three applications, which 

include three thin-walled beams with different geometries, were considered in this study. The profiles and 

properties of the beams were given in Figure 3 and Table 1, respectively. 

 

 
Figure 3. Profiles of three thin-walled beams with different geometries 

 

Table 1. Material properties of three thin-walled beams with different geometries 

Thin-walled beams 
𝐸𝐼𝑥 

(𝑁𝑚2) 

𝐺𝐽 

(𝑁𝑚2) 

𝑚 
(𝑘𝑔/𝑚) 

𝐼𝛼 
(𝑘𝑔 ∗ 𝑚) 

𝑥𝛼(𝑚) 𝐿(𝑚) 

Channel cross-section beam 

[37, 38] 
0.974 × 105 11.21 2.095 0.00725 0.03771 1.28 

Semi-circle cross-section 

beam [38, 39] 
6380.14 43.46 0.835 0.000501 0.0155 0.82 

Open box cross-section beam 

(with an axial slit) [40, 41] 
5.8 × 104 78.3 2.45 0.02 0.08 5.0 
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The graphics and tables related with the results of the applications were obtained in Mathematica 

environment with the codes developed by the user. For each application, the followings were realized for 

the C-F, C-C, and S-S boundary conditions: (i) Convergence tests were performed for vibration frequencies: 

The first six convergent vibration frequencies are obtained, and the effect of the axial crush loading on the 

convergent vibration frequencies are determined, (ii) Convergent vibration frequencies are verified: The 

convergent vibration frequencies obtained in the first stage are verified with the similar studies borrowed 

from the available literature. Then, relationships between an axial crush loading 𝑃 and geometric coupling 

property of the structure 𝑥𝛼 are examined in terms of the vibration frequencies, and (iii) Vibration mode 

shapes are verified: The vibration mode shapes associated with the convergent vibration frequencies are 

obtained and then compared with similar studies from existing literature when comparison is possible. 

Moreover, the effects of an axial crush loading, including ultimate axial compressive and tensile load, on 

the vibration mode shapes are determined. 

 

3.1. Convergence Tests to Obtain Convergent Vibration Frequencies 

 

In order to obtain the first six convergent vibration frequencies and determine the influence of an axial 

crush loading on the convergent vibration frequencies depending on the boundary conditions, the 

convergence tests were performed and then the results of the tests were shown in Figures 4-12. In these 

figures, the amount of the axial crush loading was taken as  𝑃 = 2560 𝑁 [38] for the channel cross-section 

thin-walled beam, 𝑃 = 1790 𝑁 [38] for the semi-circle cross-section thin-walled beam, and 𝑃 = 2500 𝑁 

for the open box cross-section thin-walled beam. As shown in the figures, it was seen that when the number 

of terms included in the application of DTM (N) are increased from 10 to 60, the convergence of the 

vibration frequencies are increased (i.e., as more terms are included in DTM, greater convergence is 

achieved). Moreover, for each application, compared to the vibration frequencies in the case of absence of 

the axial crush loading, when the axial cush loading acts in compression (𝑃 < 0), the vibration frequencies 

of the aircraft structures decrease, but when it acts in tension (𝑃 > 0), the vibration frequencies increase. 

Furthermore, as seen in Figures 4-6, it was observed that to attain the first six convergent vibration 

frequencies of the aircraft structures for the C-F boundary condition, the channel, semi-circle, and open box 

cross-section thin-walled beams require respectively the first sixty, thirty, and forty terms in DTM. On the 

other hand, for the C-C and S-S boundary conditions, as presented in Figures 7-12, the channel, semi-circle, 

and open box cross-section thin-walled beams require respectively the first fifty, forty, and fifty terms in 

DTM. 

(i) Convergence test for clamped-free (C-F) boundary condition 

 
Figure 4. Convergence test for the aircraft structure with channel cross-section for C-F boundary 

condition 
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Figure 5. Convergence test for the aircraft structure with semi-circle cross-section for C-F boundary 

condition 

 

 
Figure 6. Convergence test for the aircraft structure with open box cross-section for C-F boundary 

condition 
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(ii) Convergence test for clamped-clamped (C-C) boundary condition 

 

 
Figure 7. Convergence test for the aircraft structure with channel cross-section for C- C boundary 

condition 

 

 
Figure 8. Convergence test for the aircraft structure with semi-circle cross-section for C- C boundary 

condition 
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Figure 9. Convergence test for the aircraft structure with open box cross-section for C- C boundary 

condition 

 

(iii) Convergence test for simply supported-simply supported (S-S) boundary condition 

 

Figure 10. Convergence test for the aircraft structure with channel cross-section for S - S boundary 

condition 
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Figure 11. Convergence test for the aircraft structure with semi-circle cross-section for S - S boundary 

condition 

 

 
Figure 12. Convergence test for the aircraft structure with open box cross-section for S - S boundary 

Condition 

 

3.2. Verification of Convergent Vibration Frequencies  

 

To verify the convergent vibration frequencies and then examine the relations between an axial crush 

loading and geometric coupling property of an aircraft structure depending on the boundary conditions, 

cross-section of the aircraft structure, and the direction of the axial crush loading, the vibration frequencies 
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of the aircraft structure were obtained by including 100 terms in DTM, and then the results were presented 

in Table 2 – Table 4. As indicated in these tables, in the Coupled case (Coupled) (i.e., 𝑥𝛼 ≠ 0), the vibration 

frequencies of the aircraft structure were found to be good agreement with the results of the studies in 

reference [37] and reference [38] for the channel cross-section thin-walled beam, in reference [38] for the 

semi-circle cross-section thin-walled beam, and in reference [39] for the open box cross-section thin-walled 

beam in terms of relative error 𝜀𝑟𝑒𝑙 for the C-F, C-C, and S-S boundary conditions. Additionally, regarding 

the relations between an axial crush loading and geometric couplig property of the aircraft structure 

depending on the boundary condition and direction of the axial crush loading, it was found that (i) regardless 

of the direction of the axial crush loading, the geometric coupling term has a reduce effect for the C-F 

boundary condition and almost no effect for the C-C and  S-S boundary conditions for the channel cross-

section thin-walled beam (when compered the vibration frequencies in Coupled case with the vibration 

frequencies in Uncoupled (UnC.) (i.e.,  𝑥𝛼 = 0) case) and (ii) irrespective of the direction of the axial crush 

loading, there is no any specific effect (for instance, increase or reduce effect) of the geometric coupling 

term on the vibration frequencies of the semi-circle and open box cross-section thin-walled beams for the 

C-F, C-C, and S-S boundary conditions. 

 

Table 2. Vibration frequencies of the aircraft structure with channel cross-section 

  
𝑷 = 𝟎 𝑵 𝑷 = 𝟐𝟓𝟔𝟎 𝑵  

(Compression) 

𝑷 = −𝟐𝟓𝟔𝟎 𝑵 

(Tension) 

  UnC. Coupled UnC. Coupled UnC. Coupled 

B

C 

NF 

(Hz) 
DTM DTM 

Ref. 

[37] 

𝜺𝒓𝒆𝒍 

(%) 

Ref. 

[38] 

𝜺𝒓𝒆𝒍 

(%) 
DTM DTM 

Ref. 

[38] 

𝜺𝒓𝒆𝒍 

(%) 
DTM DTM 

C-

F 

𝜔1 7.68 7.66 7.66 0.00 7.66 0.00 3.51 3.48 3.48 0.00 10.28 10.26 

𝜔2 23.04 22.99 22.99 0.00 22.99 0.00 10.55 10.45 10.45 0.00 30.83 30.79 

𝜔3 38.40 38.38 38.38 0.00 38.38 0.00 17.58 17.55 17.56 0.06 51.38 51.37 

𝜔4 53.76 53.74 - - 53.74 0.00 24.62 24.58 24.60 0.08 71.93 71.91 

𝜔5 69.12 69.11 - - 69.11 0.00 31.65 31.63 31.65 0.06 74.24 92.45 

𝜔6 73.64 84.45 - - - - 38.68 38.66 - - 92.48 96.83 

C-

C 

𝜔1 15.36 15.36 15.36 0.00 15.35 0.07 7.03 7.03 7.03 0 20.55 20.55 

𝜔2 30.72 30.72 30.71 0.00 30.72 0.00 14.07 14.06 14.07 0.07 41.10 41.10 

𝜔3 46.08 46.08 46.08 0.00 46.08 0.00 21.10 21.09 21.10 0.05 61.65 61.65 

𝜔4 61.44 61.44 - - 61.44 0.00 28.14 28.13 28.15 0.07 82.20 82.20 

𝜔5 76.81 76.81 - - 76.81 0.00 35.17 35.16 35.19 0.09 102.76 102.76 

𝜔6 92.16 92.16 - - - - 42.21 42.21 - - 123.31 123.31 

S-

S 

𝜔1 15.36 15.34 15.34 0.00 15.34 0.00 7.03 7.01 7.01 0.00 20.54 20.54 

𝜔2 30.72 30.71 30.71 0.00 30.71 0.00 14.07 14.06 14.06 0.00 41.10 41.10 

𝜔3 46.07 46.07 46.07 0.00 46.08 0.02 21.10 21.10 21.10 0.00 61.65 61.65 

𝜔4 61.44 61.44 - - 61.44 0.00 28.14 28.13 28.15 0.07 82.21 82.21 

𝜔5 76.81 76.81 - - 76.81 0.00 35.17 35.16 35.19 0.09 102.76 102.76 

𝜔6 92.16 92.16 - - - - 42.20 42.21 - - 123.31 123.31 

 

3.3. Verification of Vibration Mode Shapes 

 

To verify the vibration mode shapes associated with the convergent vibration frequencies (by using the 

results of existing similar studies in the literature where comparison was possible) and determine the effects 

of an axial crush loading on the vibration mode shapes of an aircraft structure (i.e., a thin-walled beam) 

depending on the boundary conditions, cross-section of an aircraft structure, and direction of the axial crush 

loading, the vibration mode shapes were plotted and given in Figure 13 – Figure 30. It should be noted that, 

in these figures, the torsional rotation 𝜓 times coupling term 𝑥𝛼 was plotted for the torsional displacement, 

so that at any cross-section along the length of the structure, the displacement of the center of gravity due 

to the torsional effect alone (𝜓𝑥𝛼 ) can be directly compared to the bending displacement. In this context, 

for each application: (i)The vibration mode shapes of the aircraft structure with the C-F boundary condition 

in the absence and presence (including its direction) of the axial crush loading were drawn, and then the 

results were compared with similar studies in the literature to verify the application of DTM. Then, using 

the same DTM codes developed, the changes in the vibration mode shapes were investigated for the C-C 
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and S-S boundary conditions in the absence and presence (including its direction) of the axial crush loading 

and (ii) According to the safety factor used in the design of aerospace structures, the limit (i.e., ultimate) 

loads that the structure can carry are determined depending on the cross-sectional area of the structure for 

the aluminum alloy AL2024 T351 (This material is the most used in aviation and aircraft structures and has 

very strong strength [34]). Then, under these ultimate loads, the vibration mode shapes of the structure at 

different boundary conditions are determined with respect to cross-sectional area of the structure and the 

direction of the axial crush loading. 

 

Table 3. Vibration frequencies of the aircraft structure with semi-circle cross-section 

  
𝑷 = 𝟎  𝑵 

 

𝑷 = 𝟏𝟕𝟗𝟎 𝑵 

(Compression) 

𝑷 = −𝟏𝟕𝟗𝟎 𝑵 

(Tension) 

  UnC. Coupled UnC. Coupled UnC. Coupled 

BC 
NF 

(Hz) 
DTM DTM 

Ref. 

[38] 

𝜺𝒓𝒆𝒍  

(%) 
DTM DTM 

Ref. 

[38] 

𝜺𝒓𝒆𝒍 

(%)  
DTM DTM 

C-F 

𝜔1 72.74 62.60 62.60 0.00 70.10 60.23 60.23 0.00 75.27 64.84 

𝜔2 89.79 130.18 130.18 0.00 88.67 128.42 128.42 0.00 90.89 131.88 

𝜔3 269.38 261.15 261.15 0.00 266.03 257.96 257.96 0.00 272.69 264.31 

𝜔4 448.97 421.36 421.36 0.00 443.39 415.54 415.54 0.00 454.48 427.10 

𝜔5 455.89 612.09 612.09 0.00 453.01 604.60 604.60 0.00 458.75 619.37 

𝜔6 628.56 655.86 - - 620.75 652.64 - - 636.28 659.12 

C-C 

𝜔1 179.59 174.08 174.08 0.00 177.35 171.77 171.77 0.00 181.79 176.36 

𝜔2 359.18 353.58 353.58 0.00 354.71 349.05 349.05 0.00 363.59 358.07 

𝜔3 462.90 522.20 522.20 0.00 461.83 515.85 515.85 0.00 463.97 528.42 

𝜔4 538.77 630.19 630.19 0.00 532.07 628.89 628.89 0.00 545.38 631.53 

𝜔5 718.36 712.12 712.12 0.00 709.42 703.12 703.12 0.00 727.18 721.01 

𝜔6 897.95 893.88 - - 886.78 882.69 - - 908.97 904.92 

S-S 

𝜔1 179.59 148.90 148.90 0.00 177.35 146.20 146.20 0.00 181.79 151.55 

𝜔2 204.20 318.06 318.06 0.00 202.24 316.81 316.81 0.00 206.14 319.31 

𝜔3 359.18 344.55 344.55 0.00 354.71 339.90 339.90 0.00 363.59 349.15 

𝜔4 538.77 529.27 529.27 0.00 532.07 522.45 522.45 0.00 545.38 536.00 

𝜔5 718.36 711.30 711.30 0.00 709.42 702.28 702.28 0.00 727.18 720.21 

𝜔6 816.81 892.33 - - 814.86 881.10 - - 818.76 903.43 

 

Table 4. Vibration frequencies of the aircraft structure with open box cross-section 

  𝑷 = 𝟎   𝑵 
𝑷 = 𝟐𝟓𝟎𝟎 𝑵 

(Compression) 

𝑷 = −𝟐𝟓𝟎𝟎 𝑵 

(Tension) 

  UnC. Coupled UnC. Coupled UnC. Coupled 

BC NF 
(Hz) 

DTM DTM 
Ref. 

[40] 

𝜺𝒓𝒆𝒍 

(%) 
DTM DTM DTM DTM 

C-F 

𝜔1 3.12 2.41 2.41 0.00 2.63 1.55 3.51 2.95 

𝜔2 3.44 7.16 7.16 0.00 2.69 5.67 4.06 8.29 

𝜔3 9.36 11.83 11.83 0.00 8.07 11.25 10.54 12.32 

𝜔4 15.64 14.95 14.95 0.00 13.45 12.73 17.56 16.93 

𝜔5 21.58 21.56 21.55 0.05 18.83 18.47 22.34 24.26 

𝜔6 21.89 27.72 27.72 0.00 20.79 23.72 24.59 31.21 

C-C 

𝜔1 6.26 6.07 6.07 0.00 5.38 5.16 7.03 6.86 

𝜔2 12.51 12.32 12.32 0.00 10.76 10.53 14.05 13.87 

𝜔3 18.77 18.45 18.45 0.00 16.14 15.78 21.08 20.79 

𝜔4 21.96 24.81 24.81 0.00 21.52 21.27 22.20 27.91 

𝜔5 25.03 31.07 31.07 0.00 21.62 26.66 28.10 34.93 

𝜔6 31.29 37.38 37.38 0.00 26.90 32.10 35.13 42.01 

S-S 

𝜔1 6.26 5.38 6.21 13.37 5.38 4.33 7.03 6.26 

𝜔2 9.67 12.02 10.82 11.09 9.12 10.18 10.18 13.61 

𝜔3 12.51 18.43 18.27 0.88 10.76 15.75 14.05 20.78 

𝜔4 18.77 22.19 22.31 8.43 16.14 21.22 21.08 24.40 

𝜔5 25.03 26.77 26.39 6.14 21.52 23.97 28.10 27.87 
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𝜔6 31.29 31.08 30.95 0.42 26.90 26.66 35.13 34.94 

3.1.1. Vibration mode shapes of aircraft structures 

 

(i) Vibration mode shapes depending on cross section, boundary conditions, and an axial crush 

loading (including its direction) 

 

(a) The first four vibration mode shapes of the aircraft structure with the channel cross-section for the 

C-F boundary condition were drawn in the absence and presence of the axial crush loading and 

then the results were given in Figure 13. When the vibration modes (mode shapes) in the case of 

the axial compressive load (Figure 13 (e)-(h)) were compared with the vibration modes with the 

same data in reference [38], a very high agreement was found between the studies. This shows that 

the DTM codes developed provide quite accurate results in calculating the vibration modes of the 

channel cross-section aircraft structure under the axial compressive crush loading 𝑃 (when 𝑃 =
2560 𝑁). Moreover, as seen in Figure 13, it has been observed that, compared to the absence of 

axial crush loading, whether the axial load is compressive or tensile does not make a difference in 

the vibration modes for a load of 𝑃 = 2560 𝑁. Furthermore, the vibration modes for the C-C and 

S-S boundary conditions were obtained in the absence and presence of axial load (taking into 

account the sign-dependent condition) and then given in Figure 14 and Figure 15, respectively. As 

can be seen from these figures, as in the C-F boundary condition, there was no any change in the 

vibration mode shapes (including the sign) in the presence of axial load, compared to the absence 

of axial load (when 𝑃 = 2560 𝑁). In addition, the relative measurements of the displacement 

between bending motion and torsional motion indicated that in the generated vibration modes, the 

torsional motion is particularly prominent in the first five modes for the C-F, C-C, and S-S 

boundary conditions. 

(b) For the C-F boundary condition, the first four vibration mode shapes of the aircraft structure with 

the semi-circle cross-section were plotted in the absence and presence of the axial crush loading, 

and then the results were presented in Figure 19. Compared the vibration mode shapes in Figure 

19 (e)-(h) with the vibration modes with the same data in reference [38], it was found that there is 

a very good agreement between the studies, which proves that the DTM codes developed are quite 

reliable. Moreover, for the C-C and S-S boundary conditions, the first four vibration mode shapes 

of the structure with the semi-circle cross-section were presented in the absence and presence 

(including its direction) of the axial crash loading in Figure 20 – Figure 21, respectively. As can be 

seen from these figures, it was observed that, compared to the absence of axial load, whether the 

axial crush loading is compressive or tensile does not create a difference in the vibration modes for 

an axial load of 𝑃 = 1790 𝑁. Additionally, regarding the relative measurements of the 

displacement between bending motion and torsional motion, the generated vibration modes showed 

that all vibration modes are in coupled mode in the first four modes for the C-F, C-C, and S-S 

boundary conditions. 

 

(c) The first four vibration mode shapes of the aircraft structure with the open box cross-section were 

obtained in the absence and presence of the axial crush loading (including its direction) for the C-

F, C-C, and S-S boundary conditions, and then the results were presented in Figure 25 – Figure 27. 

Compared the vibration mode shapes in Figure 25 (a)-(d) with the vibration modes with the same 

data in reference [40], it was observed that there is a very good agreement between the studies. 

This agreement proves the verification of the DTM codes developed. Moreover, regarding the 

effect of the axial crush loading 𝑃 (when 𝑃 = 2500 𝑁) on the vibration mode shapes for the C-F, 

C-C, and S-S boundary conditions, while the axial crush loading had a negligible effect on the 

vibration modes in terms of amplitudes, it made a relatively significant change in terms of the form 

of the resulting vibration mode shapes, as shown in Figure 25 – Figure 27. Furthermore, the 

direction of the axial crush loading was also effective in this change. In addition, regarding the 

relative measurements of the displacement between bending motion and torsional motion for the 

C-F, C-C, and S-S boundary conditions, the all vibration modes generated were found to be in the 

coupled mode for the first five modes. 
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(ii) Vibration mode shapes under ultimate axial compression load 𝑃𝑦𝑖𝑒𝑙𝑑 and ultimate axial 

tensile load 𝑃𝑡𝑒𝑛𝑠𝑖𝑙𝑒 depending on boundary conditions 

 

(a) In general engineering practice, the structures are designed for a factor of security (FOS) times the 

ultimate load [42]. The FOS is at leats 1.5 in aerospace structures [42]. On the other hand, using 

the data in reference [37], the cross-sectional area 𝐴 of the aircraft structure with the channel cross-

section was found to be 2.6688𝑒 − 04 𝑚2. According to mechanical propertis of aerospace 

aluminium alloy AL 2024-T351 given in [34], the yielding strength 𝜎𝑦𝑖𝑒𝑙𝑑 and ultimate tensile 

strength 𝜎𝑡𝑒𝑛𝑠𝑖𝑙𝑒 are 324 𝑀𝑃𝑎 and 428 𝑀𝑃𝑎, respectively. Thus the ultimate axial compression 

load 𝑃𝑦𝑖𝑒𝑙𝑑 (i.e., (
𝜎𝑦𝑖𝑒𝑙𝑑

𝐹𝑂𝑆
) × 𝐴) and the ultimate axial tensile load 𝑃𝑡𝑒𝑛𝑠𝑖𝑙𝑒 (i.e., (

𝜎𝑡𝑒𝑛𝑠𝑖𝑙𝑒

𝐹𝑂𝑆
) × 𝐴) at 

which the aircraft structure can operate safely were nearly found as 5.7645𝑒 + 04 𝑁 and 

7.6148𝑒 + 04 𝑁, respectively. Under these ultimate axial loads, the vibration modes of the channel 

cross-section aircraft structure were obtained depending on the boundary conditions, and then the 

results were presented in Figure 20 – Figure 23. As can be seen from these figures, it turns out that 

the material of the aircraft structure deteriorated much faster under the ultimate axial compressive 

load than under the ultimate axial tensile load, for the C-F, C-C, and S-S boundary conditions. 

 

(b) Using the data in reference [39], the cross-sectional area of the aircraft structure with the semi-

circle cross-section was found to be 3.08 × 10−4 𝑚2. Based on the mechanical propertis of 

aerospace aluminium alloy AL 2024-T351 [34] and FOS for aerospace structures [42], as in the 

channel cross-section aircraft structure, the ultimate axial compression load 𝑃𝑦𝑖𝑒𝑙𝑑 and ultimate 

axial tensile load 𝑃𝑡𝑒𝑛𝑠𝑖𝑙𝑒 were nearly found  6.6528𝑒 + 04 𝑁  and 8.7883𝑒 + 04 𝑁, respectively. 

Under these ultimate axial crush loads, the vibration modes of the semi-circle cross-section 

structure were obtained depending on the boundary conditions, and then the results were given in 

Figures 22 - Figure 24. As can be seen from these figures, it found out that the material of the semi-

circle cross-section aircraft structure deteriorates approximately the same amount under the 

ultimate axial compressive load and under the ultimate axial tensile load in the C-F, C-C, and S-S 

boundary conditions. 

 

(c) Based on the data in reference [40], the cross-sectional area of the aircraft structure with the open 

box cross-section was found to be 8.76𝑒 − 04  𝑚2. Based on the mechanical propertis of aerospace 

aluminium alloy AL 2024-T351 [34] and FOS for aerospace structures [42], as in the channel cross-

section and semi-circle cross-section aircraft structures, the ultimate axial compression load 𝑃𝑦𝑖𝑒𝑙𝑑 

and ultimate axial tensile load 𝑃𝑡𝑒𝑛𝑠𝑖𝑙𝑒 were nearly found  18.9216𝑒 + 04 𝑁  and 24.9952𝑒 +
04 𝑁, respectively. Under these ultimate axial crush loadings, the vibration modes of the open box 

cross-section aircraft structure were obtained depending on the boundary conditions and then the 

results were presented in Figures 28 - Figure 30. It was found from these figures that the material 

of the aircraft structure with the open box cross-section deteriorates much faster under the ultimate 

axial compressive load than under the ultimate axial tensile load, for the C-F, C-C, and S-S 

boundary conditions, as in the channel cross-section aircraft structure. 
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Figure 13. First four consecutive vibration mode shapes of an aircraft structure with channel cross-

section for C-F boundary condition (blue: bending, red: torsion), (a)-(d) when 𝑃 = 0  𝑁, (e)-(h) when 

𝑃 = 2560 𝑁, and (i)-(l) when 𝑃 = −2560 𝑁 
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Figure 14. First four consecutive vibration mode shapes of an aircraft structure with channel cross-

section for C-C boundary condition (blue: bending, red: torsion), (a)-(d) when 𝑃 = 0  𝑁, (e)-(h) when 

𝑃 = 2560 𝑁, and (i)-(l) when 𝑃 = −2560 𝑁 
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Figure 15. First four consecutive vibration mode shapes of an aircraft structure with channel cross-

section for S-S boundary condition (blue: bending, red: torsion), (a)-(d) when 𝑃 = 0  𝑁, (e)-(h) when 𝑃 =
2560 𝑁, and (i)-(l) when 𝑃 = −2560 𝑁 
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Figure 16. First four consecutive vibration mode shapes of an aircraft structure with channel cross-

section for C-F boundary condition (blue: bending, red: torsion), (a)-(d) when 𝑃 = 5.7645𝑒 + 04 𝑁(i.e., 

the ultimate axial compression load), (e)-(h) when 𝑃 = −7.6148𝑒 + 04 𝑁 (i.e., the ultimate axial tensile 

load) 
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Figure 17. First four consecutive vibration mode shapes of an aircraft structure with channel cross-

section for C-C boundary condition (blue: bending, red: torsion), (a)-(d) when 𝑃 = 5.7645𝑒 + 04 𝑁(i.e., 

the ultimate axial compression load), (e)-(h) when 𝑃 = −7.6148𝑒 + 04 𝑁 (i.e., the ultimate axial tensile 

load) 
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Figure 18. First four consecutive vibration mode shapes of an aircraft structure with channel cross-

section for S-S boundary condition (blue: bending, red: torsion), (a)-(d) when 𝑃 = 5.7645𝑒 + 04 𝑁(i.e., 

the ultimate axial compression load), (e)-(h) when 𝑃 = −7.6148𝑒 + 04 𝑁 (i.e., the ultimate axial tensile 

load) 
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Figure 19. First four consecutive vibration mode shapes of an aircraft structure with semi-circle cross-

section for C-F boundary condition (blue: bending, red: torsion), (a)-(d) when 𝑃 = 0  𝑁, (e)-(h) when 

𝑃 = 1790 𝑁, and (i)-(l) when 𝑃 = −1790 𝑁 
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Figure 20. First four consecutive vibration mode shapes of an aircraft structure with semi-circle cross-

section for C-C boundary condition (blue: bending, red: torsion), (a)-(d) when 𝑃 = 0  𝑁, (e)-(h) when 

𝑃 = 1790 𝑁, and (i)-(l) when 𝑃 = −1790 𝑁 
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Figure 21. First four consecutive vibration mode shapes of an aircraft structure with semi-circle cross-

section for S-S boundary condition (blue: bending, red: torsion), (a)-(d) when 𝑃 = 0  𝑁, (e)-(h) when 𝑃 =
1790 𝑁, and (i)-(l) when 𝑃 = −1790 𝑁 
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Figure 22. First four consecutive vibration mode shapes of an aircraft structure with semi-circle cross-

section for C-F boundary condition (blue: bending, red: torsion), (a)-(d) when 𝑃 = 6.6528𝑒 + 04 𝑁(i.e., 

the ultimate axial compression load), (e)-(h) when 𝑃 = −8.7883𝑒 + 04 𝑁 (i.e., the ultimate axial tensile 

load) 
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Figure 23. First four consecutive vibration mode shapes of an aircraft structure with semi-circle cross-

section for C-C boundary condition (blue: bending, red: torsion), (a)-(d) when 𝑃 = 6.6528𝑒 + 04 𝑁(i.e., 

the ultimate axial compression load), (e)-(h) when 𝑃 = −8.7883𝑒 + 04 𝑁 (i.e., the ultimate axial tensile 

load) 
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Figure 24. First four consecutive vibration mode shapes of an aircraft structure with semi-circle cross-

section for S-S boundary condition (blue: bending, red: torsion), (a)-(d) when 𝑃 = 6.6528𝑒 + 04 𝑁(i.e., 

the ultimate axial compression load), (e)-(h) when 𝑃 = −8.7883𝑒 + 04 𝑁 (i.e., the ultimate axial tensile 

load) 
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Figure 25. First four consecutive vibration mode shapes of an aircraft structure with open box cross-

section for C-F boundary condition (blue: bending, red: torsion), (a)-(d) when 𝑃 = 0  𝑁, (e)-(h) when 

𝑃 = 2500 𝑁, and (i)-(l) when 𝑃 = −2500 𝑁 
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Figure 26. First four consecutive vibration mode shapes of an aircraft structure with open box cross-

section for C-C boundary condition (blue: bending, red: torsion), (a)-(d) when 𝑃 = 0  𝑁, (e)-(h) when 

𝑃 = 2500 𝑁, and (i)-(l) when 𝑃 = −2500 𝑁 
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Figure 27. First four consecutive vibration mode shapes of an aircraft structure with open box cross-

section for S-S boundary condition (blue: bending, red: torsion), (a)-(d) when 𝑃 = 0  𝑁, (e)-(h) when 𝑃 =
2500 𝑁, and (i)-(l) when 𝑃 = −2500 𝑁 
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Figure 28. First four consecutive vibration mode shapes of an aircraft structure with open box cross-

section for C-F boundary condition (blue: bending, red: torsion), (a)-(d) when 𝑃 = 18.9216𝑒 +
04 𝑁(i.e., the ultimate axial compression load), (e)-(h) when 𝑃 = −24.9952𝑒 + 04 𝑁 (i.e., the ultimate 

axial tensile load) 
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Figure 29. First four consecutive vibration mode shapes of an aircraft structure with open box cross-

section for C-C boundary condition (blue: bending, red: torsion), (a)-(d) when 𝑃 = 18.9216𝑒 +
04 𝑁(i.e., the ultimate axial compression load), (e)-(h) when 𝑃 = −24.9952𝑒 + 04 𝑁 (i.e., the ultimate 

axial tensile load) 
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Figure 30. First four consecutive vibration mode shapes of an aircraft structure with open box cross-

section for S-S boundary condition (blue: bending, red: torsion), (a)-(d) when 𝑃 = 18.9216𝑒 + 04 𝑁(i.e., 

the ultimate axial compression load), €-(h) when 𝑃 = −24.9952𝑒 + 04 𝑁 (i.e., the ultimate axial tensile 

load) 

 

4. CONCLUSION 

 

Terminologically, crashworthiness refers to the capacity of a structural system subjected to a crush loading 

to dissipate kinetic impact energy on its own through a controlled and predictable deformation. In the 

aviation industry, structural components of an aircraft exposed to a crush loading play a leading role in the 
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distribution of the kinetic energy and absorption of impact energy. In this study, vibration analysis of an 

aircraft structure exposed to an axial crush loading was dealt with in terms of crashworthiness of the aircraft 

structure. For this purpose, firstly, a mathematical model of an aircraft structure subjected to an axial crush 

loading was derived by using the extended Hamilton principle. Subsequently, the mathematical model 

derived was solved by using differential transform method for various boundary conditions of the aircraft 

structure. Then, three different applications were carried out to determine the vibration response of the 

aircraft structure to the axial crush loading for various boundary conditions and cross-section of the aircraft 

structure. 

 

Depending on the findings that were obtained in this study, the results of the study were found that: 

▪ In order to attain the first six convergent vibration frequencies of an aircraft structure, the number of 

terms incuded in DTM varies depending on the cross-section and boundary condition of the aircraft 

structure. 

▪ Regardless of the direction of the axial crush loading, the geometric coupling term has a reduce effect 

for the C-F boundary condition and almost no effect for the C-C and  S-S boundary conditions for the 

channel cross-section aircraft structure; on the other hand, there is no any specific effect (for instance, 

increase or reduce effect) of the geometric coupling term on the vibration frequencies of the semi-circle 

and open box cross-section aircraft structures irrespective of the type of the boundary condition and 

direction of the axial crush loading. 

▪ The vibration mode shapes of an aircraft structure are affected by the boundary conditions of the aircraft 

structure, cross-section of the aircraft structure, magnitude of the axial load applied to the aircraft 

structure, and direction of the axial load applied. 

▪ Relative measurements of the displacement between bending motion and torsional motion for the C-F, 

C-C and S-S boundary conditions showed that in the vibration modes generated for the channel cross-

section aircraft structure, the torsional motion is particularly evident in the first five modes while in the 

vibration modes generated for the semi-circle and open box cross-section aircraft structures, all vibration 

modes are in coupled mode in the first five modes. 

▪ For the C-F, C-C, and S-S boundary conditions, the material of an aircraft structure with the channel 

cross-section and open box cross-section deteriorates much faster under the ultimate axial compressive 

load than under the ultimate axial tensile load; however, the material of an aircraft structure with the 

semi-circle cross-section deteriorates approximately the same amount under the ultimate axial 

compressive load and under the ultimate axial tensile load. 

 

Based on these results, it can be concluded that the geometry of the aircraft structure, boundary condition 

of the aircraft structure, material of the aircraft structure, magnitude of an axial crush loading applied to the 

aircraft structure, and direction of the axial load plays significant role in the change of vibration 

characteristics of an aircraft structure. Moreover, as can be noticed from this study, the contribution of the 

design of considered thin-walled beam to the crash resistance of an aircraft structure varies depending on 

which component the thin-walled beam represents in the aircraft. Depending on the boundary condition 

and the geometry, it can sometimes be a complete aircraft wing or fuselage, while it can sometimes be a 

spar, strut, or support on an aircraft wing. For this reason, the thin-walled beam that represents an aircraft 

structure in this study was not customized as a specific aircraft structure but evaluated the vibration analysis 

of the thin-walled beam with respect to various parameters making up the structure in terms of the 

crashworthiness of the structure. Thus, we left the customization of the aircraft structure (i.e., the thin-

walled beam considered in the study) within the scope that can be integrated according to the problem of 

researchers doing research on this subject. 
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